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Desanka Radunovic — NUMERICKE METODE

Linearna algebra; jednacine

Direktne metode

Iterativhe metode

Gradijentne metode

Nelinearne jednacine i sistemi
Sopstvene vrednosti | vektori matrica
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Matrice A= (ag), A*=(az), A" = (a)

Hermite-ova A*=A (A" =A  simetriéna)
unitarna A= A1 (A" =A"!  ortogonalna)
[ Ax|

Norme vektora i indukovane norme matrica || A|| = supxxo

1]

n

uniformna x[loe = max jzi|, Al = EWMMU |aij]
E <in £
n n
apsolutna Ixlly = leil, (1Al = max > g
1=1 =1

n

>olwilllAl =, /max A(A7A)

. 1<i<n
=1

euklidska x|, =



n n
sferna Al = [ D D lagl A2 < [JAs 1|2

i=1 j=1

cond(I) = 1 < cond(A) = [|A]| - [|A™H]| < oo,
uslovljenost
cond(A) =00 za det(A) =0

Sopstvene vrednosti i vektori
AX = AX <~ D)) =det(A—-—XI)=0
(Alx]] = [[xx]| = [[Ax| < [[Al =]l — A < [JA]

A=A, A S>> > A,

SN VL. — max Eu v:s = min E
0 (x, %) 0 (X, X)



Direktne metode

Gauss-ova metoda eliminacije

Ax=Db <= Ux =_c

(U;c)=Lpn1Py-1Lp 2P, 2---L1P1(A; b), L

(1 0)

—(i—-1 .
N 1
ooguty —ljt1; 1 “
73
\O —lp; O 1)
c 1 u
Ty, = ——, T, = —|(c — Uii i), ©=mn—1,
Unn §$A M ! uv




Trougaona dekompozicija matrice | A=1LU

1—1
Uik — a1k, Ui — Qi — M NS\QQ\? k=1,...,n
j=1
. 1 1= 2, M
Akl :
N\a”_.”|v N\S”|AQ§|MN\Q§§Y \A”sl_lu_;...vﬁf
u11 Usg i=1

Cholesky dekompozicija |a=LL*, 4A*=A

_ a;1
l11 = Va1, li1 = —

- I
11

i—1 ;
lis = / Qj5 — M _N%_mv lij = WA@& - M N%@.wvu
k=1




Householder-ova matrica |HE=7-2ww*, |w|y=1

H=H*=H'! i H?=1I
osobine
y=Hx  — Iyl = lIx[l2, (¥, %) =(x,¥)
x=(21,...,2m) ", o=|x|, x1=zile” k= —oe®
— L X — N@H
y=ke; = (k,0,...,0) = Hx $\.|__N|\a®H__m
QR dekompozicija |A=QR
1 0| O 0
= — In-—1 MJ_”_. \r 0 1 _ 0 0
0] * T, =1- - - - - _ _
0 0 |
Q="T1...Ty-1, Q=Q '=T,1...T1 P H,,
\o ... 0 | )
dim(Hp) = n—m+1, xm= (a{mD o) (An = {al"} = T A, Ao = A)



Singularna dekompozicija (SVD) |a=vwv*
D 0 0
Ur=uU"1 v=v-1 W = Ao ovv D
Or
singularne vrednosti QM = M (ATA), opL>00>--->0,>0

dm(A) =m xn, r<min(m,n), dim(U) = m x m,

dim(V) = n x n,

(A*A)V =V (W*W) — V = A<f..;<:v“ (A*A) v, = o2 vy,

k=1,...r,
(AADNYU =U (W W*) — U= (u1,...,um), (AA")u,=o0]u
r=n=dm(A) — o1 =[A4]5, On = A1 cond(A) = [|A|,|lA™" ], = -

7



sistem

LU Ly = Pb, Ux=y (PAx=LUx=Pb)
Cholesky Ly =b, L*x=y

QR y = Q*b, Rx =y

SVD x=VW lU*

determinanta

LU det(PA) = +det(A) =det(L) -det(U) = u11 - unn
Cholesky det(A) = (I11 - - - lnn)?
Inverzna matrica AA =T — Ax; =e¢;, 1=1,.

