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Desanka Radunovic — NUMERICKE METODE

Interpolacija i integracija

Lagrange-ova interpolacija
Hermite-ova interpolacija

Splajn interpolacija
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Lagrange-ov interpolacioni polinom

Ln(z) = X' oewl,  La(m) = f(z), k=0,...,n.

La(@) = 3 Li(@)f) = 3 A: IVE;
i=0 v J

1=0




Ln(z) = M : E&lﬁ?ﬁv%?&v €3+HA&V _ _,_, (z — &.w.v
1=0

/ N\’
v — )l 1 (o) 2
. _ D _
greska F@) = Ln(@) = T P (7)
1
Li iyr(x) = ((@ =) Lig1, iqk(x) — (@ — 2 p) Ly igpr—1(2))
Titk — T
Neville-ov algoritam Cio=Djo=Ffi, i=0,...n,
Cir = ;=2 (Dig-1 — Cim1 1),
1<k<i, e
Dy, = 7==*(Dij-1— Ci—1-1),



stepen =5 stepen =8

stepen = 11
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Newton-ov polinom sa podeljenim razlikama

Ln(z) = f(xz0)+ flzo, z1](x—20) +- - -+ flzo, ..., zn](z—20) - - - (T —2pp—1)

greska f(@) — Ln(Z) = w1 (2) f[Z, 20, . - ., 7]

podeljene razlike

Flowl = F(oig)s Flaigs.. g ] = Lol = [ i iy
Lip = Tig
k
_ f () il
i&o?.;&lI\szwuo@@.lﬁvv i&oi.;&:_||:_

J7F1



konacne razlike: za r;j4y1 —x; =h flz;, ... v&i.i — ow

Afi= fix1—fin  AFfi=aaFlp) =k, - Ak

At = Vi = 0 f
razlika razlika centralna
unapred unazad razlika

AFf; = MA 1) (5) fiphojr  AFfi=RIBF flwo, .. ap] = B £ (©)



Newton-ovi polinomi sa kona¢nim razlikama

unapred
1 1) (g — 1
h:QOiSH\oiD\i@Sm_ NG R :A_Q nt D png,
greska
~1). _
F(@o+ah)—Ln(zotqh) = LI=1) 02 np1 ctnt1) gy o < ¢ < oy
(n+ 1)!
Hnazad ( +: (q4+1)---(@+n—1)
Ln(zg+qh) = fotqAf 1+ LT 2A2f g fLIT VT RT ARy

n!

greska
f(zo+qh)—Ln(zo+qh) =

g(¢+1) - (@+n) ni1,(nt1)
(n+1)! e (€), z-n<E&< 20






Optimalan izbor ¢vorova interpolacije

nule Cebisevljevog polinoma

@I@ @:T@@I@ Mwn_nH
k=0, .. .n = = COS —— —~
" =T =T T 2(n + 1)




Hermite-ov interpolacioni polinom

WMSAH&VH,&& k=0,....n;—1, +=0,...,m, n=> "gn;—1

Po(z) = f(z0) + flzo, w0l (z — 20) + flzo, z0, zol(x — 20)* + - -
|_| ,\i_”@Ov s Q&EAS o HOVSOlH |_| ‘\u_ﬁf&.og s uRQQHHH_A% o HOVSO

v~ -~

no puta no puta
T \,E\,ou s u&@HT&LA% — ROVSQA& — RHV 4+ ...
30/_0\—#@
|_|\A@of..“&O“..JWSQ..;&&AHIHOV:O...AHI&SV33IH
30/@\Cﬁm E\SJ_MC._HQ.
£P)(z,)

flai,. .zl =
(p+ 1) puta
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Interpolacija funkcije

14
12
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Hermite-ovim polinomom (2, 3, 2, 1, 1), kubnim splajnom
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Splajn interpolacija

o ST e C™m 1 a,b]

e S\ Je polinom stepena m na intervalima podele A = {a = z0 < --- < z, = b}

(i) SA(fia) =SA(f;0) =0
(i) f(x)i SA(S;x) su periodicne funkcije na [a, b]
(i) f'(a) = S'A(fr1a), f/(b) =S\(f;b)

b
svojstvo minimalnosti 1fIl > [ISall  za __\__mH\ Q:A&vvw
a 12



piM; 1 +2M; +viM; 1 =2, i=1,...,n—1,(n)

hit+1 hi
. = L — p— H - N\.u y — @ Lj_ v.\xﬁ.ua.
V; Dsl_l?luwv 22 D&l_lbiuu ) i \A i—1, L4 sn_lH_
(4) po =vg = Ag =0, pn = vn = An = 0,
(47) Un = 2 un =1—v An =6 flx,—1,Tn, 1]
n 33 I_I \su_.g n T, n—1» ’

