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Buoctatncruka n ananmsa nogataka

OcHoeHe nHopmaumje

MNpegncnuTHe n ncnutHe obagese

m [1M: Hetupn Tecta koja Bpege no 20 noeHa, padyHajy ce Tpu
Hajbosbe ypaheHa

m 1: Ycmenn nennt, spegn 40 noena
Jlntepatypa

m J.S. Milton, J.J. Corbet and P.M. McTeer. Introduction to
Statistics, DC Heath & Company, 1986.

m Bb. Munowesnh. OcHosu cratncTuke, MaTemaTuukm
cakyntet, beorpaa, 2021.



Buoctatncruka n ananmsa nogataka

L Veopg

VBon

Hedunnunja

CraTtucTuka je Hayka o nmogaymma, Tj. O HUXOBOM NPUKYNIbaky,

NpUKasnBarby, aHaN3uparby U U3BOhEHY 3aK/byHaka Ha OCHOBY
HUX.

Cratuctuyke metope aene ce Ha
B geckpunTuBHe (OnucHe)

B MeToAE CTATUCTUHKOI 3aKJby4dnBatba
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L Veopg

VBon

Hedunnunja
Monynauuja y cratuctuykom cMucay je rpyna objekata o Kojuma

Tpeba JOHETU HEKAKAB 3aK/by4aK.
Y3o0pak je geo (unu nogckyn) objekata n3sydeH u3s nonynayuje.

Monynaunje — npumep
m KoHsymunpame ankoxona mehy turejuepuma: Konukn je
MPOLIEHAT HUX KOjU KOH3YMUPA PELOBHO U C KOJIMKO rofMHa
Cy MOYenu ga KoHsymupajy?
m [lponsBoarba y ayToMoBUICKO] MHAYCTPUIN: KOMKO Xxayba
MOXKE MaLlMHa y npoceky aa odpapba npe npeor cepsuca?

m llcnutuBarse jaBHOr Mibersa: Tpeba nm yBOAWMTU HOBE
ayTobycke nuxnje?



Buoctatncruka n ananmsa nogataka

L\/Bo,t:l,

VBon

HedurHnunja

Cny4ajHa NnpoMeHsbUBA je MPOMEH/LUBA YYJ€ CE BPEAHOCTU
oapehyjy UCXoZ0M CNyHajHOI eKCIEPUMEHTA.

CnydajHa npomeH/puBa fehMHNCAHA HA OBjeKTYMAa monyayuje
Hasua ce v obenexjem Te nonynayuje.

Hedunuunja

HenpekupgHa cny4vajHa npoMeHsbUBA je C/1y4ajHa MPOMEH/bUBA,
Koja, Npe N3BEJEHOI EKCNIEPUMEHTA, MOXE Y3eTU bUIO KOjy
BPEAHOCT M3 HEKOI MHTEPBAaJa peasHunx bpojesa.

OuckpeTtHa cny4yajHa NPOMEHSbUBA je C/1y4ajHa NPOMEHIbUBA,
KOJa MOXE Y3€TW HAjBULLE KOHAYHO Wi MPebpojnBo beCKOHa4YHO
MHOMO Pas3inynTuX BPEAHOCTHY.
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L Veopg

VBon

Cry4ajHe npoMeHsbrBeE — NprMep
B PefoBHO KOH3yMUpar-€e afikox01a — AUCKPETHA NPOMEH/bUBA C
aBe BpegHocTy “ga ” m “He”; CTapocT no4eTka KOH3yMUparsa
— HEMpeKNgHa NPOMeHSbUBA
m Bpoj ohapbaHux xayba — guckpeTHa NpoMeHSbUBA C

npebpojueo beckoHauHo BpegHocTu 0,1,2,...
m 3auHTEPeCcOBAHOCT 3a yBohersem ayTobycke nuHuje —

AVNCKPeTHa npomeHsbmea — “ga”’ n “He

JuckpeTHe NpoMeHsbUBE MOTY Ce CBPCTaTW y ABE rpyne:
kateropuuke (cpaktopu) n Hymepuuke. Kateropuuke
NpOMeHJ/bMBE Aasbe Ce AeSie Ha HOMUHAMHE 1 OpAWHanHe.
HenpekugHe npomensbuee cBe npunagajy rpynv HyMepu4Kunx.
® HomwuHanHe: " ga“—"He", non, 60ja koce, mecto pohema...

B OpAuHanHe: CTpy4dHa cnpemMa, oAroBOpwn Ha aHKeTaMa...
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L Veopg

VBon

Hedbunnunja

MapameTap nonynauwuje je Heka onucHa Mepa CyHajHe
npomensbuBe (obenexja) nocMaTpaHe Ha LE€N0j NOMyAayuju.
Cratuctuka je onucHa Mepa cayHajHe npomeHbuse (obenexja)
MOCMAaTpPaHe CaMo Ha y30DKY.

MNapameTpu nonynauuje — npumep

m p - yaeo (NpoueHaT) peAoBHUX KOH3YMEHATa akoxona; fi -
NpOCeYHa CTAapOCT MOYETKA KOH3YyMUparba

B m - npocedaH bpoj odpapbannx xayba go npeor cepeuca
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L Veopg

Kopauwu y cTaTucTn4koj aHanumsu

OppeanTtun nonynauujy Koja ce npoy4asa

MocTaBuTn NuTarka y BE3W Nonysaunje Ha KOja XKEANMO
0Aroeop

OppeauTu crydajHe npomensbuee (obenexja) duje fie
npoy4aBame nomohn ga gohemo go oarosopa

OppeanTtun napamerpe Nonynauuje Koju Cy 0f BaXkKHOCTW
N3eyhn ysopak n3 nonynauuje

OppeaunTn ctatuctuke kojuma fie ce NpoLEHUTU BpeaHOCTH
HeMo3HaTUX NapameTapa

I_IpVIMEHVITVI TEXHNKE CTATUCTUYHKOI 3aK/by4nBamba n
OoAroBOpPUTU Ha NOCTaB/b€HA NUTaHa
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L,D,ecxpmn‘rmsna cTaTucTmka

[lpenuMunHapHa aHann3a nopaTaka

® Llnb npenvmuHapHe aHannse je NprvkasaTu NMOAATKE HA LWITO
PasyMJbUBMU HAYUH. YKibydyje rpacbnyki nprkas u
pPaYvyHatbe HEKUX Ba)KHMX CTATUCTUKA KOjU MOTY AATW BULUE
nHdpopmMaLmja 0 NPOMEHBMBIM Of UHTEPECA.

m OHa HaM MoMaXke y KOHCTPYKLMjN CTAaTUCTUYKOr Mofena
Koju obyxBaTa CBe Halle MPEeTNnoOCTaBKE O NPOMEHJBUBUM I
C/IY>KI Kao OCHOBA 3a CBE METOAe CTaTUCTMYKOr
3aKJby4NBakbA.
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L,D,ecxpmn‘rmsna cTaTucTmka

AHanunsa HYMEPNYKNX NOoAAaTaKa

CrapocT geue kag je npuvelien npBu 3HaK ayTnama — npuMep Lene
nonynauuje, Huje ysopak!
1 6 8 3 2 3 14 24 7 4

Cnara semmotpeca y Kanudopruju no Pnxteposoj ckanu — npumMep y3opka
10 83 31 11 51
1.2 10 41 11 40
20 19 63 14 13
33 22 23 21 21
14 27 24 30 41
50 22 12 77 15
3aHuma Hac:
m Kakas je 0bnuk pacnogene? [a nn BpegHoCTW cnyyajHe
MPOMEH/bMBE YUHE HEKY MPEMNO3HAT/LUBY CTPYKTYPY?
m Koju je nonoxkaj nogaTaka, Tj. OKO KOje LieHTpasHe BPefHOCTU
cy oHun pacnopehenn?
m Konuko uma ogctynara mehy nogaunma? [da nu cy oHu
MPUANYHO PacejaHn WaW 3ryCHYTW OKO UEHTpPaJjiHE BPeLHOCTI?
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L,D,ecxpmn‘rmsna cTaTucTmka

O6nunumn pacnogena

VAN

Cruka: CUMETPUYHA pacnogena
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L,D,ecxpmn‘rmana cTaTucTmka

Hedbunny

3a pacnogeny ce kaxe ga je noMepeHa YAECHO YKOJIMKO UMa
AYradak pern Ha [ecHoj CTpaHu. YKOJMKO Jje Taj pern Ha J1eBOj
CTPaHM, Kaxke ce 4a je NOMepeHa yneBo.