\#IH”ANHT.JNQ@V“ N”Amf...umj\v



lterativne metode F(r) =0 <+<— xz=G_G(x)

kD) = gz(®), k=0,1,..., lim,_ 2% =7, zT=G(@=
kontrakcija 1G(z) =Gl <dgllz—yl, 0<g¢g<1
n dgi "
xER g = max||J(G(2))l, J(G(2)) = (z)
c Ox; ij=1
greSka
k _3 mm%|©v ©)
apriorna |z —2®) < Z—[|IGE®) - 2@ —  p > LS
1—gq In g
. 1 —
aposteriorna 17— a®) < L gjz® — x0T 9

—1—gq q



Geometrijska interpretacija metode iteracije  z(*t1) = g(z(¥)), (n=1)

0<g<l1
_
A - _ A
_ _ _ _
| | |
| | | .
| | | | .
L1 L 1, T 1 Lv
Io T i) I3 I3 i) I o
qg<-—1 —-1<g<0
_ _ —— _
A A
I\ | N
__ _ _ _ I_
| | | AR
L0 !
L L > _ _ L >

Ty X1 Tog X2 To Tog X3 T



”Preconditioning” (preduslovljavanje) matricom P

Ax=Db < Px=Nx+Db za A=P—-N

x(0) proizvoljno Px¥tD) = yx®) 4 p k=0,1...,

x(k+1) = p=1Nx(k) 4 p—1p
konvergencija J(Gx) =P IN — P IN|<1
za N=P—A xFHD = x(®) _ p=1(Ax®) _ pb)

vektor greske r(F) = Ax() _ b, x(k+1) = x(k) _ p=1 (k)




Metode, A = L + D + U (donji trougao 4 dijagona 4 gornji trougao),

Jacobi P=D, N=—(L4+U)
x*kD = _p L4+ U)x® 4+ p b =x® - p1e®
(Gauss-Seidel P=L+D N=-U
x* D = (L4+ D) WUx® 4+ (L+D) b =xP® —(L+ D)1
Relaksacija wAx=wb, O<w<?2 (v=1 G-S)

P=wL+D, N=-(wU+ (w-1)D)

xH ) = (wWL+ D) M wU+ (w-1)D)x® +wWwL+ D) b

=x®) —w(wL+ D) e .’



HWWOTQHQmOHTO/\m. metoda (uopstenje uvodenjem parametra 7,)

stacionarna x(b+1) = x(k) _ 7 p=1 (k) (T = 7)
2
ptl=1 = M = max; [\i(A)], = min; |\ (A
— ot = [Ai(A)], m [Ai(A)]
_ M —m k _
,_xlxc,a:m < A,i._.gv :NIonv:m
nestacionarna x(F+1D) = x (k) _ T p~1pk)

2
T: opt = : v
J,0Pt M +m+ (M —m) cos 2L 2n

k
% — x®||; < 2 A%wﬁv % — x|z,
™m

P l=7g —

j=1,... k,
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Gradijentne metode

A = A*, Ax=Db = F(x) = min F(x)

. 1
funkcional F(x) = 5 (Ax, x) — (b, x)
T

gradijent vF(x(F) = A%|M %|M~v = Ax(F) _p =)

xF+1D) = x(k) 4\, d®) k=0,1,..., im x%) =x

k— 00
(k) (k) n OF(x®) 4(k)
popravka A = = ?Mmmv WMV ) - n M@MH ICOFCFG
A ’ v MUN.HH MU_Q.HH ox; Ox; 3 &
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y =

pokoordinatni spust ~ d*) = e(¥) eW=0 - 010 - 0)f

najstrmiji spust d(k) = Idﬁ@ﬁav = — w@ﬁ A = —0g
(k) (k)
(E+1) — (k) (k) — AH. 1 v = 1
X |_|%\.au. , %Na AkﬁﬁQAvv H.Qﬁvvv k Ov e ey
konjugovani gradijent dk) = _ocsv (Ap®, pW) = 5(i — 5)
x(k+1) — x (k) _ AL @Q&v k=0,1,...,
r® = Ax® _p pFD = D) _ ) (B 5(0) — (0

(k) k) (k) (k+1)
v/\a _ AH. y P v L A\:\u , I v

~ (Ap®, p®y T (ap®), p®)
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Metoda najmanjih kvadrata | ming|rx)|>

lr(x)[22 = ||[Ax —b|[x2 = (A" Ax, x) —2(A" b, x) + (b, b)

Pridruzeni problem sa samokonjugovanim operatorom

E\mxnx — Al Ax=A"x
F(x) = wEC:p %) — (AT b, x)
r(x)[l2 = min [lr(x)]l2,
TJANV = min F(x)

Omogucava primenu gradijentnih metoda i kada matrica sistema nije Hermite-ova
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Nelinearne jednacCine

