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(uopštenje
uvo

-denjem
param

etra
τ
k )

stacionarna
x
(
k
+
1
)
=

x
(
k
)−

τ
P
−
1
r
(
k
)

(τ
k ≡

τ
)

P
−
1
=

I
−→

τopt
=

2

M
+
m
,

M
=

m
a
x
i |λ

i (
A
)|,

m
=

m
in
i |λ

i (
A
)|

‖
x
−

x
(
k
)‖

2
≤
(

M
−
m

M
+
m

)

k‖
x
−

x
(0

)‖
2

nestacionarna
x
(
k
+
1
)
=

x
(
k
)−

τ
k
P
−
1
r
(
k
)

P
−
1
=

I
−→

τ
j,opt

=
2

M
+
m
+
(
M
−
m
)
c
o
s

2
j−

1
2
k
π
,

j
=

1
,
.
.
.
,
k
,

‖
x
−

x
(
k
)‖

2
≤
2

(
√
M
−
√
m

√
M

+
√
m

)
k‖

x
−

x
(0

)‖
2
,

13



G
ra
d
ije

n
tn
e
m
e
to
d
e

A
=

A
∗
,

A
x
=

b
⇐
⇒

F
(x
)

=
m
in

F
(x
)

funkcional
F
(x
)
=

12
(
A

x
,
x
)−

(b
,
x
)

gradijent
∇
F
( x

(
k
))
=

(

∂
F

∂
x
1

.
.
.

∂
F

∂
x

n

)>
=

A
x
(
k
)−

b
=

r
(
k
)

x
(
k
+
1
)
=

x
(
k
)
+

λ
k
d
(
k
),

k
=

0
,1

,
.
.
.
,

lim
k→
∞

x
(
k
)
=

x

popravka
λ
k
=
−
(∇

F
(x

(
k
))
,
d

(
k
)
)

(

A
d

(
k
),

d
(
k
)
)

=
−

∑

ni=
1
∂
F
(x

(
k
))

∂
x

i
d
(
k
)

i
∑

ni=
1

∑

nj
=

1
∂

2F
(x

(
k
))

∂
x

i ∂
x

j
d
(
k
)

i
d
(
k
)

j

14



p
o

ko
o

rd
in

atn
isp

u
st

d
(
k
)
=

e
(
k
),

e
(
k
)
=
(0
···

0
1

0
···

0
)>

n
ajstrm

ijisp
u

st
d
(
k
)
=
−
∇
F
(x

(
k
))
=
−

r
(
k
),

λ
k
=
−
δ
k

x
(
k
+
1
)
=

x
(
k
)
+

δ
k
r
(
k
),

δ
k
=

(r
(
k
),

r
(
k
)
)

(

A
r
(
k
),

r
(
k
)
)
,

k
=

0
,1

,
.
.
.
,

ko
n

ju
g

ovan
ig

rad
ijen

t
d
(
k
)
=

p
(
k
),

(

A
p

(
i),p

(
j
)
)

=
δ
(
i−

j
)

x
(
k
+
1
)
=

x
(
k
)−

λ
k
p
(
k
),

k
=

0
,1

,
.
.
.
,

r
(
k
)
=

A
x

(
k
)−

b
,

p
(
k
+

1
)
=

r
(
k
+

1
)−

µ
k
p

(
k
),

p
(0

)
=

r
(0

)

λ
k
=

(r
(
k
),

p
(
k
)
)

(

A
p

(
k
),

p
(
k
)
)
,

µ
k
=

(

A
p

(
k
),

r
(
k
+

1
)
)

(

A
p

(
k
),

p
(
k
)
)

15



P
okoordinatniinajbržispust
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(
k
)
)

f ′
(

x
(0
)
)
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greška
|x
−

x
(
k
)|≤

M
2

2
m
1 |x

(
k
)−

x
(
k−

1
)| 2

−
1

−
0.8

−
0.6

−
0.4

−
0.2

0
0.2

0.4
0.6

0.8
1

−
1

−
0.8

−
0.6

−
0.4

−
0.2 0

0.2

0.4

0.6

0.8 1
x=

1
m

1
=

m
in
|f
′(
x
)|

M
2
=

m
a
x
|f
′′(
x
)|

U
slovikonvergencije:

•
f
∈
C

1[a
,
b]

