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SUMMARY: Here we present a short overview of the most important results of
our investigations of the following galactic and extragalactic gravitational phenom-
ena: supermassive black holes in centers of galaxies and quasars, supermassive black
hole binaries, gravitational lenses and dark matter. For the purpose of these investi-
gations, we developed a model of a relativistic accretion disk around a supermassive
black hole, based on the ray-tracing method in the Kerr metric, a model of a bright
spot in an accretion disk and three different models of gravitational microlenses. All
these models enabled us to study physics, spacetime geometry and effects of strong
gravity in the vicinity of supermassive black holes, variability of some active galaxies
and quasars, different effects in the lensed quasars with multiple images, as well as
the dark matter fraction in the Universe. We also found an observational evidence
for the first spectroscopically resolved sub-parsec orbit of a supermassive black hole
binary system in the core of active galaxy NGC 4151. Besides, we studied applica-
tions of one potential alternative to dark matter in the form of a modified theory
of gravity on Galactic scales, to explain the recently observed orbital precession of
some S-stars, which are orbiting around a massive black hole at the Galactic center.

Key words. gravitation – gravitational lensing: micro – dark matter – black hole
physics – galaxies: active – accretion, accretion disks – galaxy: center – stars:
individual: S2.

1. INTRODUCTION

On the largest scale, the Universe can be con-
sidered as a homogeneous and isotropic medium in
the state of accelerated expansion, but on the scales
up to 100 Mpc it looks inhomogeneous with hier-
archical structure in which stars are organized into
galaxies, galaxies are grouped into clusters, which
in turn form superclusters and filaments of galax-
ies, separated by immense voids. Gravitation, the
weakest of the four forces of nature, plays a substan-
tial role in formation of such hierarchical large scale
structure of the Universe, and therefore, it is of es-
sential significance in modern astrophysics and cos-

mology to study different gravitational phenomena
at galactic, extragalactic and cosmological scales.

Some of the most intriguing such gravitational
phenomena are supermassive black holes in centers
of galaxies and quasars, supermassive black hole bi-
naries originating in galactic mergers, gravitational
lenses, dark matter and its potential alternatives.
To investigate them, we performed different theo-
retical studies, numerical modeling/simulations and
comparisons of the obtained simulated results with
observations by ground-based and space-based astro-
nomical detectors, as well as with data from different
astronomical databases. In the following we present
some of the most important results of these investi-
gations.
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Fig. 1. Simulated images of two highly inclined (i = 75◦) accretion disks around a Schwarzschild (left) and
an extreme (i.e. maximally rotating) Kerr SMBH (right). Both disks extend from the marginally stable orbit
around the SMBH up to 30 Rg, where the gravitational radius Rg is equal to one half of the Schwarzschild
radius.

2. SUPERMASSIVE BLACK HOLES

According to the general relativity, a black
hole is a region of spacetime around a collapsed mass
with a gravitational field that has became so strong
that nothing (including the electromagnetic radia-
tion) can escape from its attraction, after crossing
its event horizon (Wald 1984). Black holes have
only three measurable parameters, not including the
Hawking temperature (Yaqoob 2007): the charge,
mass and angular momentum (spin). Therefore, they
can be classified according to the metrics which de-
scribes the spacetime geometry around them (i.e. ac-
cording to the corresponding solutions of the field
equations of the general relativity) into the following
four types:

(i) Schwarzschild (non-rotating and uncharged).
(ii) Kerr (rotating and uncharged).
(iii) Reissner-Nordström (non-rotating and charg-

ed).
(iv) Kerr-Newman (rotating and charged).

Besides, all the black holes in nature are commonly
classified according to their masses as (see e.g. Jo-
vanović 2012a):

(i) Mini, micro or quantum mechanical: MBH ¿
M¯ (primordial black holes in the early Uni-
verse).

(ii) Stellar-mass: MBH < 102 M¯ (located in the
X-ray binary systems).

(iii) Intermediate-mass: MBH ∼ 102−105 M¯ (lo-
cated in the centers of globular clusters).

(iv) Supermassive: MBH ∼ 105−1010 M¯ (located
in the centers of all galaxies, including ours).
It is now widely accepted that most galax-

ies harbor a supermassive black hole (SMBH) in
their centers and that the formation and evolution
of galaxies is fundamentally influenced by proper-
ties of their central SMBHs. For example, active
galaxies, which most likely represent one phase in
evolution of any galaxy, derive their extraordinary
luminosities from energy release by matter accreting
towards, and falling into, a central SMBH through
an accretion disk, which represents an efficient mech-
anism for extracting gravitational potential energy
and converting it into radiation. In the case of such
SMBHs, only their masses and spins are of sufficient
importance because they are responsible for several
effects, which can be observationally detected (see
e.g. Jovanović and Popović 2008a). Therefore, the
spacetime geometry around SMBHs is usually de-
scribed by the Schwarzschild or Kerr metrics.

2.1. Relativistic accretion disks around
supermassive black holes

Our studies of SMBHs were mostly concen-
trated to accretion processes and effects of strong
gravity in their vicinity (see e.g. Jovanović and
Popović 2008a, Jovanović et al. 2010). For that pur-
pose, we developed a code to perform numerical sim-
ulations of radiation from relativistic accretion disks
around SMBHs, based on the ray-tracing method in
Kerr metric. By this code we were able to obtain
colorful simulated images of such accretion disks as
would be seen by a distant observer with a powerful
high-resolution telescope (see Fig. 1). As one can
see from Fig. 1, the radius of the innermost circular
orbit (the so called marginally stable orbit) strongly
depends on the SMBH spin, and consequently, affects
the radiation originating from the innermost regions
of the disk.
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Fig. 2. Simulated profiles of the Fe Kα spectral line emitted from two accretion disks presented in Fig. 1.