Cruxa: PACMOAENE NMOMEPEHE YAECHO U YNIEBO
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Hedbunnunja

Xuctorpam ¢ppexseHyuja (yqectanoctu) je rpachuk Takas ga je
BUCMHA CBakor cTyba jegHaka bpojy esieMeHaTa n3 y3poKa y
KaTeropuju Kojy npefcraBba.

KoHcTpykuuja xuctorpama

m OppeanTn 6poj knaca — npenopyka je 1 + log, n, rae je n ykynaH
6poj nogaTaka, 3a0KPY>KEHO HArope Ha LUeo 6poj.

m OppeanTtn Hajmarbyn n Hajeefin enemeHT y y3opky; Hahin y3opaukn
PacnoH je jeaHaK HUXOBO] pasmum

m Hahu mMuHnmanHy wupuny crtyba gesbersem pacnona c 6pojem
cTyb0Ba

m Hahwu cTBapHy wmpuHy ctyba 3a0KpynBarbeM MUHMUMAJIHE LUVPUHE
Ha rope, Ha OHOMMKM OPOj Aeurmana KOMKM MMajy 1 nogaum

m Oppegutn neBy rpanuuy npeor ctyba, koja je mano (3a nona
jeanHnue) Marba Off HajMaser eNeMeHTa y30pKa

OppenunTn ocTtane rpaHuue u HaupTaTu cTyboBe
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L,D,ecxpmn‘rmsna cTaTucTmka

Xucrtorpam

15 9 15 5 16 16
30 7 12 9 23 15
Bpoj opcyTHux papgHuka c nocna 21 16 17 13 20 18

2 31 11 12 21 22
1R 14 1n A 10 14

10

Frekvencija

T T T T T T T T T T 1
1.5 45 75 105 135 165 195 225 255 285 315

Broj odsuinih

Canka: XucTorpam 6poja opcycrasa
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L,D,ecxpmn‘rmana cTaTucTmka

Xucrtorpam

Hedunnunja

Xuctorpam penatuBHux (pekBeHUunja je rpachuk Takas ga je
BUCMHA CBakor CTyba jegHaka yzeny (nNpouyeHTy) enemeHarta u3
KaTeropuje Kojy npegCcraBsba y LeoM Y30PKY.
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L,D,ecxpmn‘rmsna cTaTucTmka

Xucrtorpam
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L,D,ecxpmn‘rmsna cTaTucTmka

TabenapHu npukas

> baza$radni.st<-factor(baza$radni.st)
> baza$bracno.st<-factor(baza$bracno.st)
> baza$br.dece<-as.numeric(baza$br.dece)
> baza$godine<-as.numeric(baza$godine)
> baza$obrazov<-factor (baza$obrazov, ordered = TRUE)
> baza$otac.obr<-factor(baza$otac.obr, ordered = TRUE)
> baza$majka.obr<-factor(baza$majka.obr, ordered = TRUE)
> baza$pol<-factor(baza$pol)
> summary (baza)
radni.st bracno. st br.dece godine obrazov otac.obr majka. obr pol
1 237 1:232 Min. 1.000 Min. :1.00 ©0: 52 0 :147 1 ;179 1:185
2 : 58 2: 31 1st Qu.: 1.000 1st Qu.:16.00 1:208 1 :135 Q 1152 2:215
5 : 40 3: 52 median @ 3.000 median :25.00 2: 29 2: 5 3 T 24
7 i 29 4: 6 Mean 2.868 Mean :27.14 3: 74 3 : 36 8 : 16
4 17 5: 79 3rd Qu.: 4.000 3rd Qu.:36.00 4: 37 4 : 16 2 ;10
3 - Max.  :10.000 Max.  :65.00 8:13 4 : 9
(other): 10 NA: 48 (other): 10

MNpe pasbe anannsze tpebano 6u n3bauyntn HegocTajyhie nogatke
> bazal<-na.omit (baza)

> summary (bazal)
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L,D,ecxpmn‘rmana cTaTucTmka

3a Tabenupatbe jeHe NPOMEH/BUBE KOPUCTI CE

> levels(bazal$radni.st)=c("puno radno vreme", "skraceno radno
vreme", "trenutno ne radi", "nezaposlen, otpusten", "u penziji",
"ucenik/ca", "domacin/ca", "drugo")

> table(bazal$radni.st)

puno radno vreme skraceno radno vreme trenutno ne radi nezaposlen, otpusten u penziji
203 56 7 15 31

ucenik/ca domacin/ca drugo

6 23 3

WAV jegHe NMPOMEH/bMBE Y OLHOCY HA ApPYry
> levels(bazal$pol)=c("M","Z")

> table(bazal$radni.st, baza$pol)

M Z .
puno radno vreme 118 87
skraceno radno vreme 14 42 ,
trenutno ne radi 1 6
nezaposlen, otpusten 9 6
u penziji 15 16
ucenik/ca 1 5
domacin/ca 0 23
drugo 3 0
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L,D,ecxpmn‘rmsna cTaTucTmka

TpakacTu gujarpam

TpakacTu gujarpam Ha x—OCK NpuKasyje KaTeropuje, a Ha y—ocu
dpakBeHLMje NojaB/bMBatba €IEMEHATA N3 Y30PKA Yy CBAKOj O KaTeropuja
> barplot(table(bazal$radni.st), col="yellow", main="Radni
status")

Radni status

150

o 1  — —

punoradnowieme  skraceno radno weme nezaposien, otpusien upensi  ucen Kea domacinca dngo
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L,D,ecxpmn‘rmsna cTaTucTmka

Moxke ce upTaTi jegHa NpoMeHs/bMBA Yy OAHOCY HA KaTeropuwje gpyre
NPOMEHJbUBE.

> boje<-c("red","blue","green","yellow","pink","violet","grey","black")
> barplot(table(bazal$radni.st, bazal$pol), main="Radni status",
col=boje)

> barplot(table(bazal$radni.st, bazal$pol), main="Radni status",
col=boje, beside=TRUE)

> legend("topright", legend=levels(bazal$radni.st),

fill=boje,cex=0.8)

Radni status Radni status

B puno radno vieme
m skraceno radno vieme
B trenutno ne radi

O nezaposlen, otpusten
O upenzij

B ucenikica

150
|
100
)

B8 domacin/ca
» dugo

80
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L,D,ecxpmn‘rmsna cTaTucTmka

Kpy>Hu gunjarpam

> pie(table(bazal$radni.st), main="Radni status",
col=boje)

Radni status

puno radno vieme

drugo

domacin/ca

ucenikica

u penziji

skraceno radno vreme

nezaposlen, otpusten
trenutno ne radi
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L,D,ecxpmn‘rmsna cTaTucTmka

> par(mfrow=c(2,2))

> pie(table(bazal$radni.st), main="Radni status", col=boje,
radius=1, cex=0.5)

> pie(table(bazal$radni.st[bazal$pol=="M"]), main="Radni status
muskaraca", col=boje, radius=1, cex=0.5)

> pie(table(bazal$radni.st[bazal$pol=="F"]), main="Radni status
zena", col=boje, radius=1, cex=0.5)

> pie(table(bazal$pol), main="Pol", col=boje, radius=1, cex=0.5)

Radni status Radni status muskaraca
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L,D,ecxpmn‘rmana cTaTucTmka

Oapebusarse rpanuua xuctorpama no cpopmynu

> broj.kategorija <-ceiling(log(length(bazal$godine),2))+1
> d<-(max(bazal$godine)-min(bazal$godine))/broj.kategorija
> granice<-min(bazal$godine)-1+(0:broj.kategorija)*(d+0.1)

> hist(bazal$godine, breaks=granice, prob=TRUE)

Godine

Density
0015 0020 0025
|

0010
L

0.005
L

0.000
L

20 40 60 80 100
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L,D,ecxpmn‘rmana cTaTucTmka

HoaaBarbe oueHe ryCcTrHe Ha XuUcTorpam

> broj.kategorija <-ceiling(log(length(bazal$godine),2))+1
> d<-(max(bazal$godine)-min(bazal$godine))/broj.kategorija
> granice<-min(bazal$godine)-1+(0:broj.kategorija)*(d+0.1)
> hist(bazal$godine, breaks=granice, prob=TRUE)

> lines(density(bazal$godine), col="red", lwd=2)

Godine

0.025

] f%

Density
0015 0.020
. .