•
f
(
a
)
f
(
b)
<
0

•
sign

f
′(
x
)
=

const,
f
′(
x
)
6=

0

•
sign

f
′′(
x
)
=

const

•
f
(
x
0 )
f
′′(
x
0 )

>
0
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R
e
g
u
la
-fa

lsi

(levo)
x
(
k
+
1
)
=

x
(
k
)−

f
(

x
(
k
)
)

f
(

x
F

)−
f
(

x
(
k
)
)
(
x
F
−

x
(
k
))

◦ ◦
◦◦

◦

◦

◦◦
•

x
0

x
1

x
2

x
3

◦◦

◦ ◦
◦◦

◦◦

•

x
0

x
1

x
2

x
3

x
∗

x
∗

S
e
čica

x
(
k
+
1
)
=

x
(
k
)−

f
(

x
(
k
)
)

f
(

x
(
k−

1
)
)−

f
(

x
(
k
)
)
(
x
(
k−

1
)−

x
(
k
))

(desno)
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Iteracije
m

etode
regula-falsi

−
7

−
6

−
5

−
4

−
3

−
2

−
1

0
−

350

−
300

−
250

−
200

−
150

−
100

−
50 0 50

x=
−

1.000026526307451

f ′(
x
)
≈

f
(

x
F

)−
f
(

x
(
k
)
)

x
F −

x
(
k
)

G
reška:

|x
−
x
(
k
)|≤

M
1 −
m

1

m
1
|x

(
k
)−

x
(
k−

1
)|

m
1
=

m
in
|f
′(
x
)|

M
1
=

m
a
x
|f
′(
x
)|
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M
e
to
d
a
p
o
lo
v
lje

n
ja

x
≈

x
(
k
)
=

12
(
a
k
+

b
k
)
,

greška
|x
−
x

(
k
)|≤

1

2
k
+

1
(
b−

a
)
≤
ε

ili
k
≥
[

ln
b−
a
ε

ln
2

]

[a
,
b]≡

[a
0
,
b
0 ]⊃

···⊃
[a
k ,
b
k ]⊃

···
,

f
(
a
k )
f
(
b
k )
<
0
,

b
k −

a
k
=

12
k
(
b−

a
)

M
e
to
d
a
B
a
irsto

w
-a

P
n
(
x
)
=

x
n
+

a
1
x
n−

1
+
···

+
a
n
=

0

P
n
(
x
)
=

(
x
2
+

p
x
+

q
)
(
x
n−

2
+

b
1
x
n−

3
+
···

+
b
n−

3
x
+

b
n−

2
)
+

r
x
+

s

b
m
=

a
m
−
p
b
m
−
1 −

q
b
m
−
2
,

m
=

1
,
.
.
.
,
n
,

b−
1
=

0
,

b
0
=

1

r
=

a
n−

1 −
p
b
n−

2 −
q
b
n−

3
=

b
n−

1
,

s
=

a
n −

q
b
n−

2
=

b
n
+
p
b
n−

1

c
m
=

b
m
−
p
c
m
−
1 −

q
c
m
−
2
,

m
=

1
,
.
.
.
,
n
−
1
,

c−
1
=

0
,

c
0
=

1

c
n−

2 ∆
p
+
c
n−

3 ∆
q
=

b
n−

1

c ′n−
1 ∆

p
+
c
n−

2 ∆
q
=

b
n

∆
p
≡
∆
p
(
k
)
=

p
(
k
+

1
)−

p
(
k
)

∆
p
≡
∆
q
(
k
)
=

q
(
k
+

1
)−

q
(
k
)
,

k
=

0
,1
,
.
.
.
.
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S
istem

in
elin

earn
ih

jed
n

ačin
a

F
(x
)
=

0
,

x
∈
R
n

F
(x
)
=



f
1
(x
)

...
f
n
(x
)



,
x
=



x
1...x
n



,
F
′(x

)
=

J
(F
(x
)
)

=



∂
f
1
(x
)

∂
x
1

···
∂
f
1
(x
)

∂
x

n
...

...
...

