
THE NUMBER OF PRIMES
∑n
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Abstract. For a positive integer n let An+1 =
Pn

i=1(−1)n−ii!, !n =
Pn−1

i=0 i!
and let p1 = 3612703. The number of primes of the form An is finite, because
if n ≥ p1 then An is divisible by p1. The heuristic argument is given by
which there exists a prime p such that p | !n for all large n; a computer check
however shows that this prime has to be greater than 223. The conjecture that
the numbers !n are squarefree is not true, because 545032 | !26541.

Let N and P denote the set of positive integers and the set of prime numbers,
respectively. For integers m, n let (m,n) denote their greatest common divisor,
and let m mod n denote the remainder from division of m by n. The fact that m
divides (does not divide) n is written as m |n (m - n). For n ≥ 2 let

An+1 =
n∑

i=1

(−1)n−ii!

and let

!n =
n−1∑

i=1

i!

(left factorial function defined by Kurepa [7]). Here we consider the following three
questions from [3]: is it true that

(1) ap := Ap mod p 6= 0 for all p ∈ P?

(this question is raised in connection to [3, Problem B43]: is it true that there are
infinitely many prime numbers among An, n ∈ N?),

(2) rp := !p mod p 6= 0 for all p ∈ P, p > 2?

([3, Problem B44]; an equivalent of the Kurepa hypothesis [7]), and is it true that

(3) for all n ∈ N, n > 3, is !n squarefree?

(also in [3, Problem B44]; the second Kurepa hypothesis [7, 9]).
Wagstaff verified that (1) and (2) are true for n < 46340 and n < 50000, respec-

tively. The calculations were extended by Mijajlović [9] ((2) for p ≤ 311009), Gogić
[2] ((1) and (2) for p < 1000000) and Malešević [8] ((2) for p < 3000000). Mijajlović
[9] proved that if n ∈ N , p ∈ P and 2 < p ≤ 1223, then !n is not divisible by p2.
An overview of these questions is given in [4].

For k ∈ N let N(k) = {0, 1, . . . , k−1} and let Rk denote the random variable with
the uniform probability distribution (PD) over the set N(k). The values n! mod p
and n! mod p2, 1 ≤ n < p, might be considered as the independent realizations of
Rp and Rp2 respectively (more precise model could exclude a few boundary values of
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n). Consequently, for arbitrary p ∈ P we can think of ap and rp as the realizations
of Rp.

To check these assumptions, two types of chi–square statistical tests were carried
out (for details see for example ([6, Chapter 3])). The purpose of the first one is
to check if given n = p − 1 integers zi ∈ Np, 1 ≤ i < p, might be considered as
independent realizations of Rp (the interesting cases for zi are of course i!, !(i+1),
and Ai+1). The number k is appropriately chosen and the set Np is divided into
k subsets (categories), so that zi belongs to the category [kzi/p] ∈ Nk, 1 ≤ i < p
(here [x] denotes the integral part of the real number x). The frequencies

fj =
{
i, 1 ≤ i < p | [kzi/p] = j

}
, 0 ≤ j < k,

and the expected values nπj , 0 ≤ j < k, can be computed, where

πj = Pr
(
[kRp/p] = j

)
=

(
[pi/k]− [p(i− 1)/k] + δi,0 − δi,k−1

)
/p ' 1/k.

Here δi,j is the Kronnecker symbol, equal to 1 (0) if i = j (i 6= j). The frequencies
are checked using the χ2 statistics,

(4) χ2 =
k−1∑

i=0

(fj − nπj)2/(nπj)

If the value of χ2 is large, then we can say that this experiment contradicts the
uniformity of zi, 1 ≤ i < p. The values of χ2 are calculated with p taking values
from a set of random primes (the two first primes following the randomly chosen
integer from (2l, 2l+1), 10 ≤ l ≤ 23), and with zi equal to i!, !(i + 1), and Ai+1,
1 ≤ i < p, respectively. As expected, the results do not contradict the uniformity
assumption. The results for the pairs of consecutive primes do look independent.