0010
L

0.005
L

0.000
L

20 40 60 80 100
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Kopuwhetse nogpasymeBaHux rpaHuua dpyHkumje hist
> hist(bazal$godine, main="Godine", xlab="")
> hist(bazal$godine, main="Godine", prob=TRUE, xlab="")

Godine Godine

L

Frequency
Density

4
0000 0005 0010 0015 0020 0025

d T
20 40 60 80 100 20 0 60 80 100

Mpouera ygena nonynauuje 4mja je crapoct marsa og 40 roguna

> H<-hist(bazal$godine, prob=TRUE, plot=FALSE)

> cumsum(H$density*diff (H$breaks))

[1] 0.02023121 0.15317919 0.41907514 0.66473988 0.82947977 0.90751445
0.97398844 0.99710983 1.00000000

Tpaxxena npouena je 0.42.
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L,D,ecxpmn‘rmsna cTaTucTmka

Mepe nonoxaja

Tpwn BaxxHa napameTpa nonynauuje koju ogpehyjy nonoxaj
pacnogene cy:

B cpefrba BPEAHOCT nonynauuje
B MeAujaHa nonynauuje
® MoAa monynauuje

OHn ce Ha3mBajy v NapameTpu No0Xaja niy Mepe LeHTpasnHe
TeHaeHuuje.
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L,D,ecxpmn‘rmana cTaTucTmka

Cpeatba BpegHOCT

Cpeatrba BpeaHoOCT monynauuje (4 — HENO3HaTK NapaMeTap
Mpouersyjemo ra (NpnbanxHo) CTaTUCTUKOM KOjy Ha3MBaMO
y30padkom cpearbom BpeaHowhy nnu, kpahe, yzopadkom
CpefuHOM.

Hedbunnunja
Heka cy x1,x9,...,Tn, N BPEAHOCTY CNyHajHE BennduHe X

gobujene y yaopky. Y30paukom CpefuHOM HasnBamo T,
APUTMETUYKY CPEefNHY TUX BPEZHOCTH, Tj.

X1+ 22+ -+ Tp __zzzzlxi
n n

.f:

> mean(x)
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L,D,ecxpmn‘rmsna cTaTucTmka

V3opayka cpegnHa — npumepu

Bpoj ynamheHux peun 3a gBa MuHyTa
8 2 4 9 7 2 12 5 5 7

in®i Ol _gy
n 10
KombuHoBame BuLLe y30padkux CpeUHa

T =

Bpoj xnTHux cnyyajesa y jegHoj bonHuum je 1 =3 3an; =5, ay
apyroj bonHuun To = 15 3a ny = 100.

niZy +nez  5-3+100-15 1515
ni+ns 54100 105

.i‘ = - 14.4.

> sredine<-c(3,15)
> tezine<-c(5,100)/105

> weighted.mean(sredine,tezine)
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L,D,ecxpmn‘rmana cTaTucTmka

MepgnjaHa

Megunjana nonynaumje - HeMoO3HaTa BPELHOCT OA KOje je nosa
nonynauuje eehe, a nona Marse

Mpouersyjemo je (MpnbanmxHO) CTaTUCTNKOM KOJy Ha3MBaMO
Y30paykoM MeZUjaHOM.

Hedbunnunja

Heka je x1,x2,...,%, y30pak nopehaH no BeANHYNHN OF HajMarb€e
4o Hajsehe BpegHocTu. YKOMKO je n HenapaH 6poj, y3opaydka
MepfunjaHa je 6poj TayHo Ha CpequHyu HU3a. YKOIMKO je n napaH
6poj, y3opaydka MegnjaHa je apuTMETUYKa Cpeanta gaa bpoja Ha
CPeAVHN HU3a.
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L,D,ecxpmn‘rmsna cTaTucTmka

MepgunjaHna - npumepnm

[opuHe cTapocTu Kynaua y jefHOj NpogaBHUUM rapaepobe
KeHe MYyLUKapLK

12 27 17

15 30 29

17 35 37

20 42 40

24 60 72
Megnjana cTapoctun xeHa je (24 + 27)/2 = 25.5, a mywwikapaua je
37 roguHa.
Ha Behum y3opummMa padyyHamMo npeko nosioxkaja MeaujaHe
(n+1)/2.

> median(x)
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L,D,ecxpmn‘rmana cTaTucTmka

Cpeatba BpeaHOCT N MeaunjaHa

V3o0pak TpuwHe BpegHoctu (y xusbagama gonapuma) gecet kyha
y jeAHOM Hacesby

82 91 785 86 805 85 825 B0 77 850
Kakag je oBo kpaj?

Cpeatba BpeaHocT je 159.25, a meaujaHa je 82.25.

N3 BpegHOCTN T M3BNAYMMO MOrpellaH 3aKibydak O BPeLHOCTH
kyha y Kpajy, meanjaHa Ham gaje mHoro 6osby nudpopmaymjy. To
je 36or yTnuaja HeyobrnyajeHe BpegHocTy 850 KOjy HasnmBamo
ayTnajepom (enrn. outlier - oHaj koju ce Ty Hanasu anu He
npunaaa).
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L,D,ecxpmn‘rmsna cTaTucTmka

Moga

Moga nonynauywnje — Henmo3HaTa BpegHOCT Koja je Hajyewha y
nonynaumjun

Mpouervyjemo je (NprbamxHO) CTaTUCTNKOM KOjJy Ha3UBaMO
Yy30pa4koM MOZAOM, BpedHOLWRAY Koja Ce HajBULLE MyTa MOjaB/byje Y
Y30pKY.

VKOIMKO je pacnogena CUMeTpr4Ha, Tafa Ce Cpeara BPeaHoCT,
MeAujaHa n moga nonynauuje noknanajy. Ogroeapajyhe
CTaTUCTUKE, HapaBHO Helie ce moknanaTu, anm hie umaTtn bancke
BpeAHOCTU.
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L,D,ecxpmn‘rmsna cTaTucTmka

Mepe pacejatba

Ba)kHn mapameTpun nonynauuje Koju onucyjy pacejarbe pacrnogese
B pacrnoH nonynaauuje
m aucnepsnja (Bapujanca) nonynauuje o2

B CTaHpjapaHo oacTynawe (aesmjaumja) nonynauuje o

m mehykBapTuiHO pacTojarse
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L,D,ecxpmn‘rmana cTaTucTmka

Pacnon

PacnoH je pasnuka Hajeeher n HajMarber enemMeHTa nonynauuje
Mpouersyjemo ra (NpnbanXKHO) y30padyknM PacrnoHOM.

Hedbunnunja
Y30paykun pacnoH je pasavka nsamehy Hajseher v HajMarber
E/IEMEHTA Y30PKaA.

B Huje nocebHo fobap kao Mepa pacejarba

> diff (range ((x))



Buocratucruka n anannsa nogaraka
L,D,ecxpmn‘rmana cTaTucTmka

MNpumep: pe3ynTaTu cTygeHaTa Ha UCNUTY Yy ABa CEMeCTpa

npeu cemectap Apyru cemectap
0bnm ysopka 23 26

cpeatsy bpoj noeHa T 75 75

MegujaHa 6poj noexa 75 75

pacnoH 50 (og 50 go 100) 50 (og 50 go 100)



Buocratucruka n anannsa nogaraka
L,D,ecxpmn‘rmana cTaTucTmka

MNpumep: pe3ynTaTu cTygeHaTa Ha UCNUTY Yy ABa CEMeCTpa

0bnm ysopka

cpearby 6poj noeHa T

MegujaHa 6poj noexa
pacnoH

npBen cemectap Apyrn cemecrtap
23 26
75 75
75 75

50 (og 50 go 100) 50 (og 50 go 100)

CrBapHa pacnogena noexa

npBu cemecTap

50 50 50 50 50 50

60 60

70 70

75

80 80

85 85 85

100 100 100 100 100 100

Apyrn cemectap
50

65 65

70 70 70
747474 74
7575757575 75
76 76 76 76

80 80 80

85 85

100



Buoctatncruka n ananmsa nogataka

L,D,ecxpmn‘rmana cTaTucTmka

Hwncnep3snja

[MapameTap nonynaumnje — cpeare KBagpaTHO OACTYMNaHE CyHajHe
BenuduHe X of CBOje CpefHbe BPELHOCTU [
Mpunban>kHO je npoueryjemMO y30padkoMm ANCMEP3NJOM

Hedunnunja
Heka je x1,...,x, y30pak o n eneMeHata. Y3opauka
aucnep3vja geuHniue ce Kao

2 D (@i — 53)2‘

ST =
n—1

> var(x)



Buoctatncruka n ananmsa nogataka

L,D,ecxpmn‘rmsna cTaTucTmka

PauyHarbe gucnepsuje

Dopmyna 3a padvyHare y30payke Anucnepsuje

1 - n
n—1+4 n—1
=1

Mogaum o gy>KnHu Tpajarba TeneOHCKMX pa3rosopa
10 20 6 12 15 8 4 9 3 12

s S0 (x—2)? (10102 +---+ (13- 10)2 244 o1
- 9 - 9 T 9 "

0

n
Z = 10 muHyTa; Zx? = 1244
=1

1 10
9 2
= —-.1244 — — - 10 = 27.11.
S 9 9



Buoctatncruka n ananmsa nogataka

L,D,ecxpmn‘rmana cTaTucTmka

CraHgapaHo oacTynatse

MNapameTap nonynaumje — KBagpaTHU KOPEH U3 Jucnepsuje
Mpouersyjemo ra (NpnbanxHo) y30padkumM CTaHAAPAHUM
OfCTynaremM

Hedbunnunja
Y30payko CTaHOApAHO OACTYNAHLe jeJHAKO je KBaApaTHOM
KOpeHy n3 y3opayke gucnepsuje, Tj. s = \/ s2.