2.2. The broad Fe Kα spectral line

The innermost regions of a relativistic accre-
tion disk radiate in the X-ray spectral band and the
most prominent X-ray feature is a broad emission,
double peaked Fe Kα spectral line at 6.4 keV, which
has an asymmetric shape with narrow bright blue
and wide faint red peak. Since this line is produced
close to the marginally stable orbit, it is an important
indicator of accreting flows around SMBHs, as well as
of the spacetime geometry in these regions (for more
details, see Jovanović 2012a). In the case of some
active galaxies, its Full-Width at the Half-Maximum
(FWHM) corresponds to relativistic velocities, which
sometimes reach 30% of the speed of light. There-
fore, its complex profile is a result of combination of
three different effects (Jovanović 2012a):

(i) Doppler shift due to rotation of emitting ma-
terial, which is responsible for occurrence of
two peaks;

(ii) Special relativistic effect, known as the rela-
tivistic beaming, which is responsible for en-
hancement of the blue peak with respect to
the red one;

(iii) General relativistic effect, known as the grav-
itational redshift, which is responsible for
smearing of the line profile.

Fig. 2. presents two simulated profiles of the Fe
Kα spectral line originating from two accretion disks
presented in Fig. 1. As it can be seen from Fig.
2, the two different spacetime geometries (metrics)
significantly affect the line shape.

Comparisons between such simulations and
the corresponding observations enabled us to obtain
some properties of the SMBHs (e.g. their masses
and spins), located at centers of certain galaxies and
quasars. Also, the parameters of accretion disks
around these SMBHs (such as their size, inclination,

emissivity, accretion rate, etc) were also studied in
order to reveal the physics and structure of central
parts of galaxies and quasars, as well as to get infor-
mation about their activity, evolution and observa-
tional signatures (Jovanović 2012a).
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Fig. 3. Comparison between the observed and sim-
ulated profiles of the Fe Kα line in the case of 3C 405
(Jovanović et al. 2011). Chandra observations (Wil-
son et al. 2001) are denoted with black crosses with
error bars, while the corresponding simulated profiles
for 4 different values of the black hole spin are de-
noted with color lines.

For example, in order to contribute to our un-
derstanding of possible causes of systematic differ-
ence in the Fe Kα line emission between radio-quiet
and radio-loud active galaxies (see e.g. Gambill et
al. 2003), we investigated properties of their cen-
tral SMBHs. Namely, the Fe Kα line emission is a
well known property of radio-quiet active galaxies,
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but it is very rare in the case of radio-loud class of
these objects. For that purpose we studied the Fe
Kα line in the case of a radio-loud active galaxy 3C
405 (Cygnus A), since it represents an exception from
this rule, mostly due to its proximity (z = 0.0562).
Therefore, we estimated the spin of the central black
hole of 3C 405 by comparing its simulated Fe Kα line
profiles with the corresponding profiles observed by
Chandra (Wilson et al. 2001).

The obtained results are presented in Fig. 3
(see Jovanović et al. 2011. for more details). As it
can be seen from Fig. 3, the best fit was obtained for
a very slowly rotating or even a stationary black hole
and for a slightly inclined accretion disk (i = 17◦),
extending from the radius of the marginally stable
orbit up to 10 Rg.

2.3. Variability due to perturbations in the
emissivity of relativistic accretion disks

We also studied the radiation emitted from the
accretion disks in different spectral bands, its prop-
erties and causes of its variability (see e.g. Jovanović
and Popović 2009a, Bon et al. 2009, and references
therein), as the observed variability can give us in-
formation on violent physical processes, which occur
in centers of active galaxies and quasars.

The variability of spectral lines emitted from
accretion disk could be caused by instability in the
disk itself. Therefore, assuming that this instabil-
ity in the disk affects its emissivity, we developed
a model of emissivity perturbation in the form of a
single bright spot (or flare) by a modification of the
power law disk emissivity (Jovanović and Popović
2008b, Stalevski et al. 2008, Jovanović and Popović
2009b, Jovanović et al. 2010). A 3D plot of the mod-
ified emissivity law is given in Fig. 4 (Jovanović et
al. 2010).

Fig. 4. Modified power law emissivity in the case
of a bright spot in accretion disk which extends from
200 up to 1200 Rg (Jovanović et al. 2010).

This simple model allowed us to change ampli-
tude, width and location of bright spot with respect
to the disk center. In that way, we were able to
simulate the displacement of a bright spot along the
disk, its widening and amplitude decrease with time
(decay).

We then used this model to simulate the vari-
ability of double peaked line profiles, emitted from
accretion disk of active galaxies and quasars (Jo-
vanović et al. 2010). In order to test how this model
of a bright spot affects the line profiles, we performed
several numerical simulations of perturbed emission
of an accretion disk in Kerr metric for different po-
sitions of the bright spot along the x and y-axes
in both, positive and negative directions, as well as
along the y = x direction (see Fig. 5).
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Fig. 5. Variations of the perturbed Hβ line profile for different positions of the bright spot along the y = x
direction (Jovanović et al. 2010). Left panel corresponds to positions of the bright spot on the approaching
side of the disk, while the right panel corresponds to the receding side of the disk. In both cases, the positions
of the bright spot were varied from the inner radius of the disk (bottom profiles) towards its outer radius (top
profiles).
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This model can successfully explain some dif-
ferences in double peaked line profiles, such as e.g.
a higher red peak even in the case of the standard
circular disk (see Fig. 5). The position of a bright
spot has a stronger influence on one particular part
of the spectral line profile (e.g. on its core if the spot
is in the central part of the disk, or on ”red” and
”blue” wings if the spot is located on the receding
and approaching part, respectively).

This model has been used to successfully
model and reproduce the observed variations of the
Hβ line profile in the case of quasar 3C 390.3, in-
cluding the two large amplitude outbursts, which oc-
curred during the observed period (Jovanović et al.
2010). We showed that these two outbursts could
be explained by successive occurrences of two differ-
ent bright spots on the approaching side of the disk,
which originate in the inner regions of the disk and
spiral outwards, decaying by time until they com-
pletely disappear.