Newton-ova metoda

f(z) =0,

rec Rl

M~w*

(1) (k) f ()
ZEQ)

\aw \§

o

(1) (k) f («()

(=)

18



y M _
greska iz — HAS_ < —= 2 12k _ p(k S_w
2m1q
- m1 = min |f'(x)
-
08t Mz = max |f"(z)|
0.6
041 Uslovi konvergencije:
0.2
o f€Ca,l]
0
-0.2f o f(a)f(b) <O
0.4 e signf/(x) = const, f'(x) =0
-0.6 -
e signf”(xz) = const
-0.8
-1 1 1 1 1 1 1 1 1 1 J 1 \.Amﬁovn\ﬁ\\ﬁgov v o
-1 -0.8 -0.6 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1
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Regula-falsi

(levo) 21D — (k) _ \AHQ&V
For) — 7

1 T2 r3  Zo

(k)
(1) _ (k) f (=) (k-1) _ (k)
: Py = @) T

(desno)

20



Iteracije metode regula-falsi

x=-1.000026526307451

1

50

() ~ L) =1 (0)

HW|HQ®

-100

Greska:

-150

~200 T — xR < Maimma g (k) _ g (k—1))

ma

~250
m1 = min [f'(z)]

-300

My = max [f'(z)]

-350 | | | | | | |
-7 -6 -5 -4 -3 -2 -1 0
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Metoda polovljenja 7~ 2®) = L(ay + b)),

Sk 7—a®) < L (3 <e i k> In 7
greska T —x _IMiHA —a)<e il e

[a, b] = [a0,b0] D --- D [ag,bx] D -+, f(ar) f(by) <O, by —ar = —(b—a)

Metoda Bairstow-a P,(2)=z2"+a1z2" 14+ - +ap=0

Po(x) = (z° +pr+q) (" 2+ b >+ -+ b, 32+ b, o) +rr+s

b = am — Pbm—1—qbp—2, m=1,...,n, b1 =0, bp=1

T =an-1—Ppbrn2—qbp_3 = byp_1, s =an—qbp2="byp+pbyp

Cm =bnm —pem-1—qcm—o2, m=1...,n—1, c.1=0, co=1
Cn—2Ap + ¢p-30q = by Ap=ap® =pttH —p®
¢ AP+ cnolg = by Ap = Ag) = gt+D _ (0 T

22



Sistemi nelinearnih jednacina F(x) =0, x € R"

of1(x) ... 9f1(x)
f1(x) T 971 dn
F(x) = m o x=1 1|, WRNV”&AWANVV = m m
frn(x) Tn Ofn(x) .. Ofn(x)
@HH_. @H”_.

Newton-ova metoda x*+1)

(k) _ [ ﬁxx@v:LEx@vv

IF'(x) — F'D < Allx — lim x® =%, F(x) =0
[F'(x)]~ postojii [|[[F'(x)]7'| <8 —
_:ﬁxx@:LEx@:_ <a greSka
*) DM»IH
X, y u konveksnom skupu C € X, wH@Q)\AH X = x| < o _ 2"
5 1—n~h

23



Metoda iteracije F(x)=0 «— x=G(x)={gx)}";

Nonu x(k+1) — QANQ&Y k=20,1,...,

¢=max[lJ(GX)I<1 — Jimx®=x x=G(x)
_3 mA“_.|Qv
= 1-— G (x©@) —x©
gredka x—x®|<e za I — -1 < o k> [ A_s ) x|
q q

Gradijentne metode F(x)=0 <« F(x)=minF(x)

ﬂﬁﬁx@vv . d(k)

(1) — L (F) (k) __
X X I_Iv,\aﬁ_ ; v,\a AQQ&VH&QANQ&VV QA\AV“

k=0,1,.

F(x® 4 3d®) ~ F(x®) 4 3, VE(x®) - d® 4 122 (d®)T 4(x®) d® N



Sopstvene vrednosti i vektori AXp = A\ X

D(X\g) =det(A= X\ 1) = (=1)"W\4+piX} 4+ +p,) =0

interpolacija D(Y) = MA:EVEEVQ il < 1A
i—0 \jmo Mi — My
JF
1
pr = Imaw + p1Sk—1 +p2Sk—2+ -+ pPr-151), kE=2,...,n.
Le Verrier "
pp=-5, Sp=w(A) =) o =M+ + A
i=1
Krilov &:LVE <+ FQTMVS + -+ &8? = I&:ﬁ i=1,...,n,
b = " b8 pUNT = Ap*-D = AFp@ b proizvoljno
PrL ... DPn—-1 DPn
Pyr = AYk,
Danilevski T-1AT=p= |1 . o 0 “ k=1,.
o X, = 1T yp,
0 1 0 k Yk
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Givens-ova metoda rotacije (U matrica rotacije, U~ = U*)