> sd(x)



Buoctatncruka n ananmsa nogataka

L,D,ecxpmn‘rmsna cTaTucTmka

CTaHgapaHo oAcTynakse — NpuMep

MNopaum o gHeBHOj TemnepaTypu
2°C 5°C 8°C 0°C 10°C 20°C -—10°C

s? = 86.33, a s = v/86.33 = 9.3°C.



Buoctatncruka n ananmsa nogataka

L,D,ecxpmn‘rmsna cTaTucTmka

MehykBapTunHo pactojare

MebhykBapTunHo pactojarbe IQR — mepa pacejarba HeoceT/bMBA Ha
ayTnajepe 3a pasauKy Of pacrnoHa 1 gucnepsuje
VY30paykn KBapTuan:

m [pen kBapTun Q1 je BpedHOCT of koje je 1/4 y3opka marbe, a 3/4 Befie.

m [pyru keaptun Q2 (megmujana) je BpegHOCT of koje je 2/4 y3opka matbe,
a 2/4 sefe.

m Tpefin keapTun Q3 je BpeaHOCT og koje je 3/4 y3opka marse, a 1/4 sehe.
> quantile(x)

MebhykBapTunio pacrtojarbe IQR = Q)3 — ()1 je pacnoH y koM ce
Hanasu cpearbux 50% ysopka.



Buoctatncruka n ananmsa nogataka

L,D,ecxpmn‘rmsna cTaTucTmka

MehykBapTunHo pactojare

Oppeautu nonoxaj ysopadke megnjane, (n+1)/2, rae je n obum y3sopka.

Oppegutu I, Hajsefin npupogan 6poj kojn Huje sefin og (n + 1)/2 (moxe
6uTn jegHak).

Hahu nonoxaj keaptuna kao ¢ = (I +1)/2.

OpapeanTn g1, 6poj y y30pKy KOju je ¢-T MO BEANYNHN NOYEBLUN OF
Hajmarser. Ako ¢ Huje npupogan 6poj, Taga je g1 apUTMeTUHKa CpeanHa
6pojesa koju cy ¢ — 1/2 n ¢ + 1/2 no peay. Mpubnnxno 25%
(veTBpTUHA) y30pKa fie BuTN Marbe of g1, Na Ce OH Ha3MBA NPBU KBAPTUA
y30pKa.

OppeaunTn g3, 6poj y y30pKy KOju j€ ¢-T MO BENYNHN NOYEBLUN OF
Hajseher. Ako g Huje npupogaH 6poj, Taja je g1 apUTMETNHKa CpeanHa
6pojesa koju cy ¢ — 1/2 n ¢ + 1/2 no pegy. Mpubnuxno 75% (Tpw
yeTBpTUHE) y30pKa fie 6uTK Marbe 04 g3, Na ce OH Ha3wea Tpehin kBapTUn
y30pKa.

N3pauyHatu IQR = g3 — q1.-

> IQR(x)



Buoctatncruka n ananmsa nogataka

L,D,ecxpmn‘rmana cTaTucTmka

BokcnnoTt

Bokcnnot (enrn. box — kyTuja) je gujarpam Koju Ham BU3YETHO
objenurbyje Mepe NonoXkaja, pacejarba U CTEMNEH MOMEPEHOCTU
pacrnogesne, n omoryfiaBa Ham OTKpuBarbe ayT/ajepa.

AyTnajep je nogatak KOjU Ce He yKfiana y Haw Mogen, Tj. OACTyna
0f, NpaBKaa YOYeHNX 3a ocTaTak y3opka. [NoHekap cy ayTnajepn
MOC/IEANLA TPELLKE, U Y TOM Ciy4ajy nx Tpeba yknoHuTu, a 'y
Apyrum ciydajesuma Tpeba n3BpwmnTu npunarohagarse Mogena.



Buoctatncruka n ananmsa nogataka

L,D,ecxpmn‘rmsna cTaTucTmka

LipTarbe bokcnnoT gujarpama

m OppeanTtn y3opadky meaujaHy, y30padke KBapTuie gi 1 gz, u
mefykBapTunHo pacrtojare IQR

m OppeanTtn Tauke fi1 n f3, yHyTpalwbe rpaHnue, Kao
f1 = q1 —15IQRVI f3 ZQ3+15IQR

m OppeaunTtn nBMYHe BPeAHOCTU G1 W a3 TaKO Aa je aj Hajbnuka BpegHOCT
13 y30opka o fi1 koja Huje Marba og fi, a ag HajbaMKa BPeaHOCT U3
y3opka #o f3 koja Huje seha og fs.

m Ogpeantu tauke F1 n F3, cnosbawrbe rpaHuue, Kao
F1=q —3-1QR n F3 = g3+ 3-IQR.
® HaupTaTtu npaBoyraoHuk C KpajeBuMa y g1 1 g3, 1 YHYTPaLIHOM JINHNjOM
Ha MeAujaHn

m [loBesatn uBu4He BpegHoCcTu € npasBoyraoHukom. Obenexutn bnare
ayTnajepe, Tj. CBe Tauke u3Mehy yHyTpawW UM 1 CNosbaLLjUX FPaHnLA,
Kao U EKCTPEMHE ayTinajepe, Tj. CBE Ta4Ke W3BaH CMOJbalUHUX FPaHMLA.



Buoctatncruka n ananmsa nogataka

L,D,ecxpmn‘rmsna cTaTucTmka

BokcnnoT — npumep

Oyxuna (y gaHuma) 6onHu4Kor neverba nayujeHaTa ¢ aMHE3NjOM

8
12

20 27

30 32 35 36
40 40 40 40 41 42 45 47 \ | .
50 52

108 20 40 60 80 100

> amnezija<-c(8,12,20,27,30,32,35,36,40,40,40,40,41,42,45,47,50,52,61,
89,108)

> boxplot (amnezija,horizontal=T)

> points(amnezija[1],order(amnezija[1]),pch=19,col="orange",lwd=2)

> points(amnezija[20],order (amnezija[20]),pch=19,col="orange",lwd=2)

> points(amnezija[21],order (amnezija[21]),pch=19,col="red",lwd=2)



Buoctatncruka n ananmsa nogataka

L,D,ecxpmn‘rmsna cTaTucTmka

VTuuaj aytnajepa Ha rpacpu4ku npurkas

Potrosnja u miliama po galonu Potrosnja u miljama po galonu
5
2 s
2 g
3 - °
g &1
£ &
3
E 3
s
—_—
° —
r T T T T 1 ° -
4 100 200 300 400 500
TopGear$MPG
Potrosnja u miljama po galonu bez autlajera Potrosnja u miljama po galonu bez autlajera
R ===
8
3
8
> s
H 8
5
g 8 g
2 <
° o H
e & i
20 40 60 80

TopGear$MPG[TopGear$MPG < 200]