2.4. Photocentric variability of quasars

We also used this bright spot model to study
variations of quasar photocenters, caused by an out-
burst in their accretion disks, in the context of the
future Gaia mission (Popović et al. 2012). The Gaia
mission aims to determine high-precision astromet-
ric parameters for one billion objects with apparent
magnitudes in the range 5.6 ≤ V ≤ 20 (see e.g. Per-
ryman et al. 2001, Lindegren et al. 2008). Among
these objects about 500 000 quasars are going to be
observed. Some of these quasars will be used for con-
struction of a dense optical QSO-based celestial ref-
erence frame (see Bourda et al. 2010) and, therefore,
their intrinsic photocenter position stability must be
investigated at the sub-mas level. However, they are
active galactic nuclei powered by SMBHs and, hence,
some effects in their accretion disks could affect pre-
cise determination of their photocenters. This mo-
tivated us to investigate astrometric stability of the
quasars.

Table 1. The simulated offsets of the photocenter
(in mas), caused by a perturbation in accretion disk,
for different values of redshift and mass of a central
black hole (Popović et al. 2012).

MBH z
(M¯) 0.01 0.05 0.10 0.15 0.20
108 0.036 0.007 0.004 0.003 0.002
109 0.355 0.074 0.039 0.028 0.022
1010 3.550 0.744 0.394 0.278 0.220

We considered a perturbation (or the bright
spot) at a certain part of the disk, for different val-
ues of the spot brightness, and calculated the pho-
tocenter of the accretion disk as a centroid of the
observed flux over the disk image. The results for
different redshifts and masses of a central SMBH are
given numerically in Table 1, and those for different
emissivities of the accretion disk located at z = 0.01

around a SMBH with mass of 1010 M¯ are graph-
ically presented in Fig. 6 (Popović et al. 2012).
The maximum emissivity of the perturbing region is
taken to be ten times greater than that of the emis-
sivity of the disk at its inner radius.

Fig. 6. Simulations of an accretion disk without
(top left) and with the perturbation for three different
values of emissivity index: 0 (top right), -1 (bottom
left), and -2 (bottom right). The photocenter posi-
tions are denoted by crosses. In the top left panel,
color represents the energy shift due to relativistic
effects (i.e. ratio between the observed and emitted
energy), while in the other three panels it represents
the observed flux in arbitrary units (Popović et al.
2012).

These results show that bright spots in accre-
tion disk could cause a maximal offset of the quasar
photocenter of a few mas in the case when such a
bright spot is located at the disk edge. Thus, this
effect has a good chance to be detected by the Gaia
mission (Popović et al. 2012). The most likely candi-
dates are low-redshifted quasars with massive central
SMBHs (109−1010 M¯), which are, in principle, very
bright objects.

3. SUPERMASSIVE BLACK
HOLE BINARIES

Supermassive black hole binaries (SMBHBs)
originate in galactic mergers and their coalescences
represent the most powerful sources of gravitational
waves. There are the three main phases of a SMBHB
coalescence (see e.g. Bogdanović et al. 2008):

(i) The first phase in evolution of a SMBHB is
the galactic merger, during which two SMBHs,
initially carried within their host bulges, even-
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Fig. 7. Two examples of the best fits (dashed line) with a sum of three Gaussian components (denoted as
VBC, CBC and bump) of the Hα line profile (solid line) for two epochs: MJD 51203 (left) and MJD 52621
(right) (Bon et al. 2012).

tually find themselves at ∼kpc separation
from each other and spiral together on qua-
sicircular orbits.

(ii) During the second stage, the two SMBHs be-
come gravitationally bound, falling towards
the center and merge together, forming a com-
mon horizon.

(iii) The third and final stage is when nonax-
isymmetric modes of this distorted remnant
are removed by the emission of gravitational
waves, forming a single Kerr SMBH with mass
slightly lower (typically by several percent)
than that of the two parent SMBHs combined.

It is believed that gravitational waves carry a
tremendous amount of information through the Uni-
verse, and they are expected to be detected in near
future by ground-based or space-based interferome-
ters. Therefore, they are the main research subject
of the emerging field of gravitational wave astron-
omy. Electromagnetic counterparts of gravitational
waves emitted during coalescences of SMBHBs repre-
sent the most direct evidence of their formation, as
well as their essential observational signatures (see
e.g. Bogdanović et al. 2009).

In our previous investigations, we studied ob-
servational signatures of SMBHBs, and one of the
most important results in this field was a recently
found observational evidence of the first spectroscop-
ically resolved sub-parsec orbit of a such system in
the core of active galaxy NGC 4151 (Bon et al. 2012).
We used a method similar to those typically applied
to the spectroscopic binary stars to obtain radial ve-
locity curves of the SMBHB, from which we then
calculated orbital elements and estimated masses of
the components. We analyzed the variability of the
Hα spectral line of NGC 4151 during the period of
more than 20 years and interpreted the detected peri-
odicity in terms of orbital motion of central SMBHB
at sub-parsec scales.

The line profile variations were first studied
by decomposing each observed Hα profile into the
following three Gaussian components (see Fig. 7): a

very broad component (VBC) corresponding to the
far wings, a central broad component (CBC) corre-
sponding to the broad line core and an intermediate
width component (bump) appearing either on the
blue or red wing of each Hα line profile (Bon et al.
2012). Such composite line profiles are expected in
the case of SMBHBs according to some previous the-
oretical studies (see e.g. Popović 2012).

We then analyzed radial velocities of the VBC
and bump components, and found that the obtained
radial velocity curves are consistent with an eccentric
Keplerian orbit of a binary system (see Fig. 8).