The aim of the second type of tests is to check the uniformity of the distribution
of ap/p and rp/p (when p ∈ P varies) between the subdivisions

(5)
[
i/k, (i + 1)/k

)
, 0 ≤ i < k,

of the unit interval, for some fixed k. Let zp denote ap or rp. Choose some integers
a < b and a prime p ∈ P (a, b) :=

{
p ∈ P | a ≤ p < b

}
. For 0 ≤ j < k compute the

frequencies
fj =

∣∣{p ∈ P (a, b) | [kzp/p] = j
}∣∣,

and the category probabilities

πj = Pr
(
[kRp/p] = j

) ' 1/k.

Let n =
∣∣P (a, b)

∣∣ be the cardinality of P (a, b). The PD of Rp/p over the equal
intervals (5) is approximately uniform and independent of p. The values of χ2 (4)
are computed for zp = ap, rp, and (a, b) = (2l, 2l+1), 10 ≤ l ≤ 23 (10 ≤ l ≤ 22 when
zp = ap). The results obtained do not contradict the supposed statistical model.

Using the assumptions about ap and rp, we see that (1) and (2) are related to
the event

R∞ =
⋂

p∈P

{Rp 6= 0}.

But according to Mertens’s theorem (see [10, Theorem 3.1] for example)
∏

p∈P (2,x)

(
1− 1

p

)
' e−γ

ln x
as x −→∞,
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where γ is Euler’s constant, so e−γ ' 0.5615. Therefore, Pr(R∞) = 0. More
precisely, we have the following asymptotic relation

Pr


 ⋂

p∈P (x,xα)

{Rp 6= 0}

 ' 1

α
, as x −→∞.

This heuristic argument suggests that (1) and (2) are not true, and even more,
that the number of counterexamples is infinite. The ”probability” that there is a
counterexample p ∈ P (x, xα) to (1) or (2) is approximately 1−1/α. With the same
probability of 1/2, one counterexample to these claims might be expected in the
intervals

(
23, 26

]
= (8, 64),

(
26, 212

]
= (64, 2048] and

(
212, 224

]
= (2048, 16793216].

The probability of finding counterexamples in
(
2n, 2n+1

]
is approximately 1/(n+1).

The complexity of the search for counterexample ≤ x by the obvious algorithm is
O

(
x2/ln x

)
[9], which makes it very difficult to check (1) or (2) if for example

p > 224.
The search for values p ∈ P satisfying p |Ap was performed using a simple

assembler routine for an Intel 80486 microcomputer (at 100MHz) calculating ap.
After approximately 130 hours it was found that for p = p1 = 3612703 we have
p |Ap. This fact gives a solution of [3, Problem B43], because for all n ≥ p1 we
have p1 |An, and so An is not prime if n ≥ p1. The numbers An are prime for
n ∈ {4, 5, 6, 7, 8, 9, 11, 16, 20, 42, 60, 62, 106, 161}. Keller (see B43 of [3]) found the
last five primes from the list and checked the primality of An for n ≤ 336. The
necessary condition for primality

(6) 3M−1 ≡ 1 (mod M)

where M = An, is not satisfied if 336 < n ≤ 563 (calculations are done using
UBASIC [11]), and so the list of known primes An remains unchanged. By a
heuristic argument it could be estimated that if n < p1 then An is prime with the
”probability” 2/n (its prime factors are between n and

√
An) and that the total

number of primes An is approximately 2 ln p1 ' 30.
The similar search for values p ∈ P satisfying p | !p, approximately 600 hours

long, ended without success. No counterexamples were found to (2) for p < 223.
The files containing all the residues ap, p ∈ P