Buoctatncruka n ananmsa nogataka

L,D,ecxpmn‘rmsna cTaTucTmka

Kopuwhere bokcnnoTta 3a ynopehunsatse

lNpoyyaBaH je yTuuaj nywera Ha cnasarbe. [lopaum npepcTasbajy
BpPEME Yy MUHYTUMA KOje je 6usio noTpebHO pa mcnutanmum 3acny.
x<-c(69.3,56.0,22.1,47.6,53.2,48.1,52.7,34.4,60.2,43.8,23.2,13.8)
y<-c(28.6,25.1,26.4,34.9,29.8,28.4,38.5,30.2,30.6,31.8,41.6,21.1,36.0,
37.9,13.9)

bi<-boxplot(x,y, names=c("pusaci", "nepusaci'))

big$stats

[.11 [,2]
& — [1,] 13.80 21.10 — ap
i . [2,] 28.80 27.40 —aq1 )
T T [3,] 47.85 30.20 < q2 (meanjana)
pued TeoEaG [4,] 54.60 35.45 a3

[5,] 69.30 41.60 —as



Buoctatncruka n ananmsa nogataka

L BeposatHoha

LLITa je BepoBaTHOha?

m BepoeatHohie cy 6pojeBu koju ce Hanaze namehy 0 u 1
yksby4dyjyfin n mux. Hecto ce nsparkaBajy v y npoueHTUMA.

m BeposatHofie 65113y Hyne ykazyjy Ha TO ga Cy Masjie waHce ga
ce Taj porahaj poropgu. To He 3Ha4ym ga ce oH Hehe goroguTy,
Befi cMO pa ce cmaTpa peTkuMm.

m BeposatHofie 6nu3y jegnHnue ykasyjy Ha TO Aa Cy BEJNKE
WwaHce Aa ce Taj gorahaj goroau. To He 3Haym aa he ce oOH
poroantu, Behi cmo ga ce cmatpa yobnyajeHnm.

m BeposatHohie 6an3y 1/2 ykasyjy Ha To ga porafjaj uma
NpubVXKHM UCTY LWIAHCY Aa Ce LOTOAWN M A CE HE AOToAMu.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Kako gogenutu BeposaTtHohe?
CybjekTusHo
KnacuuHo (MatemaTnykn)
Cratuctuyku

CybjekTneHa BepoBaTHofia: Ha Beyepawmoj yTakmuuu
sepoBaTHoha ga Hawm nobege je 75%.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Knacn4yHa pecpnHnumja BepoaTHohe

Heka ce n3Bogm ekcnepumeHT y KOME je CBaKM Of H-EroBUX MCXo4a
JeaHako BeposataH. Heka je n(A) 6poj HaduHa Ha Koje ce mMoxe
goroantu gorabaj A, a n ykynaH 6poj ncxoa eKcriepumMeHTa.
Taga je

p(a) =24

n

V duoun nmamo 25 ngeHTudHnx batepuja og kojux cy 4
nctpowere. Ha cnyyajaH HaduH ysnmamo jeaHy batepujy. Kosnuka
Je BepoeaTtHoha ga je ncnpasHa?

n =25, n(A) =21, P(A) = 3.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Cratuctnyka gedpuHunumja BeposaTHohe

_ bpoj excnepumenata y kojuma ce gorahaj A goroguo

P(A)

YKynH 6pOj N3BEEHNX EKCIIEPUMEHATA

BepoeaTHoha pa je TpygHoha 6ausaHauka je %.

N3Boherse ekcnepumenTa — bauarse jegHe KOLKMLE.
> eksperiment<-sample(c(1,2,3,4,5,6),1000,replace=TRUE)
> table(eksperiment)

eksperiment

1 2 3 4 5 6

151 173 172 160 177 167

Cratuctuyka eeposaTtHofia gobujarsa jeauHuue je % = 0.151.
Knacnyna BeposaTHoha uctor gorabhaja je % ~ 0.167.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Knacn4yHa BepoBaTHONRa — HejeJHAKO BEepOBaTHM UCXOAM

Heka ce n3Bogu excnepmmenT qumjn moryhu ncxogm nmajy
BepoBaTHohie pefom p1, ..., p,. BepoatHoha porabaja A jenHaka
je 36upy seposatHoRa ncxoga koju peannsyjy gorabaj A.

Baua ce kyTunja wubunua. BepoeaTHohe gobujarba HeHUX LWIECT CTpaHa Cy: no % 3a

[Be CTpaHNLEe HajMarb€ NOBPLUMHE, NO % 3a ABe CTpaHuue "cpefrse “ NOBPLUMHE, 1 NO
% 3a gBe cTpaHuue Hajeefie noepwunHe. BeposaTtHoha ga wnbuuya He nagHe Ha

cTpaHuuy Hajsefie noepwnte je P(A) =2+ % +2- % =3
> sibice<-sample(c("al","a2","b1","b2","c1","c2"),10000,replace=TRUE,
prob=c(0.05,0.05,0.1,0.1,0.35,0.35))
> table(sibice)
sibice
al a2 bl b2 cl €2  P(A) n S26E50TH99841029 — ) 306
526 507 998 1029 3444 3496



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Knacn4yHa BepoBaTHOha — Anjarpamu rpaHamsa

CrnoxkeHnje ekCneprMeHTe MOXKEMO NMOCMATpaTK y eTanama u
NMpuMKasaTu UX Ha AujarpaMy rpaHarba.

___—n |_|, en. ncxog MMM

—— n T, en. ncxog MMM

n T _uTl, en. ncxog MM

/ r —a, en. ncxog MIrr
\ I en. ncxog MMM
_—— n T, en. ucxog 'NC

r T [ en. ucxog I'rN

r T, en. nexop I'TT

cuxa: baname Tpu HOBUMha



Buoctatncruka n ananmsa nogataka

L BeposatHoha

EnemeHTapHa reHeTuka — npumeHa kiacudHe BepoBaHTohe

O6oje poguTesba Mmajy anesne 1 3a TaMHE U CBETJE 04N, Tj.
XeTepo3UroTHU Cy npema 6oju o4unjy. Anen 3a TamHe oun B je

AOMWHAHTAH ¥ OAHOCY Ha anen 3a CBETJIE 04N b.

P(peTe nma Tamte oun = 3).

/' B, BB — tamHe
B

/ \' b, Bb — TamHe
\ /' B, bB — TamHe

\' b, bb — csetne

cua: Icxonu HaciebhuBama 60je ounjy KO meTeTa
XETePO3UTOTHUX POIUTEIHA



Buoctatncruka n ananmsa nogataka

L BeposatHoha

EnemeHTapHa reHeTuka — npumeHa kiacudHe BepoBaHTohe

Jegna busbka nma upeere, pose nan bene ueetose. Anenn 3a
upBeHy 6ojy ¢y R, a 3a beny r. UpseHu uset uma RR, 6ean rr, a
XeTepo3nroTHu cy pose. BeposaTHoha Genor ysera HakoH
YKPLITaHa [iBa XeTEPO3UTroTHa je %.

/- R, RR - ypeeHa

R
__— T T, Rr — pose
p
\ " R, rR - pose
T
T T, rr — 6ena

Cnuka: I/ICXO,I[I/I VEpIITalkha IBa X€TEPO3UI'OTHA IBETa



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Ncxoom n porabajum

m CrnyyajHu ekcnepumeHT je 6110 koja nojasa uam npouec
YUjU NCXOL HE MOXKXEMO MpeaBuaeTn ca curypHouwhy.

m Ckyn enemeHTapHux ucxoga ) je ckyn moryfiux ncxoga
cnydajHor ekcnepumenTta. CBaky HEroOB YJjiaH Ha3MBa ce
eNemMeHTapHUu ucxopg,.

m CBaku NOACKyn ckyna eneMeHTapHUX UCXOAa Ha3uBa ce
porabaj.

m Cam ckyn () Hazmea ce curypan pgorabaj. lNpasan ckyn
Hasnea ce Hemoryh porabjaj.



Buoctatncruka n ananmsa nogataka
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L BeposatHol
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Buoctatncruka n ananmsa nogataka

L BeposatHoha

[Npumepn ckynoea ucxona

V3Bnaum ce jepHa kaprta us craHgapgor wnuna og 52 kapre (6es
yokepa). [MoTeHumjanHn ckynosm en. ucxopa:

Q1 = {upseHa, upna}

Q= {%,0,0, &}

O3 = {Ad, AQ, AV, AM, ... K& KO, KO, KM} (cBaka
KapTa noHaocob)

Q4 = {cnuka (kpasb, Aama, xaHaap), HUje CamKka}
Q5 = {cnuka, kapta c 6pojem}

Q¢ = {cnuka, ac, Huje cnnka}

Q1, Q9,803,824 jecy ckynoem ncxoga; {25 HMje — HEMA NCXOZ4A KOJM
ogrosapa acy; {lg Huje — acy OAroBapa BULLE Of jeAHOT MCXOna.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Onepauuje Haa gorabajuma

m YHnja gea gorafjaja AU B cagpxu cBe enemMeHTapHe ncxoge
Koju ce Hanase y bap jegHom og porabaja A unn B, 1j. y A, ¥y
B, van y oba.

m [pecek gBa gorahaja AN B, unn kpafie AB cagpxn cBe
efleMeHTapHe Mcxode koju ce Hanaseny Any B.

m Komnnement A porahaja A cagpxu cBe enemeHTapHe UCXoae
Koju ce He Hanaze y A.