Fig. 8. Radial velocities of the bump (triangles)
and VBC (circles) obtained from Gaussian decom-
position of the broad Hα line, as well as fitted radial
velocity curves for both components (solid and dashed
lines) (Bon et al. 2012).

Therefore, we used these radial velocity curves
to obtain the following Keplerian orbital elements
(Bon et al. 2012): the orbital period P = 5776
days, eccentricity e = 0.42, longitude of pericenter
ω ≈ 95◦, the semimajor axes: a1 sin i = 0.002 pc,
a2 sin i = 0.008 pc and masses of the components:
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m1 sin3 i = 3× 107M¯ and m2 sin3 i = 8.5× 106M¯.
Some previous studies indicated that the inclination
i of the orbital plane could be about 65◦, which re-
sulted into the following semimajor axes: 0.0024 pc
and 0.0094 pc (i.e. with the separation between com-
ponents of about 0.01 pc), and masses of the compo-
nents: 4.4× 107 M¯ and 1.2× 107 M¯. These mass
estimates were in good agreement with those previ-
ously obtained from reverberation mapping (see e.g.
Onken et al. 2007).

These results suggested that many such SMB-
HBs may exist in similar active galaxies, whose bi-
narity could be a necessary condition for triggering
their activity.

4. GRAVITATIONAL LENSING

Gravitational lensing is another natural phe-
nomenon where the gravitational force of a massive
foreground object deflects the light rays from dis-
tant background sources. Depending on the mass of
lensing objects, they can produce multiple images of
background sources (in the case of lensing by galax-
ies), their images in form of giant arcs (in the case
of lensing by clusters of galaxies) or just their ampli-
fication (in the case of lensing by compact objects,
such as normal stars, brown dwarfs or even planets).
In the last case, which is called microlensing, the sep-
aration between the images of a background source
is of the order of several µas, and therefore not re-
solvable by present telescopes. All these effects are
commonly called - a strong lensing.

However, in some cases, the deflection of light
caused by the foreground matter is not sufficiently
large to produce neither multiple images, nor sig-
nificant amplification of distant background sources.
Instead, the trajectories of photons emitted by them
are perturbed by the inhomogeneous distribution of
the foreground matter, and therefore, the shapes of
these sources appear to us slightly distorted in com-
parison with the corresponding shapes, which would
appear in a perfectly homogeneous and isotropic Uni-
verse. Such phenomenon is called a weak gravita-
tional lensing. A similar effect caused by substruc-
tures in a lensing galaxy is referred to as a gravita-
tional millilensing.

Both the strong and weak gravitational lens-
ing have a wide range of applications which include:

(i) detection of distant objects (Richard et al.
2011),

(ii) constraining cosmological parameters (Oguri
et al. 2012, Cao et al. 2012, Jovanović and
Popović, 2010 and references therein),

(iii) studies of the dark and visible matter distri-
bution (Massey et al. 2007, Zakharov et al.
2004),

(iv) investigation of innermost regions of active
galaxies (see e.g. Jovanović et al. 2009), and

(v) detection of extrasolar planets, not only in our
Galaxy, but even in nearby galaxies such as

Andromeda and Magellanic Clouds (see e.g.
Ingrosso et al., 2009, Zakharov, 2009).
The gravitational lensing is related to a num-

ber of still unsolved problems. For example, cosmo-
logical studies based on gravitational lensing statis-
tics and time delays usually underestimate values of
ΩΛ and H0, indicating a lower content of dark en-
ergy and older Universe, respectively (see e.g. Jack-
son 2007). Also, recent studies of gravitational lens-
ing by clusters of galaxies resulted in discoveries of
galaxies at redshifts higher than 10 (see e.g. Stark
et al. 2007), only few Myr after the Big Bang and
close to the ”dark ages”, according to the standard
ΛCDM cosmological model. Potential discoveries of
even more distant galaxies would result in a lack
of time for galaxy formation and reopen a question
about the age of the Universe.

In our previous investigations, we performed
both observations of gravitational lenses (see e.g.
Popović et al. 2010), as well as theoretical stud-
ies of their different aspects. Our theoretical inves-
tigations were mostly focused on gravitational mi-
crolenses and their influence on radiation from rela-
tivistic accretion disks around the central SMBHs of
distant quasars, their cosmological distribution and
statistics, as well as their influence on radiation in
different spectral bands emitted from lensed quasars
with multiple images.

For that purpose we developed three models
of gravitational microlenses:

(i) a point-like microlens – for studying mi-
crolensing by an isolated compact object (see
e.g. Popović et al. 2001, Jovanović et al.
2003),

(ii) a straight-fold caustic – for studying mi-
crolensing by a number of microdeflectors
located within an extended object (see Jo-
vanović et al. 2008 and references therein),
and

(iii) a microlensing map (pattern) or caustic net-
work – the most realistic model, which is usu-
ally applied in obtaining a spatial distribution
of magnifications in the source plane (where a
quasar is located), produced by randomly dis-
tributed stars in the lensing galaxy (Jovanović
et al. 2008 and references therein).

4.1. Influence of gravitational microlenses
on radiation from relativistic accretion
disks around SMBHs

An illustration of a point-like gravitational mi-
crolens crossing over an accretion disk in the Kerr
metric with angular momentum a = 0.998 is pre-
sented in top left panel of Fig. 9, and the correspond-
ing illustration of a straight-fold caustic crossing over
a disk in Schwarzschild metric in the top right panel
of the same figure. The influence of the straight-fold
caustic on the shapes of the X-ray continuum and
the Fe Kα line are shown in the bottom panel of Fig.
9 (Jovanović 2006).
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Fig. 9. Top: illustrations of a point-like (left) and a straight-fold caustic (right) gravitational microlens
crossing over a relativistic accretion disk in extreme Kerr and Schwarzschild metric, respectively. Bottom:
comparisons between the undeformed (solid lines) and deformed (dashed lines) shapes of the X-ray continuum
(left) and the Fe Kα spectral line (right) due to the influence of the straight-fold caustic presented in the top
right panel (Popović et al. 2003a, Jovanović 2006).