(
2, 222

)
and rp, p ∈ P

(
2, 223

)
, could be

obtained from the author on request. An excerpt from the files is given in Table 1
where the instances of ap and rp less than 10 or greater than p − 10 are listed.
Here we see that the congruences !p ≡ 8 (mod p) and !p ≡ −7 (mod p) have no
solutions p < 223. This means that ( !n − 8)/2 and !n + 7 are not divisible by
any prime less than 223; as for An, it is not known whether the number of primes
of those two forms is finite (of course, according to the probabilistic model, it is
finite). The check shows that (6) is satisfied by M = ( !n− 8)/2, n ≤ 563 if

n ∈ {5, 6, 7, 8, 11, 14, 15, 16, 21, 25, 48, 49, 70, 108, 111, 296∗},
and that (6) is satisfied by M = !n + 7, n ≤ 563 if

n ∈ {3, 4, 5, 7, 10, 12, 20, 37, 52, 73, 149, 304∗, 540∗}.
Primality of those numbers (excluding the ones with the corresponding n marked
by an asterisk) is proved using UBASIC program APRT–CLE [1].

Let a be an arbitrary integer. Consider now divisibilities from B44 of [3], i.e.
the prime powers pk (k ≥ 1) dividing !n + a for all large n. For given p ∈ P and
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Table 1. The values of ap, p < 222, and rp, p < 223, close to 0 or p

p ap p p− ap p rp p p− rp

2 1 2 1 2 0
3 1 3 2 3 1 3 2
5 4 5 1 5 4 5 1
7 3 7 4 7 6 7 1

11 4 11 7 11 1 13 3
17 8 13 1 19 9 17 4
31 9 17 9 31 2 23 2
41 1 19 5 37 5 67 2
43 5 23 5 41 4 71 3
47 6 37 1 163 4 113 4
67 5 71 7 197 9 139 5
79 4 109 5 277 7 227 2

157 6 131 3 373 2 349 6
191 6 197 2 467 3 2437 5
307 5 229 9 7717 7 4337 5
641 3 367 4 11813 6 10331 2
647 5 463 1 33703 9 77687 3

1109 2 691 2 2275843 3 126323 8
2741 3 983 3 3467171 5 274453 1
3559 3 1439 2 4709681 9

394249 1 11119 3
2934901 1 16007 4
3612703 0 22619 3

32833 6
3515839 2

k ∈ N let
m(p, k) = min

{
i ∈ N | pk | i!} .

The number m(p, k) is of course a multiple of p, and if k ≤ 3 then m(p, k) =
(k − δp,2)p. For all n ≥ m(p, k) we have

!n ≡ !m(p, k) (mod pk)

Therefore, for all n ≥ m(p, k)

(7) pk | !n + a iff pk | !m(p, k) + a.

Especially, if p > 2 and k ≤ 3 then for all n ≥ kp

(8) pk | !n + a iff pk | !(kp) + a.

The case a = −1 is considered by Mijajlović and Keller (B44 of [3]). Mijajlović
noted that 3 | !n−1 for n ≥ 3, 9 | !n−1 for n ≥ 6, and 11 | !n−1 for n ≥ 11 (by (8)
this is the consequence of 3 | !3−1, 32 | !6−1 and 11 | !11−1). Keller found no new
divisibilities of !n − 1 for n < 106. From Table 1 it can be seen that 3 and 11 are
the only primes p < 223 satisfying rp = 1, and therefore dividing !n−1 for all large
n. In Table 2 the factorizations of !n − 1, n ≤ 42, (obtained using [5]) are given.
The consequence of 112 - !(2× 11)− 1 and 33 - !(3× 3)− 1 is that 112 - !n− 1 for
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n ≥ 22 and 33 - !n − 1, for n ≥ 9. We conclude that pk = 32 is the only repeated
factor of !n− 1 for all large n if p < 223.

The case a = 0 is somewhat simpler. Because rp 6= 0 for all p ∈ P (2, 223), there
is not any p < 223 such that p | !n for all large n. The other cases −10 < a < 10
might be considered similarly using Table 1.