HedurHnunja

3a gBa gorabaja, A n B, kaxemo ga cy mehycobHO UCK/by4nBsa
YKOJINKO CE HE MOrY UCTOBPEMEHO [OTOANUTH, Tj. aKO UM j€ MPECEK
nemoryh gorabaj AB = ().



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Onepauuje Haa gorabajuma

Vunja AU B _
Komnaement A

9 '

‘v Avany B”

“Hey A"
Mpecek AN B (AB

)

“vyAny B"

MelycobHo nckmyunsn gorahaju



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Heke ocobuHe BepoBaTHOhe

OcHosHa cBojcTBa BeposaTHohe (akcrome)
m P()=1
m P(A) > 0 3a cBakn porabaj A.

m Ako cy porafaju A, Ag, As, ... MeljycobHo ncksbyduen, oHga
je

P(A]UAyUAsz---) = P(A]) + P(Ay) + P(A3) + - --

Jow ceojcTaBa BepoBaTHofie

m P(0)=0

m P(A)=1- P(A)
s P(AUB) = P(A) + P(B) — P(AB)



Buoctatncruka n ananmsa nogataka

L BeposatHoha

MNpumep

Opranusyje ce CTygeHTCKN pedbepeHAyM O U3rpafHun HOBOT
Tepena. [pe rnacama, 50% cy 3a (Z) 1y n3rpaamwy. Ha rnacamse
(G) je nzawno camo 40% crygenata. Ykynno je 32% crygeHata
rnacano “sa” (GZ).

BepogaTHohia aa je cay4ajHo nsabpaHun cTygeHT rnacao unav 6no 3a
je P(GUZ) = P(G) + P(Z) — P(GZ) = 0.4+ 0.5 — 0.32 = 0.58

Macann(G) 3a(2)

0.08

0.42




Buoctatncruka n ananmsa nogataka

L BeposatHoha

VYcnoeHa BepoBaTHoha

m Konuka je BepoBaTHoha ga je 6poj pobujeH Ha KoUKV Marby
og 47

m Konuka je BepoBaTHoha ga je 6poj pobujeH Ha koukMLM Maksu
o4 4 ako ce 3Ha fa je HemapaH?

Hedunnunja

Heka cy A n B gorabhajn takeu ga je P(B) > 0. YcnosHa
BepoBatHoha gorahaja A, nog ycnosom octeapeHor gorabaja B je
KoIMYNHUKY BepoBaTHohe ga ce oba gorabaja ocTBape u
BepoBaTHohe fa ce ocTBapu ycnos B:

P(A|B) =




Buoctatncruka n ananmsa nogataka

L BeposatHoha

VYcnoeHa BepoBaTHoha

m Konuka je BepoaTHoha pa je 6poj nobujeH Ha koukmuu Marsn of 4 ako
ce 3Ha Aa je HenapaH?

B=1{1,3,5}, AB={1,3}, P(A|B) = 5A0) = 2530 — 2.

m V napnamenTy, y unmy cy3bujara nndnauymje, 55% nocnanuka je 3a
cmarserbe ogpehennx nopesa, 30% 3a cmarserse byyeta, a 25% 3a obe
mepe. Konuka je BepoeaTHohia fa je cny4ajHo n3abpaHu NoCnaHukK 3a
cMmarberse Oyyeta, ako 3HaMO A3 j€ OH 3a CMarberse nopesa? A konmka ga

j& 3a cmarberbe nopesa ako 3HaMO A3 je NpOTUB CMarbera byyera?

Mopes(P Byuet(B)

P(BIP) = P(BP) 025 5
T PP 055 11

~ _ P(PB) 030 3
P(PIB) = P(B) 070 7

0.40




Buoctatncruka n ananmsa nogataka

L BeposatHoha

HesaBucHoct porahaja

[Ba porahaja cMaTpaMo HE3aBUCHUM YKOJIMKO OCTBapEHE jegHOr
0L HUX HEMa HUKaKaB yTuUaj Ha BepoBaTHONy apyror gorabaja.

Hedunnunja

Heka cy A u B pgorabaju takeu ga je P(B) > 0. 3a gorabaje A un
B kaxemo ga Cy He3aBUCHW YKOJIMKO 33 HUX BaXkn Aa je

P(A|B) = P(A).

m Bauajy ce nnasa n upsena koukuua. [datn cy gorahaju: A — nobujenn cy
nctu 6pojeBun; B — Ha LpBEHO] je ABOjKA WM TPOjKa.
2/36
P(A)= L P(B)= £, P(AB)= 2, P(A|B) = 12//36 =2

P(A|B) = P(A), na cy porafjaju A n B He3aBucHu.




Buoctatncruka n ananmsa nogataka

L BeposatHoha

HesaBucHoct porahaja

Ako cy A n B He3zasucHu, Taga je

P(AB) = P(A)P(B).

m V Amepuyn oko 46% myau uma kpeHy rpyny O, a oko 39%
HeratusaH Rh-cbaktop. OBa gBa obenexja cmatpajy ce
HezaBucHuM. Konwmka je BepoeaTHoha ga ciydajHo m3abpaHu
AmepukaHay uma kpeHy rpyny O~7?

N — porabaj pa oH uma HeratmeaH Rh-cakTop

P(O7) = P(ONN) = P(0)-P(N) = 0.46:0.39 = 0.179 ~ 18%.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

BepoBaTHoha npeceka 3aBucHux gorahaja

Heka cy A n B gorabaju takeu ga je P(B) > 0. Taga saxu
P(AB) = P(A|B)P(B).
m V Amepuun oko 46% myan uma kpeny rpyny O, a y peructpuma je 4%
oHux Koju umajy O rpewikom 3abenexxero kao A. Konunka je BepoaTHofa

[a cniyyajHo n3abpaHu Amepukanay cteapHo uma O, anu cy my
3abenexunnn A?

O — uma O kpeHy rpyny; A — 3abenexero my je A. [laTto Hawm je
P(0) = 0.46 v P(A|O) = 0.04.

P(ONA) = P(O) - P(A|O) = 0.46 - 0.04 = 0.018 ~ 2%.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

®opmyna noTnyHe BepoBaTHohe

B Tect Ha jeaHy Bonect je Takae aa 95% 6onecHnx uma nosuTueaH
pesyntat, a 90% 3apaBux uma HeratusaH pesyntat. Ako 20%
nauujeHata nMma Ty bonecT, Konuka je BepoBaTHoha aa he cny4ajHo
n3abpaHom naumjeHty Tect bntu nosuTusaH?

y P, P(BP)=0.2-0.95 = 0.19

B 0.05
0.2 -
/ T N, P(BN) =0.2-0.05 = 0.01
& 01+ P P(ZP)=08-01=008

z 0.9
T N, P(ZN) =0.8-0.9 = 0.72

P(P) =0.19 + 0.08 = 0.27 wTo je pobnjeHo kao
P(P)=P(B)P(P|B)+ P(Z)P(P|Z)



Buoctatncruka n ananmsa nogataka

L BeposatHoha

®opmyna noTnyHe BepoBaTHohe

Teopema (Popmyna notnyHe seposaTHofhe)

Heka cy A1, ... A, mebycobHo uckmyqmnsu gorahaju 4uja je yHuja
ckyn §) v Heka je B 6uno koju gorabaj. Taga je

P(B) = P(A1) - P(B|A1) + -+ + P(An) - P(BIAy).

m Mcnutannk 6aua HoBuuhi n ako nafiHe NUCMO, OAroBapa Ha nuTarbe A)
“Na nun cte pofjeHn napHe roguHe?”’, a ako nagHe rnaea, oAroBapa Ha
nutarse B) “Ida nn cte npobanu gpory?” Og 500 ncnutanuka 350 je
oarosopuno aa. [poueHnTn npoueHaT oHUX Koju cy npobanu apory.