As it can be seen from Fig. 9, depending on
the location of the microlenses, they could induce
significant changes of the shape and amplifications
of the intensity of both the X-ray continuum and Fe
Kα spectral line. Also, due to a small size of the X-
ray emitting region, even very compact objects with
small masses could induce a significant variability of
the X-ray radiation emitted from relativistic accre-
tion disks around SMBHs.

4.2. Gravitational microlenses in multiple
imaged quasars

Gravitationally lensed quasars represent a
particularly interesting systems since the different
lensing regimes can be present in them: a strong
lensing by a lens galaxy, microlensing by stars in a
lens galaxy (see e.g. Jovanović 2005), and millilens-
ing due to the cold dark matter (CDM) substruc-
tures in a lens galaxy. Also, in a number of lensed
systems, the flux ratios between their images deviate
from those predicted by simple lens models (see e.g.
Goldberg et al. 2010). One of the possible causes for
this, so called the flux anomaly, is a microlensing by
stars in the lens galaxy (see e.g. Simić et al. 2011).
Therefore, the lensed quasars with multiple images
represent a powerful tool for studying the structure
of both the lens galaxy and the background quasar.

For some specific lensing event one can model
the corresponding magnification map by using nu-
merical simulations based on the ray-shooting tech-
nique (see e.g. Jovanović et al. 2008 and references
therein), in which the rays are shot from the ob-
server to the source, through a randomly generated
star field in the lens plane. An example of such mag-
nification map for a ”typical” lens system (i.e. for
a system where the redshifts of the lens and source
are zl = 0.5 and zs = 2, respectively) is presented in
the left panel of Fig. 10, and the corresponding X-
ray, UV and optical continuum variations are given
in the right panel of the same figure (Jovanović et al.
2008). The simulated light curves in the right panel
of Fig. 10 are produced for an accretion disk cross-
ing over the magnification pattern in the left panel,
along the path denoted by the white solid line.

As one can see from the right panel of Fig.
10, the variations of the X-ray continuum due to
microlensing are much stronger and faster in com-
parison to the variations in UV and optical spectral
bands. The so called high amplification events, i.e.
the asymmetric peaks in the light curves, were also
analyzed, and it was shown that the rise times of such
events are the shortest and their frequency the high-
est in the X-rays, in comparison to the UV/optical
spectral bands. The typical microlensing time-scales
for the X-ray band are on the order of several months
while those for the UV/optical band are of the order
of several years (Jovanović et al. 2008).
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Fig. 10. Left: Magnification map of a ”typical” lens system, where the white solid line represents a path of
an accretion disk center. Right: Variations in the X-ray (solid), UV (dashed) and optical (dotted) spectral
bands caused by the crossing of the accretion disk along the specified path (Jovanović et al. 2008).

These investigations also showed that the size
of the source has a large effect on variations due to
microlensing. As an extended source covers a larger
area of a microlensing magnification pattern at any
given time than a point source, its brightness varies
less as it moves relative to the lens and observer
(Mortonson et al. 2005). A lensed source is signifi-
cantly affected by microlensing only if the source is
smaller than the relevant microlensing length scale
(the Einstein ring radius). Since the sizes of dif-
ferent emitting regions of quasars are wavelength-
dependent, microlensing by stars in the lens galaxy
will lead to a wavelength-dependent magnification.
The X-ray radiation is coming from a very compact
region in the innermost part of the accretion disk,
and therefore, it will be magnified more and its vari-
ations will be faster than for the radiation in the UV
and optical bands, coming from outer, larger parts of
the disk (Jovanović et al. 2008). Thus, although the
gravitational lensing is an achromatic phenomenon,
due to the complex structure of emission regions,
”the chromatic” effect may arise in the lensed quasar
systems (Popović et al. 2006, Jovanović et al. 2008).

We also investigated the influence of gravita-
tional microlensing on infrared radiation from the
lensed quasars (see Stalevski et al. 2012). Infrared
spectra of most quasars are dominated by thermal
emission from hot dust in their tori, or alternatively,
by nonthermal synchrotron emission from regions
near their central black holes. The variability in the
infrared band due to gravitational microlensing could
be used to constrain the size of the infrared emission

region, and hence to distinguish between the ther-
mal and synchrotron mechanisms. If the infrared
radiation varies on timescales shorter than decades,
then its emission region is smaller, located closer
to the central black hole, and its emission is non-
thermal, while longer timescales indicate a larger,
thermal region (see Stalevski et al. 2012 and ref-
erences therein). Additionally, chromatic effects in
the infrared band have been observed in some of the
lensed quasars, where the color differences between
their multiple images were detected, and the most
realistic scenario that can explain the observed color
differences is gravitational microlensing.

To study these effects, we modeled the dusty
torus as a clumpy two-phase medium (see Stalevski
et al. 2012. for more details). We used the 3D
Monte Carlo radiative transfer code skirt (Baes et
al. 2003) to obtain spectral energy distributions and
images of tori at different wavelengths. The obtained
images of the torus at different wavelengths are pre-
sented in the top row of Fig. 11 (Stalevski et al.
2012). Microlensing by stars in the lens galaxy was
simulated using the magnification map, which was
calculated for a point source by the ray-shooting
technique. As the dusty tori were larger than the
typical size of microlens, they were treated as ex-
tended sources, and to take this into account, the
magnification map was convolved with the images of
the torus at different wavelengths. The bottom row
of Fig. 11 shows the magnification maps after convo-
lution with the corresponding torus images from the
top row.
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Fig. 11. Simulated images of a torus with the face-on orientation at four different wavelengths in the in-
frared band (top), and the microlensing magnification maps (bottom) after convolution with the corresponding
tori images from the top row (Stalevski et al. 2012).