% .. ..k
A~ A =Us_y, UsUs3 AUssUza - Uno1 = |
0 * *
g °
COS ¢ —e~"sin ¢ —k
B =U;; AUy, U = .
e sin ¢ COS ¢ 1
\O 1)
COS ¢ = [ : e Wsing = Lty — b k-1 =
/\_@?TH_M N _@rTiw Q. k—1

26



A*G

G*A*G
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Jacobijeva metoda

Ap=U) U AUy Un
\H
COS ¢
Un=Uy =
Sin ¢

2
Am = Ao}, o =) a}",

tacnost

A*=A

lim A, = D = diag (\1,.

m—00
im Uy Un=U= (x1
m —0oo
0)
—Sing — k tan2¢
COS ¢ — 1 N
1)
“MU@M% o>n, tm@thﬁl
o™ < S i m > 2Ine
YT m _:AH|!|

9 yﬁv
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Householder-ova metoda

AnvA =QAQ=Ty .. TLVATL.. Thr= |~
0] * %
/L ... 0] 0 - O
SR R
0 1] 0 ... 0
T,=\|_ - |, Q=Ti...Tho
0 0 |
: : _ Hy,
\0 ... 0 | )
1 )" (m)
M =dim(H,,) = n—m, NSHAQM:S._WHW: @wﬂwﬂ vv A\»SHAQ&WWHQSKQSL“\»om\»V
M 1
X = ARHV : VNSEVI_lu o= M T@LM“ L1 — _Himsoﬁ k= |Q.®5u B = AQ.AQ. + _HHCvl )
=1
u=x—ke;, H=1I-puu’ (H=H*"=H")
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LR metoda

A1 =RiLi=Lj41 Riy1, 1=1,2,.

\QTTH”N\@.IH\&@.N;” AN\H...N\@.VIHKQHAN\H...N\@.vv Al = M”ﬁqs” AN\HN\@VANSNHV

A1 ... %k
Teorema: IimA; = lim R; = et ], limL; =1 ako
11— 11— 00 11— 00
0 An

e [ R dekompozicije A; = L; R; postoje zasvako 1 =1,2,...,

o A1 > A2 > > |

e postoje dekompozicije X =L;R,, Y

A= XDY, D =diag(\1, ..., \n), X = (X1,...,%Xn) , Yy =X1 30



QR metoda 4,=qRr, Q'=Q, R=

A1 = RQ; = Qi1 Rigq, i =1,2,.

A1 =QAQi=(Q1-- Qi) A1 (Q1--- Q) A=A =PU =(Q1 Qi) (R R1)

Teorema:
A1 *
lim MMIH @w S = I, lim MMIH A Sp_1 = lim WM Ry S_1 =
k—o0 k—o0 k—o0
0 An
. 2 (k) 1k . 3
m\,@HQ_m@Am? i.;m&pvv Lrﬁo@.mwvﬂ i J=1,...,n, A\»wﬂ,ﬁ@mvvv
ako je |A1] > [A2] > --- > || | postoji dekompozicija Y = Ly R,
1 0 k... %
A=XDY, D=dag(\1,...,\,), Y=X1 L,=1[: . , R, = SO
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DelimiCcan problem sopstvenih vrednosti A1, X1

(A1l > [Az] = - = [An]

Metoda proizvoljnog vektora

(k+1)
.Y 2 li (k)
lim f+—m = im v = X
k— 00 GQ& L k— o0 1
J
v = ()T v = AvED = AFv©@ (O proizvoljno

Metoda skalarnog proizvoda
(v, wk)

lim =)\ lim v&) = x
k— o0 A/\.Qaluvg QQAVV L k— 00 1
v = Av-D = Ak ) = gD = (4w (O (0w () proizvolino
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Metoda tragova

Q.A\»\al_upv Q&
A= lim +/|tr(AF)], A1 = lim v tr(AF) =
Arf = lim \/ [tr(AR)] 1= M (AY) = MU@
X1 R~ Ak <8vu v(®) proizvoljno
Metoda iscrpljivanja Al =A—Mx1y]

\:.NH“OQ \:.Nw“v/\aum\ﬁ \A”Mv...uﬁr

A"y = Mg Vi, (x1,y1) =yix1 =1
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