. 1 1 1 ~ 350 _ 7

3Hamo pa je P(A) = 35, P(B) = 5, P(D|A) =5 nu P(D) = 555 = 15-

P(D) = P(A)P(D|A) + P(B)P(D|B)

+ % .P(DIB) = P(D|B) = % — 90%.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

BajecoBa cdopmyna

B Tect Ha peTky 6onecT kojy uma 0.1% nonynauuje je Takas ga 99%
6onecHux mma nosuTueaH pesyntaT, a 95% 3apaBux uma HeraTusaH
pe3yntaT. AKO je HEKO MO3NTMBAH Ha TeCTy, KOJIMKa je BepoBaTHOMa Aa je

Gonecran? P(BP) P(B)P(P|B)
PBIP) = 55y = BB)P(P|B) + P(2)P(PIZ)
0.001 - 0.99 _ 0.00099

©0.001-0.99 4+ 0.999-0.05  0.05094
=0.01943 ~ 2%

Teopema (Bajecosa dopmyna)

Heka cy A1, ... ,A, mebycobHo uckmyunsu gorabaju 4uja je ynuja

ckyn ) v Heka je B 6uno koju gorahaj. Taga je 3a cBakn A;
P(A;) - P(B|A)

(A1) - P(B|A1) + -+ + P(An) - P(B|An)

P(Ai|B) = P



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[NpebpojaBatbe

m 3a padyHarbe KknacuyHe BepoeaTHofie Tpeba 3HaTu yKynaH
6poj ncxopa n 6poj HaumHa peanusauumje gorahaja

m 3a ekcnepumeHTe ¢ BesinkuM Bpojem ncxomda nocToje METOAU
3a npebpojaBarbe ncxoda TpaxkeHux gorabhaja

B AKO Ce eKCMEepUMEHT MOXKe MoAeNnuTy y eTane, oHaa je 6poj
ncxoda jeAHak npoussogy bpoja ncxoga y CBakoj etanm

m Crypent Tpeba aa nzabepe Tpu usbopra npeamera. Mpeu 6upa og Tpu
noHyfjeHe NpupoAHe Hayke, APYru Of HETUPM APYLITBEHE Hayke, a Tpefin
og, net cnoptosa. Ha konuko Ha4nHa oH TO MOXe Aa ypagu?
3-4-5=060.

m [lpnnukom Gauarba NeT KOUKMLA HA KOJIMKO HA4YMHA CE MOXE JobnTn
UCXOA C HajMatrbe ABa pasnu4nta bpoja?

6:-6:-6-6-6—6=7770.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[NepmyTaunje

llepmyTayuje cy Hu3oBu objekata y oapeheHoM penocaesy.

m Ha ko/snko HaynHa ce 8 cnpuHTEpa MOXXe MOCTAaBWTW HA
CTapTHY AUHWjy?
To je bpoj nepmyTauuja og 8 enemenara. [psn nma 8 mecTa,
Apyru npeocTtanux 7, nta.

8- 7-6-5-4-3-2-1=28!=40320

mnl=nn-1)---2-1; 0l'=1.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[NepmyTaunje

m Konuko nma nepmytaumja peun BABA?
AABE, ABAB, ABEBEA, BAAB, BEABA, BEEAA
Kag 6u cnosa 6una pasnnduta 6uno 6un 4!. MNowTto nmamo
ABE rpyne c no gga ucra ciosa geaumo c 2! - 21
4!

Teopema

Wmamo n objekata y k rpyna, a yHyTap cake rpyne objekTu cy
naenTudun. Heka je n; 6poj objekata y j-Toj rpynu, rae je
1=12 ... kuni+ng+---+np =n. bpoj nepmyrayuja
TakBux n 0bjekata je

n!

nilng! - - ng!’



Buoctatncruka n ananmsa nogataka

L BeposatHoha

KombuHauuje

Kombunayunje cy ckynosun objekata be3 ogpeheHor pegocaesa.

m Ha konuko HaumHa moxkemo n3abpatu 3 BonoHTepa o 5 npujasrbeHnx?
O6enexnmo unx bpojesuma og 1 go 5. Moryhe kombuHauuje cy:
1,23 124 125 134 135

145 234 235 245 345

2 =8 =10

Nma unx =3 3

Teopema

bpoj komburnaymja r objekata nlabpaHux og n pasaNdnTUX
objexara (') je



Buoctatncruka n ananmsa nogataka

L BeposatHoha

KombuHauuje

m Kosnnka je BepoBaTHoha pa cnyvajHo nopesbeHux 5 kapata cagpke TaqHo
nBa aca?

A - 5 nogesbeHnx KapaTa Cafp>Ke TayHO ABa aca

Tpeba npebpojaTtu ykynan 6poj kombuHauuja og 5 kapaTa, kao u 6poj
koMbuHaLumja Koje caaprke ABa aca.

Vkynan 6poj kombuHauynja:

B (52) 521 52515049 - 48 - 47!

s T Bam T 5430 1.4 - 2098960,

[llea aca (op 4 moryha) moxemo AobuTu Ha (3) Hauuna. Mpeoctane Tpu

KapTe HIMCY acoBM U MOXeMo ux 4obuty Ha (%) HauuHa.

n(A) = (3) <438> = 617296 = 103776,

n(A) 103776
PA) =12 = ot
(A) == = 2508960



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Cny4ajHe npomeHsbuBe

Crny4ajHa NpOMEH/BUBA je MPOMEH/BMBA HYUje CE BPEAHOCTM
oapehyjy ucxogom caydajuor ekcnepumenta. ObenexaBamo mx
chosuma X,Y, 7, ...
m bauarse gBe koukuue — X - 36up gobujerHnx bpojesa
m Pynet (38 noma, og Tora 18 upserux, 18 upserux n 2
3es1eHa) - Urpay nrpa CBakm nyT Ha 3eneHo — Y - 6poj urapa
no pobuTtka
m [lonnynjcka ctaHnua — Z - Bpeme NpBOr no3mea nsmehy
7:30 n 8:00 yjyTpy

m W - ayxuHa usBpasarba oppefjeHOr padyHapckor nporpama



Buoctatncruka n ananmsa nogataka

L BeposatHoha

HnckpeTHe 1 HenpeknaHe cnyyajHe NPOMEH/bIBE

HnckpeTHe cnyyajHe NpOMEH/bIBE Cy CAYHajHE MPOMEH/BUBE KOje
MOTY Y3€TW KOHa4yHO uiaun npebpojneo beckoHayHo MHOro mMoryhnx
BPeAHOCTHU.
m 36up 6pojeBa Ha koukuuama X moxe 6utn 2,3,4,5,6,7,8,9,10,11,12
— KOHA4YHO MHOro BpeaHOCTMn
m Bpoj nrapa pgo pobutka Ha pynety Y moxe 6utn 1,2,3,4,... (Huje
orpaHmyeHo) — npebpojuso 6eCKOHAYHO MHOFO BPEAHOCTU
HenpekngHe ciyvajHe npoMeH/bMBE Cy Cay4YajHE MPOMEH/BUBE KOje
MOTY y3€Tn BPEAHOCTV C HEKOI WHTEpBaJia peanHux Opojesa, a
BepoBaTHONA Ja y3MYy KOHKPETHY BPeAHOCT je Hyna.
m Bpeme npBor nosmea y nonuunju Z moxxe y3eTu 6uno Kojy BpeAHOCT n3
nntepsana (7:30, 8:00)

m [ly>xnHa usspaBarba padyHapckor nporpama W moxxe yseTu 6uno kojy
BpeaHocT u3 nntepsana (0,t), rae je ¢ Bpeme 3a koje ce nporpam
CUrypHO M3BpLUABA



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[nckpeTHe cny4vajHe npoMeHJbuBe

Heka je X puckpetHa cnydajHa npomeH/muBa. Fbena pacnopgena
BeposaTHohe je

f(x) = P{X =z} 3a cBaky BpegHOCT .

Teopema (CeojcTBa pacnogene)

CBaka AVCKpEeTHA pacrofena Mopa 4a 3af0B0/baBa

1) f(x) > 0 3a cBaku peanaH 6poj x

2) Y f(x) =1



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[nckpeTHe cny4vajHe npoMeHJbuBe

m Tproeay Ha bep3n nocmatpa ogpeheHux b geonnua. Heka je
X 6poj meoHuua kojuma he cyTpa nopacTtu ueHa. Pacnogena
3a X je

/0 1 2 3 4 5
P{X =z} = f(z) ‘ ? 030 0.20 0.10 0.05 o0.01
Konuka je BepoeaTHoha ga he Befinnm geonnua cytpa
nopactu ueHa?