The obtained simulated microlensing light
curves for a source at redshift of zs = 2 and the
lens galaxy at redshift zl = 0.05 are presented in
Fig. 12 (Stalevski et al. 2012). It can be seen from
Fig. 12 that dusty tori could be significantly magni-
fied by gravitational microlensing. As a consequence
of the wavelength dependency of the torus size, the
magnification amplitude of the microlensing events is
also wavelength dependent. The magnification was
highest at near-infrared wavelengths and decreased
toward the far-infrared range.

Fig. 12. Simulated light curves for magnification
events at different wavelengths in the infrared spectral
range (indicated in the legend), extracted from the
magnification maps presented in Fig. 11 (Stalevski
et al. 2012).

The corresponding timescales were in the
range from several decades to several hundreds of
years and, therefore, microlensing would hardly
prove to be a practical tool to study and constrain
the properties of dusty tori. However, these results
should be kept in mind when investigating the flux
anomally of lensed quasars.

4.3. Cosmological distribution of
gravitational microlenses

The probability of observing a gravitational
lensing event is usually expressed in terms of the op-
tical depth τ (see e.g. Popović et al. 2003b, Za-
kharov et al. 2004). The optical depth τ (the chance
of seeing a gravitational lens) is the probability that
at any instant of time a distant source is covered by
the Einstein ring of a deflector. In order to consider
the contribution of gravitational microlenses in the
X-ray variability of high redshifted quasars, we inves-
tigated their optical depth assuming they are located
in bulges or/and in halos of such quasars, as well as
at cosmological distances between the observer and
these quasars (Zakharov et al. 2004).

We showed that the optical depth for cosmo-
logically distributed microlenses depends on three
cosmological parameters Ω0, ΩΛ, and ΩL, corre-
sponding to the mass density of the Universe at the
present epoch, cosmological constant Λ, and the mat-
ter fraction in compact lenses, respectively. For the
first two parameters we assumed nowadays widely
accepted values Ω0 ≈ 0.3 and ΩΛ ≈ 0.7 (see Jarosik
et al. 2011), and then we studied the optical depth
in the following three cases (Zakharov et al. 2004):
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(i) a small fraction of baryonic matter (25 %)
forms microlenses (ΩL = 0.01);

(ii) almost all baryonic matter forms microlenses
(ΩL = 0.05);

(iii) about 30% of non-baryonic (dark) matter
forms microlenses (ΩL = 0.1).
The obtained results are graphically presented

in Fig. 13 as a function of redshift, and the corre-
sponding numerical values are given in Table 2 (Za-
kharov et al. 2004).
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Fig. 13. The optical depth for cosmologically dis-
tributed gravitational microlenses as a function of
redshift for 3 different values of ΩL and for Ω0 = 0.3
(Zakharov et al. 2004).

Table 2. Numerical values of the microlensing op-
tical depth presented in Fig. 13 (Zakharov et al.
2004).

z\ΩL 0.01 0.05 0.10
0.5 0.001100 0.005499 0.010998
1.0 0.004793 0.023967 0.047934
1.5 0.010310 0.051550 0.103100
2.0 0.016196 0.080980 0.161959
2.5 0.021667 0.108334 0.216669
3.0 0.026518 0.132590 0.265180
3.5 0.030770 0.153852 0.307703
4.0 0.034504 0.172521 0.345042
4.5 0.037804 0.189018 0.378037
5.0 0.040742 0.203712 0.407424

These results show that the optical depth for
cosmologically distributed microdeflectors could be
significant and, hence, they could significantly con-
tribute to the X-ray variability of high-redshifted
(z > 2) quasars (Zakharov et al. 2004). Taking into
account that the upper limit of the optical depth
corresponds to the case where the dark matter forms
cosmologically distributed deflectors, one can con-
clude that the gravitational microlensing can be used
as a tool to estimate the dark matter fraction in the
Universe.

5. DARK MATTER AND/OR
MODIFIED GRAVITY

According to the standard ΛCDM cosmologi-
cal model, the dark matter that we cannot detect by
any other means except by gravitational lensing, con-
stitutes about 5/6 of the total mass of the Universe,
while the visible or baryonic matter contributes with
only 1/6 (Jarosik et al. 2011). It is believed that
the dark matter is, in large part, composed of non-
baryonic particles with very small primordial velocity
dispersion, which are so weakly interacting that they
move purely under the influence of gravity (see e.g.
Zacek 2008).

Flat rotation curves of spiral galaxies are usu-
ally assumed to be the most significant observational
evidence for the dark mater hypothesis (Binney and
Tremaine 2008). Namely, rotation curves of most
spiral galaxies cannot be explained by their detected
baryonic mass and the Newtonian gravitational force
law and, therefore, the dark matter hypothesis tries
to explain this problem by assuming the existence
of a spherical dark matter halo. According to this
hypothesis, during a merger of two galactic clusters,
the weakly interacting dark matter should be mostly
concentrated in outer regions and there should be
the offset between the dark and visible matter distri-
bution peaks. This was indeed inferred from a weak
lensing mass reconstruction in the case of the famous
”Bullet Cluster” - 1E 0657-558, which was consid-
ered as the first empirical evidence for the existence
of dark matter (Clowe et al. 2006).