∂
f
n
(x
)

∂
x
1

···
∂
f
n
(x
)

∂
x
1



N
e
w
to
n
-o
v
a
m
e
to
d
a

x
(
k
+
1
)
=

x
(
k
)−

[F
′(x

(
k
))
]−

1
F
(x

(
k
)
)

‖
F
′(x

)−
F
′(y

)‖
≤
γ‖

x
−

y‖

[F
′(x

)] −
1

postojii
‖
[F
′(x

)] −
1‖
≤
β

−→

‖
[F
′
(x

(0
)
)] −

1F
(x

(0
)
)‖
≤
α

x
,
y

u
konveksnom

skupu
C
∈
X
,

h
=

α
β
γ

2
<
1

lim
k→
∞

x
(
k
)
=

x
,

F
(x
)
=

0

greška

‖
x
−

x
(
k
)‖
≤
α
h

2
k−

1

1
−
h

2
k

23



M
e
to
d
a
ite

ra
cije

F
(x
)
=

0
⇐
⇒

x
=

G
(x
)
≡
{
g
i (x

)}
ni=

1

x
(0
),

x
(
k
+
1
)
=

G
(x

(
k
)
)

,
k
=

0
,1

,
.
.
.
,

q
=

m
a
x

x
‖
J
(G

(x
)
)‖

<
1

−→
lim
k→
∞

x
(
k
)
=

x
,

x
=

G
(

x
)

greška
‖
x
−

x
(
k
)‖
≤
ε

za
‖
x

(
k
)−

x
(
k−

1
)‖
≤
1
−
q

q
ε

ili
k
≥
ln

ε
(1−

q
)

‖
G
(

x
(0

)

)−
x

(
0
)‖

ln
q

G
ra
d
ije

n
tn
e
m
e
to
d
e

F
(x
)

=
0

⇐
⇒

F
(x
)

=
m
in

F
(x
)

x
(
k
+
1
)
=

x
(
k
)
+

λ
k
d
(
k
),

λ
k
=
−

∇
F
(x

(
k
)
)·

d
(
k
)

(d
(
k
)) >

A
(x

(
k
)
)

d
(
k
)
,

k
=

0
,1

,
.
.
.
.

F
(x

(
k
)
+
λ
k d

(
k
)
)

≈
F
(x

(
k
)
)

+
λ
k ∇

F
(x

(
k
)
)·

d
(
k
)
+

12
λ

2k
(d

(
k
)) >

A
(x

(
k
)
)

d
(
k
)
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S
o

p
stven

e
vred

n
o

stiivekto
ri

A
x
k
=

λ
k
x
k

D
(
λ
k )
=

det(
A
−
λ
k
I
)
=

(−
1
)
n
(
λ
nk
+
p
1
λ
n−

1
k

+
···+

p
n
)
=

0

In
terp

o
lacija

D
(
λ
)
≡

n
∑i=

0

(

n
∏

j
=

0

j6=
i

x
−
µ
j

µ
i −

µ
j

)

D
(
µ
i )
,

|µ
i |≤
‖
A
‖

L
e

V
errier

p
k
=
−
1k
(
S
k
+
p
1
S
k−

1
+
p
2
S
k−

2
+
···

+
p
k−

1
S

1 )
,

k
=

2
,
.
.
.
,
n
.

p
1
=
−
S

1
,

S
k
=

tr
(
A
k)
=

n
∑i=

1

a
(
k
)

i,i
=

λ
k1
+
···

+
λ
kn

K
rilov

b
(
n−

1
)

i
p
1
+
b
(
n−

2
)

i
p
2
+
···

+
b
(0

)
i
p
n
=
−
b
(
n
)

i
,

i
=

1
,
.
.
.
,
n
,

b
(
k
)
=

(
b
(
k
)

1
,
b
(
k
)

2
,
.
.
.
,
b
(
k
)

n
) >

=
A

b
(
k−

1
)
=

A
kb

(0
),

b
(0

)
proizvoljno

D
an

ilevski
T
−
1
A
T
=

P
=



p
1

.
.
.
p
n−

1
p
n

1
0

0
...

0
1

0



,
P

y
k
=

λ
k y

k ,

x
k
=

T
y
k ,

k
=

1
,
.
.
.
,
n
,
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G
iv
e
n
s-o

v
a
m
e
to
d
a
ro
ta
cije

(U
m

atrica
rotacije,

U
−
1
=

U
∗)

A
∼
A
′
=

U
∗n−

1
,n ···

U
∗2
4
U
∗2
3
A
U

2
3
U

2
4 ···

U
n−

1
,n
=



∗
.
.
.
.
.
.
∗

∗
...