6
po = 0, vg = 1, yoﬂﬂﬁigo%; — 0),
(ii4) mw

Hn — ”_J N\B\”Og yﬁ”ﬂﬁ,ﬁ\s|\._un~u§|”_.unﬁ3u_v
n



Dvodimenziona interpolacija

Ln(z,y) =Y Y (z—=z0)-(z—=z-1)(y—yo) -

k=0 i+j=k
A“Q|@w|”_.v,~a_umﬁ©u...vH&“@Ou...“@b.u_
. . T — —
x; = xo + 1 h, Yyi = Yo+ Jk, p= 2 @H@ L

h k

1 140 1 240
\._Hbuoubu”_.“ @O”_ — ND \»AHOv@Ovv \—ROQRH“HM“ @O_ — M_\@MD .\»AHOV@Ovv
. .

flzo,z1; yo,y1] = %DTLNA&?@&V

Lo+ rhyota) =3 = 3 (-1 i+ D
k=0""" i+j=k

q(g—1)...(¢—j+ 1) A" f(20,v0)
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Numericko diferenciranje i integracija

F®) (@) = LY (x)

1 n ] .
Peo~t S D Aif, e~ A (= L)

M= j=1 7

greska

(f(=) = h:A&vVAS (flz, zo, ... vgz_oc:._.;&é?v

M\.ﬂu Ll x?.I.TCAmv (k=)
< (k=) (n+j+1)! “nt1

F® (@) - Ly ()

()
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Zavisnost greske numerickog diferenciranja od koraka

A
) F20) ~ f(x1) — f(z0)
h
R Moh 2FE
H R| = |[Ri+Ro| < 220427 — 1(h)
> ' h
he =2, 2
Mo

[R| < r(ho) = 2+/MaE

o)
Y
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Newton-Cotes-ove kvadraturne formule

1(f) = [Pp(@) f(z) de = [P p(x) (Lu(z) + ro(x)) d

b b—a
1) % Su(f) = | () Lu(a) do = S ef ()

2 1=0
t—1; b+a b—a
gn\ﬂw@:ﬁlw Looe="T0g 00
,:E
b (n+1) T
ma(p = [ e ra@ae = oI COL, @y,

§ € a,b]
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Osnovna formula:

pravougaonika

a b—a)’ "
So() = b= a)f (5. |Ro(A)] < P52 max 1)
trapeza
500 ="220@+ @), 1R < LD ma 17w
1 2 ’ 1 - 12 x€[a,b]
Simpsona
52(5) = 3 70 (F@) + 47 (%) + 1 (0)),

H @I@ w
A ?C
_mMST@OA 5 v H@ww: 5_
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Opsta formula:

pravougaonika

he ey N n (b — a)h? "
So(f) = ;M fige BN < S 7 max| Q)]
trapeza
m—1
h b— a)h? y
SN =2o+2 Y it s RDI< T max )
i=1 [a,5]
Simpsona
m m—1
h
S5(f) = 3(fot4 Y foic1+2 ) foit fom)
1=1 1=1
(b—a)h?

max | £ (&)

<
|[Ro(f)] < 180 o]
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Formule Gauss-ovog tipa

1
|Ron—1(f)] < 1 T

wn(@) = [[ (@ — )
=1

1=

b

max | f

Sn(f) = 2525 ¢if ()

b
(2n) (¢) \ p(2)w2(x) du

wn(z) = Qn(x)

Qi) Q) = \ p(@) Qi(2) Q;(@)dz =0, i j
Q@) E 0, Qo) =1
_(,_ @@, @LV o @k, Qp) N _
Cht1 IA (Qr, Qr) k() (Qr_1, @TZ@TZ ), F=0.1..
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n

®| @
M@ M Qaw”\ﬁAav&w&ﬁ w”oi..vs\lu
i=1 a

polinom Legendrea
wn(z) = Ln(2) = gy gen ((z* = 1"),  ze[-1,1], p@) =1

1
formula Gaussa \L f(x)dx =~ WASAI/\WV + 8f(0) + mix\wvv

polinom Cebiseva

wn(x) = Tn(x) = cos (narccosz), re[-1,1], p(z)= 1.2

H n
formula CebiSeva \ H ,ﬁA|WWM dx ~ M MU f(cos 25-1n)
- k=1
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