However, some recent studies of dark matter
based on gravitational lensing discovered anomalies
in its distribution, which are not completely in ac-
cordance with the previous assumptions, e.g. in the
case of Abell 520, whose core is probably composed
of dark matter (Mahdavi et al. 2007). Also, some
very recent observational studies of gas rich galax-
ies contradict the dark matter hypothesis. Namely,
an empirical relation between the observed mass (or
luminosity) and nearly constant velocity at the flat
part of rotational curve of a spiral galaxy, the so
called Tully-Fisher relation (Binney and Tremaine
2008), is one of the most convincing probes for the
dark matter content of such a galaxy. Recently, the
baryonic Tully-Fisher relation has been tested for gas
rich galaxies (McGaugh 2011). This is the most rig-
orous observational test that has been taken until
now because the mass of gas rich galaxies can be
measured much more precisely than the mass of most
other galaxies where stars dominate the baryonic
mass budget. The obtained results have large dis-
crepancy with predictions of the ΛCDM cosmological
model (see Fig. 2 in McGaugh 2011). At the same
time, the observations behave precisely as predicted
by the modified Newtonian dynamics (MOND) (Mil-
grom 1983), which excludes the existence of dark
matter in these galaxies. Until now, this is one of
the most significant observational challenges to the
standard cosmological model in which the dark mat-
ter is one of the corner stones.
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Basically, there are two possible approaches to
explain these observed anomalies (Jovanović 2012b):

(i) The standard approach which assumes the ex-
istence of dark matter, but with necessary re-
vision of its nature and interaction with bary-
onic matter (see e.g. Cyburt et al. 2002).

(ii) The alternative approach, which proposes dif-
ferent modifications of the fundamental grav-
itational and/or dynamical laws on the galac-
tic scales, such as: MOND, scalar-tensor, con-
formal, Yukawa-like and Rn modified gravity,
etc. (see e.g. Zakharov et al. 2006 and ref-
erences therein), in order to exclude the need
for dark matter.
As it can be seen from the previous section,

within the frame of the standard approach, we inves-
tigated the dark matter and its distribution at dif-
ferent scales by using the gravitational lensing phe-
nomenon. However, one part of our current inves-
tigations is also related to the alternative approach,
since we also study some modified theories of gravity
(Jovanović 2012b, Borka et al. 2012).

5.1. Modified gravity and S-stars

The extended theories of gravity have been
proposed as alternative approaches to the Newtonian
gravity on the basis of data from the Solar system, bi-
nary pulsars, spiral galaxies, clusters of galaxies and
the large-scale structure of the Universe. One form
of these extended theories of gravity are power-law
fourth-order theories, one representative of which is
the Rn gravity where the gravitational potential is
given by (Capozziello et al. 2006, 2007):

Φ (r) = −GM

2r

[
1 +

(
r

rc

)β
]

,

where rc is an arbitrary parameter depending on the
typical scale of the considered system, and β is a new
universal constant. As expected, for β = 0 the Rn

gravitational potential reduces to the Newtonian one.
However, Capozziello et al. (2007) found a very good
agreement between the theoretical rotation curves
and the data using the value β = 0.817, which was
obtained by fitting the SN Ia Hubble diagram with a
model comprising only the baryonic matter but reg-
ulated by the modified Friedmann equations derived
from the Rn gravity Lagrangian.

We studied possible application of the Rn

gravity at Galactic scales to explain the recently
observed precession of orbits of S-stars, as well as
whether these observations could be used for con-
straining this type of modified gravity. S-stars are
the bright stars, which move around the center of our
Galaxy where the compact radio source Sgr A∗ is lo-
cated, and they provide the most convincing evidence
that Sgr A∗ represents a massive black hole (see

Meyer et al. 2012 and references therein). For one of
these stars, labeled S2, there are some observational
indications that its orbit deviates from the Keple-
rian one due to orbital precession. This orbital pre-
cession can be relativistic and, hence, prograde, or
Newtonian due to potential extended mass distribu-
tion and, hence, retrograde. Both, the prograde and
retrograde pericentre shifts result in rosette shaped
orbits.

To test whether the Rn gravity is able to pro-
vide a reasonable explanation for this orbital pre-
cession of S2 star, we simulated its orbit in the Rn

gravitational potential. A comparison between the
simulated orbits in the Newtonian and Rn gravity is
presented in Fig. 14 (Jovanović 2012b). From this
figure one can see that the Rn gravity also causes a
retrograde pericenter shift, which results in rosette
shaped orbits of S2 star (Borka et al. 2012).
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Fig. 14. The simulated orbits of S2 star in the
Newtonian (red dashed line) and Rn gravity (blue
solid line) for rc = 102 AU and β = 0.0415 during
10 orbital periods (Jovanović 2012b).

We then compared these theoretical results
with two independent sets of observations of S2 star,
obtained by the New Technology Telescope/Very
Large Telescope (NTT/VLT), as well as by the Keck
telescope (Gillessen et al. 2009). The best fit was
obtained for a small value of the universal constant
β = 0.01 (and hence for precession per orbital period
of around −1◦), and the corresponding comparisons
between the simulated positions and those observed
by the NTT/VLT and Keck are presented in left and
middle panels of Fig. 15, respectively (Borka et al.
2012). A comparison between the fitted and observed
radial velocities of S2 star is given in the right panel
of the same figure.
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Fig. 15. The fitted orbit of S2 star around a massive black hole at Galactic center in the Rn gravity for
rc = 100 AU and β = 0.01 (black solid lines in first two panels). The NTT/VLT astrometric observations
are presented in the left panel by blue circles, while the Keck measurements are denoted by red circles in the
middle panel (Borka et al. 2012). Right panel presents a comparison between the fitted (black solid line) and
observed radial velocities of S2 star. Observed values are denoted by circles (VLT) and diamonds (Keck).

According to these results one can conclude
that despite of an excellent agreement between the-
oretical and observed rotation curves obtained by
Capozziello et al. (2007), and despite of its ability
to fit satisfactorily the orbit of S2 star around the
central SMBH of our Galaxy (Borka et al. 2012),
the Rn gravity may not represent a good candidate
to solve both the dark energy problem on cosmologi-
cal scales and the dark matter one on galactic scales
since different values for the universal constant β are
needed for these two scales.