...
...

0
∗
∗



B
=

U
∗k,l A

U
k
,l ,

U
k
l
=



1
0

...
c
o
s
φ

−
e −

ıψ
sin

φ
...

e
ıψ
sin

φ
c
o
s
φ

...
0

1



←
k

←
l

c
o
s
φ
=

|a
k
,k−

1 |
√

|a
k
,k−

1 | 2
+
|a
l,k−

1 | 2
,

e −
ıψ
sin

φ
=

a
l,k−

1

a
k
,k−

1

α
−→

b
l,k−

1
=

0
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A

2
4

6
8

10

246810

G
**A

2
4

6
8

10

246810

A
*G

2
4

6
8

10

246810

G
*A

*G
*

2
4

6
8

10

246810
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J
a
co
b
ije

v
a
m
e
to
d
a

A
∗
=

A

A
m
=

U
>m
···

U
>1
A

U
1 ···

U
m

lim
m
→
∞

A
m
=

D
=

diag
(
λ
1
,
.
.
.
,
λ
n
)

lim
m
→
∞

U
1 ···

U
m
=

U
=

(x
1

.
.
.x

n
)

U
m
≡
U
k
l
=



1
0

...
c
o
s
φ

−
sin

φ
...

sin
φ

c
o
s
φ

...
0

1



←
k

←
l

ta
n
2
φ
=

2
a
k
l

a
k
k −

a
ll

−→
a
(
m

)
k
,l

=
0

A
m
=
{
a
(
m

)
i,j
}
,

ν
2m
=

n
∑i,j

=
1

i6=
j

a
(
m

)
i,j

2
,

ν
2
=

n
∑i,j

=
1

i6=
j

a
2i,j ,

σ
≥
n
,

ν
2m
≤
ν
2
(1
−

2σ
2

)

m
→m→
∞
0

tačnost
ν
m
≤
ε
ν

za
a
(
m

)
i,j
≤

εn
ν

ili
m
≥

2
ln
ε

ln
(1
−

2σ
2 )
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H
o
u
se
h
o
ld
e
r-o

v
a
m
e
to
d
a

A
∼
A
′
=

Q
∗
A
Q
=

T
n−

2
.
.
.
T

1
A
T

1
.
.
.
T
n−

2
=



∗
.
.
.
.
.
.
∗

∗
...

...
...

0
∗
∗



T
m
=



1
.
.
.

0
|

0
...

0
.
.
.

|
.
.
.

0
.
.
.

1
|

0
.
.
.

0

0
.
.
.

0
|

...
...

...
|

H
m

0
.
.
.

0
|



,
Q
=

T
1
.
.
.
T
n−

2

M
=

dim
(
H
m
)
=

n−
m
,

x
m
=
(

a
(
m
−
1
)

m
+

1
,m

.
.
.
a
(
m
−
1
)

n
,m

)

>
(

A
m
=
{

a
(
m

)
i,j

}

=
T
m
A
m
−
1
,
A

0
≡
A
)

x
=

(
x
1
,
.
.
.
,
x
M
) >
,

σ
=

√√√√

M
∑i=

1 |x
i | 2
,

x
1
=
|x

1 |e
ıα
,

k
=
−
σ
e
ıα
,

β
=
(

σ
(
σ
+
|x

1 |)
)−

1
,

u
=

x
−
k
e
1
,

H
=

I
−
β
u

u
∗

(

H
=

H
∗
=

H
−
1
)
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L
R

m
e
to
d
a

A
i
=

L
i
R
i ,

L
i
=



1
0

...
...

∗
.
.
.
1



,
R
i
=



∗
.
.
.
∗

...
...

0
∗



A
i+

1
=

R
i
L
i
=

L
i+

1
R
i+

1
,

i
=

1
,2

,
.
.
.
.

A
i+

1
=

L
−
1

i
A
i
L
i
=

(
L

1 ···
L
i ) −

1
A

1
(
L

1 ···
L
i )
,

A
i≡

A
i1
=

T
i
U
i
=

(
L

1 ···
L
i )
(
R
i ···

R
1 )

Teorem
a:

lim
i→
∞
A
i
=

lim
i→
∞
R
i
=



λ
1

.
.
.
∗

...
...