The other consequence of (7) is that if for the given prime power pk, k ≥ 1, we
are looking for all n ∈ N such that pk | !n+a, then it is enough to check the values
of n ≤ m(p, k). Let l be the smallest integer satisfying pl - !m(p, l) + a. If l < k
then it is enough to check if pk | !n + a for n < m(p, l) ≤ m(p, k) (n < p if l = 1,
which is most often the case). Otherwise, if l ≥ k, then pk | !m(p, k) + a and so
pk | !n + a for all n ≥ m(p, k). Some repeated factors of !n − 1 may be seen from
Table 2: 34 | !8− 1, 112 | !13− 1, 112 | !21− 1 and 372 | !25− 1. By (8) there are no
other numbers !n− 1 divisible by 33 or 112, because 33 - !9− 1 and 112 - !22− 1.
In Table 3 the triads (p, n, r) are listed satisfying r = !n mod p < 10, p ∈ P (2, 220)
and n ≤ 2p, except those for which !n < p. We see that the only new solution
of p2 | !n − 1, p < 220, n ∈ N, is 416112 | !26144 − 1. From Table 1 we see that
r41611 6= 1 and consequently 41611 - !n− 1 for n ≥ 41611.

Table 3 contains a counterexample to (3): the relation 545032 | !26541 shows that
left factorials are not always squarefree. The existence of a counterexample also
has a ”probabilistic” explanation. Considering the values !n mod p2, 1 ≤ n ≤ p,
as the independent realizations of Rp2 , the check of !n mod p2 6= 0, 1 ≤ n ≤ p, for
fixed p ∈ P corresponds to the event Tp that p independent outcomes of Rp2 are
all different from 0. Using the inequality

1− 1
n

<

(
1− 1

n2

)n

<

(
1− 1

n

)
/

(
1− 1

n2

)

which can be easily proved, we conclude that

Pr(Tp) = (1− 1/p2)p ' 1− 1/p

for large p. It follows that (3) and (1) have the same asymptotic ”counterexample
densities”.

The seemingly unexpected repetitions in Table 3 can be explained as follows. The
remainders !n mod p2, p ≤ n ≤ 2n, have the same remainder modp. Therefore, if
!p mod p < 10 (hence this p appears in Table 1), then with the high ”probability”
of (1 − 1/p)p−1 ' e−1 there will be exactly one such entry (p, n, r) in Table 3;
furthermore, with the ”probability” of

(
p
2

)
1/p2(1 − 1/p)p−2 ' 0.5e−1 there will

be two entries (p, n, r) and (p, n′, r) with the same small remainder. Even the
probability of three entries differing only in the second position is not too small,
approximately e−1/6. Otherwise, if !p mod p > 10, then

( !n mod p2) mod p = !p mod p > 10 for p ≤ n ≤ 2p,

and therefore there cannot be an entry (p, ·, ·) in Table 3.
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Table 2. The factorizations of !n− 1, n ≤ 42.

n The factorization of !n− 1
3 3
4 32

5 3× 11
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8 34 × 73
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Table 3. The small values of !n mod p2 < 10, for p ∈ P , p < 220,
1 ≤ n ≤ 2p

p n !n mod p2 p n !n mod p2

2 3 0 83 60 5
2 4 2 163 183 4
3 4 1 163 273 4
3 5 7 173 152 3
3 6 1 197 355 9
5 5 9 373 185 6
5 6 4 373 514 2
5 9 9 467 730 3
7 6 7 467 902 3

11 13 1 3119 306 6
11 21 1 4357 837 7
17 7 7 7717 9402 7
17 11 6 7717 15415 7
19 17 9 8297 4727 7
19 20 9 33703 39795 9
37 25 1 33703 43801 9
37 63 5 33703 52337 9
41 55 4 41611 26144 1
43 9 9 54503 26541 0
47 19 8 302837 283148 8
59 41 9 351731 135646 8
67 29 8
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