6. CONCLUSIONS

In this paper we presented a short overview of
our investigations of the following galactic and ex-
tragalactic gravitational phenomena: supermassive
black holes in the centers of galaxies and quasars, su-
permassive black hole binaries, gravitational lenses,
dark matter and modified gravity as its potential al-
ternative. The most important results of these stud-
ies can be summarized as follows:

(i) We developed a model of a relativistic accre-
tion disk around a SMBH, based on the ray-
tracing method in Kerr metric. Using this
model we simulated radiation in different spec-
tral bands from such accretion disks located in
centers of active galaxies and quasars. Com-
parisons of these simulations with observa-
tions enabled us to study physics, spacetime
geometry, and effects of strong gravity in the
the vicinity of SMBHs.

(ii) To investigate the observed variability in ra-
diation from active galaxies and quasars, we
developed a model of emissivity perturbations
in the form of a bright spot or flare in the
accretion disk. It was shown that this model
can successfully explain the variability of some
active galaxies. Furthermore, we used this
bright spot model to study photocentric vari-

ability and astrometric stability of quasars in
the context of the future Gaia mission. The
obtained results showed that bright spots in
accretion disks could cause offsets of quasar
photocenters by a few mas which will be de-
tectable by Gaia.

(iii) We studied observational signatures of SMB-
HBs and found evidence for the first spec-
troscopically resolved sub-parsec orbit of a
such system in the core of active galaxy NGC
4151. The obtained results also suggested that
many such SMBHBs may exist in similar ac-
tive galaxies, whose binarity could be a neces-
sary condition for triggering their activity.

(iv) Gravitational lenses were an important sub-
ject of our investigations, which included both
the observational, as well as theoretical stud-
ies of their different aspects. Our theoretical
investigations were mostly focused on gravita-
tional microlenses and their influence on radi-
ation from relativistic accretion disks around
the central SMBHs of distant quasars, their
cosmological distribution and statistics, as
well as their influence on radiation in different
spectral bands emitted from lensed quasars
with multiple images. To investigate these ef-
fects, we developed three different microlens-
ing models: the point-like microlens, straight-
fold caustic, and microlensing maps. We
found that gravitational microlensing can pro-
duce significant variations and amplifications
of radiation in the X-ray, UV, optical and in-
frared spectral bands. Even very compact mi-
crolenses could produce noticeable changes in
the X-ray radiation, which originate in the
vicinity of SMBHs and this makes gravita-
tional microlensing a powerful tool for inves-
tigation of the innermost parts of relativis-
tic accretion disks and for scanning the inner
regions of active galaxies and quasars. Al-
though the gravitational microlensing is an
achromatic effect, it can induce wavelength de-
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pendent variations in the X-ray, UV, optical
and infrared spectral bands due to different
sizes of their emitting regions. However, the
variations in the X-ray band are the strongest
and fastest in comparison with other bands.
We also showed that the optical depth for cos-
mologically distributed microlenses could be
significant in the case where the dark mat-
ter forms compact objects and, thus, gravi-
tational microlensing can be used as a tool
for estimating the dark matter fraction in the
Universe.

(v) We also studied an alternative to the dark
matter in the form of the Rn theory of mod-
ified gravity, and its possible applications at
Galactic scales to explain the observed orbital
precession of some, so called, S-stars which
are orbiting around a massive black hole at
Galactic center. The obtained results show
that, in spite of its ability to satisfactorily ex-
plain this precession of S-stars, the Rn gravity
may not represent a good candidate to solve
both the dark energy problem on cosmologi-
cal scales and the dark matter one on galac-
tic scales, since different values for the new
universal constant β are needed for these two
scales.

Acknowledgements – This research is part of the
project 176003 ”Gravitation and the Large Scale
Structure of the Universe” supported by the Min-
istry of Education, Science and Technological Devel-
opment of the Republic of Serbia. This research was
also partially supported by the ICTP - SEENET-
MTP grant PRJ-09 (Strings and Cosmology) within
the framework of the SEENET-MTP Network.

REFERENCES

Baes, M., Davies, J. I., Dejonghe, H., et al.: 2003,
Mon. Not. R. Astron. Soc., 343, 1081.

Binney, J. and Tremaine, S.: 2008, Galactic Dy-
namics: Second Edition, Princeton University
Press, Princeton, NJ USA
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Pregledni rad po pozivu

U ovom radu je predstavǉen pregled
najva�nijih rezultata naxih istra�ivaǌa
slede�ih galaktiqkih i vangalaktiqkih gra-
vitacionih pojava: supermasivnih crnih rupa
u centrima galaksija i kvazara, dvojnih su-
permasivnih crnih rupa, gravitacionih so-
qiva i tamne materije. U ciǉu tih istra�i-
vaǌa, razvili smo model relativistiqkog
akrecionog diska oko supermasivne crne rupe
koji je zasnovan na metodu pra�eǌa zraka
u Ker metrici, model sjajne pege u akre-
cionom disku, kao i tri razliqita modela
gravitacionih mikrosoqiva. Svi ovi mode-
li su nam omogu�ili da izuqavamo fiziqke
procese, geometriju prostor-vremena i efekte
jakog gravitacionog poǉa u blizini superma-

sivnih crnih rupa, promenǉivost nekih ak-
tivnih galaksija i kvazara, razne pojave u
kvazarima sa vixestrukim likovima nastalim
usled uticaja gravitacionih soqiva, kao i
udeo tamne materije u kosmosu. Tako�e smo u
jezgru aktivne galaksije NGC 4151 naxli pos-
matraqku potvrdu prve orbite dvojnog sistema
supermasivnih crnih rupa na skalama ispod
jednog parseka, koja je razdvojena spektroskop-
ski. Pored toga, ispitivali smo i primenu
mogu�e alternative tamnoj materiji u obliku
jedne od modifikovanih teorija gravitacije
za objaxǌeǌe nedavno posmatrane orbitalne
precesije nekih S-zvezda koje kru�e oko ma-
sivne crne rupe u centru naxe galaksije.
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