0
λ
n



,
lim
i→
∞
L
i
=

I
ako

•
L
R

dekom
pozicije

A
i
=

L
i
R
i

postoje
za

svako
i
=

1
,2
,
.
.
.,

•
|λ

1 |
>
|λ

2 |
>
···

>
|λ
n |,

•
postoje

dekom
pozicije

X
=

L
x
R
x ,

Y
=

L
y
R
y ,

gde
je

A
=

X
D
Y
,

D
=

diag
(
λ

1
,
.
.
.
,
λ
n
)
,

X
=
(x

1
,
.
.
.
,x

n

)>
,

Y
=

X
−
1
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Q
R

m
e
to
d
a

A
i
=

Q
i
R
i ,

Q
−
1

i
=

Q
∗i
,

R
i
=



∗
.
.
.
∗

...
...

0
∗



A
i+

1
=

R
i
Q
i
=

Q
i+

1
R
i+

1
,

i
=

1
,2

,
.
.
.
.

A
i+

1
=

Q
∗i
A
i
Q
i
=

(
Q

1 ···
Q
i ) ∗

A
1
(
Q

1 ···
Q
i )
,

A
i≡

A
i1
=

P
i
U
i
=

(
Q

1 ···
Q
i )
(
R
i ···

R
1 )

Teorem
a:

lim
k→
∞
S
∗k−

1
Q
k
S
k
=

I
,

lim
k→
∞
S
∗k−

1
A
k
S
k−

1
=

lim
k→
∞
S
∗k
R
k
S
k−

1
=



λ
1

.
.
.
∗

...
...

0
λ
n



S
k
=

diag
(

e
ıφ

(
k
)

1
,
.
.
.
,
e
ıφ

(
k
)

n

)

,
lim
k→
∞
a
(
k
)

j
j
=

λ
j ,

j
=

1
,
.
.
.
,
n
,

(

A
k
=
{
a
(
k
)

j
j
}
)

ako
je
|λ

1 |
>
|λ

2 |
>
···

>
|λ
n |

i
postojidekom

pozicija
Y
=

L
y
R
y ,

A
=

X
D
Y
,

D
=

diag
(
λ

1
,
.
.
.
,
λ
n
)
,

Y
=

X
−
1
,

L
y
=



1
0

...
...

∗
.
.
.

1



,
R
y
=



∗
.
.
.
∗

...
...

0
∗



31



D
elim

ičan
p

ro
b

lem
so

p
stven

ih
vred

n
o

sti
λ
1
,
x
1

|λ
1 |
>
|λ

2 |≥
···≥

|λ
n |

M
e
to
d
a
p
ro
izv

o
ljn

o
g
v
e
k
to
ra

lim
k→
∞

v
(
k
+
1
)

jv
(
k
)

j

=
λ
1
,

lim
k→
∞

v
(
k
)
=

x
1

v
(
k
)
=
(

v
(
k
)

1
.
.
.

v
(
k
)

n

)>
,

v
(
k
)
=

A
v

(
k−

1
)
=

A
k
v

(0
),

v
(0

)
proizvoljno

M
e
to
d
a
sk
a
la
rn
o
g
p
ro
izv

o
d
a

lim
k→
∞

(v
(
k
),

w
(
k
)
)

(v
(
k−

1
),

w
(
k
)
)
=

λ
1
,

lim
k→
∞

v
(
k
)
=

x
1

v
(
k
)
=

A
v

(
k−

1
)
=

A
k
v

(0
),

w
(
k
)
=

A
∗w

(
k−

1
)
=

(
A
∗)
k
w

(0
),

v
(0

),
w

(0
)

proizvoljno
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M
e
to
d
a
tra

g
o
v
a

|λ
1 |
=

lim
k→
∞

k √

|tr(
A
k
)|,

λ
1
=

lim
k→
∞

tr(
A
k
+
1
)

tr(
A
k
)

,
tr(

A
k
)
=

n
∑

i=
1

a
(
k
)

i,i

x
1
≈

A
k
v
(0
),

v
(0

)
proizvoljno

M
e
to
d
a
iscrp

ljiv
a
n
ja

A
1
=

A
−

λ
1
x
1
y
∗1

A
1
x
1
=

0
,

A
1
x
k
=

λ
k
x
k
,

k
=

2
,
.
.
.
,
n
.

A
∗
y
k
=

λ
k
y
k
,

(x
1
,
y
1

)

=
y
∗1
x
1
=

1
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