[a 6un ykynan 36up BepoBaTHoRa 6uo 1, mopa 6utn P{X = 0} = 0.34.
BefinHa peoHnua 3Haum 3, 4 unn 5 geonnua.
P{X>3}=P{X=3}+P{X=4}+P{X =5} =

0.10 + 0.05 4+ 0.01 = 0.16.

MpumeTumo ga je

P{X >3} =P{X =4} + P{X =5} = 0.06 # P{X > 3}

Kopg anckpeTHUx pacnogena mMopa Ce nasuTu 4a Jin je rPaHnLa yK/by4eHa

wnn He (> Huje ncto wto n >)!



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[nckpeTHe cny4vajHe npoMeHJbuBe

m Y urpn “kpenc” bauajy ce koukuue u nrpay nobebhyje y
npeom bauarby ykonmko gobwuje 36up 7 nan 11. Konunka je

BepoBaTHORa Aa oH nobeau y npeom bauarsy?
Pacnogena 3a X, 36up pobujeHux 6pojesa je

2 3 4 5 6 7 8 9 10 11 12
X:\ 1 2 3 4 5 6 5 4 3 2 1
36 36 36 36 36 36 36 36 36 36 36

Kpahe ce moxe 3anncatun kao

el akojexr=2,3,4,56,7

— .36
f(fB) { 13:;;357 ako je x = §8,9,10,11,12.

N3 pacnogene numamo ga je

P(nobepa y npeom bauawy) = f(7) + f(11) = s + 2_8_ —.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

HesaBucHocT cnyyajHux npoMeH/bUBUX

Hedbunnunja

3a cayyajHe npomeHmmee X MY KaxeMo 4a Ccy He3aBUCHEe
YKOINKO je cBaku gorabaj Be3aH 3a X He3aBuCaH 0 CBaKor
Jorabaja BezaHor 3a Y, O4HOCHO aKO Bakil

P{X =z|Y =y} = P{X =z} 3a cBako x u cBako y.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Mepe nonoxaja n pacejamba

MapameTpu nonynauuje
B cpefrba BPeAHOCT nonynauuje [
® aucnepsuja nonynaumje o2
B CTaHAapAHO OACTynarbe nonynauyuje o

Kako ux noeesyjemo ca ciay4ajHOM NMpPOMeH/bUBOM?
B 1 = EX maTtemaTnyko o4eknBarse ciydajHe npomersbuee X
m 02 = DX pucnepsnja cnyyaje npometmbnse X

B 0 = v DX craHgapgHo oACTyname CayyajHe npomeHsbuee X



Buoctatncruka n ananmsa nogataka

L BeposatHoha

MaTemaTn4ko o4yekmBame

MaTemaT4ko O4eKMBatbe UM OYeknBaHa BpegHocT E.X,
cny4dajHe npomeHsbrBe X MpeAcTaB/ba OYropoyHy TEOPETCKY
npoceyHy BpeaHocT 3a X.
m baua ce jeagna koukunua n X je 6poj gobujen Ha moj. Peunmo
Zla CMO MOHAB/baM EKCNEPUMEHT 1 NyTa U Aobuau HNp.

cnepehie BpegHocTy:
1,3,2,5,2,1,1,6,5,4,2,3,6,4...

Ako nocne ceakor bauarba padyyHamo JOTaJallkU NpOCeK

fobnjamo HM3 npoceka
1,2,2,2.75,2.6,2.33,2.14, 2.63, 2.89, 3.0, 2.91,2.92, 3.15, 3.21...

Ako HacTaBumMO BpegHOCTU he BTy cBe NpubanxHUje jenHake
EX.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

MaTemaTn4ko o4yekmBame

m Ako Bauamo koukunuy Benuku 6poj nyTa n, NpUBANKHO y
jeaHoj wectunu og n bauarsa gobuhiemo 1, ncrto Baxxkn v 3a
octane bpojeBe. Tako ga he npocek 6utn NpubnnKHO jegHak

L1+ 2.242.342.442.542.6
n

1 1 1 1
Z. 44 . Z.
63+6 +6 5+66

Heka je X pguckperna cnydajna npomensmusa. Taga je

EX =) =zf(z).




Buoctatncruka n ananmsa nogataka

L BeposatHoha

MaTemaTn4ko o4yekmBame

PayyHarbe MaTeMaTUYKOr OYEKNBaAHbA CIYHAJHNX NPOMEH/BUBMIX
g(X) xoje cy dbyHkunje og X (nnp. X2, X +1, (3X —2)2, uta.)

Eg(X) =) g(x)f(2).

m PauyHamo MaTeMaTuyko OYeKnBake KBagpaTa b6poja
LODVjeHOr Ha KOLKMLN

EX? = Z:UQf(x)
) 1 1

1 1 1 1
=12 422 - 432 - 442 452 467
R A R A S

91

6



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Hwncnep3snja

Heka je X puckpeTHa cayyajHa npomeH/buBa. Hbena pncnep3wvja
DX je

DX = E(X — EX)2

Teopema (Popmyna 3a padyHarbe gucnepsuje)

DX = EX? — (EX)2.



BIIIOCTBTMCTIIIKB 1 aHanu3a nogaTtaka
LBepoazrrﬂoﬁa

m [ate cy cny4ajHe npomeHsbuBe

x.( 1 4 7 v.( 4 4 45 46 47
{04 020 040 ) "7 "\ 0025 005 085 005 0025 )

m Moxemo nspadyHatn EX = 45, a Takohe u EY = 45. Nako cy
OYeKMBarba UCTa, Pacnogene Ce APacTUHHO pasnukyjy!

m PauyHamo gucnepsuje

DX = E(X — EX)®? = B(X — 45)°
= (15 — 45)% - 0.40 + (45 — 45)% - 0.20 + (75 — 45)* - 0.40
=360 + 0 + 360 = 720.

DY = E(Y — EY)?> = E(Y —45)°
= (43 — 45)% - 0.025 + (44 — 45)* - 0.05 4 (45 — 45)* - 0.85
+ (46 — 45)* - 0.05 + (47 — 45)* - 0.025
=0.1+0.05+0+0.05+0.1=0.3.

m [ucnep3uje Ham yKasyjy Ha CyLITUHCKY pasfuky y pacrnogenama



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Hwncnep3snja

m [pyru HayuH:

EX? =Y a*f(x)
=15%2.0.40 + 452 - 0.20 + 752 - 0.40 = 2745
EY? =) *f(y)
=43?.0.025 4 44% - 0.05 4 452 - 0.85 + 46 - 0.05
+47%.0.025 = 2025.3
DX = EX? — (EX)? = 2745 — 45% = 2745 — 2025 = 720
DY = EY? — (EY)? = 2025.3 — 45% = 2025.3 — 2025 = 0.3.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

OcobuHe MaTeMaTUYKOr OYeKMBatba U AuUCnep3nje

Teopema (OcobuHe mMaTeMaTU4KOr OHEKMBatbA)

Heka cy X n'Y cnyyajHe npomenmuBe n Heka je ¢ buno koju peanan 6poj.
Tapa Baxku:

m Fc=c¢;
m E(cX)=cEX;
m E(X+Y)=EX+EY.

Teopema (Ocobute gncnepsnje)

Heka cy X n'Y cnyyajHe npomeH/buBE U HEKa je ¢ buno Koju peanaH 6poj.
Tapa Baxku:

m Dc=0;
m D(cX) =c*DX.
Ako cy X n'Y He3aBucHe cryqajHe NpPOMEH/bUBE, OHAA BaXKu:

= D(X+Y)=DX +DY.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

BuHomHa pacnopena

m Tect ¢ 5 nutarba u no 4 nonyheHa ogrosopa — CrygeHT cnyyajHo bupa
oarosop — X — 6poj Ta4HUX OAroBopa

m BepoBaTHoha aa 3apaBo geTe fobuje 3aylike y KOHTaKTy ¢ obonenum
netetom je 10% — 15 3apase geue JOWAO je y KOHTaKT ¢ obonenum —
Y — 6poj geue koja cy ce pasbonena

m 20 /byAn aHKeTUPaHO je y BE3W Npeasiora Blaje — y Lesoj nonynaauuju
70% noppxaBsa oBaj npeanor — Z — 6poj aHKETUPaHNX KOjU NOAP>KABAjy
npeanaor

m EkcnepumeHT ce cacToju us dpukcHor u nosHator 6poj eTana n

m V CBakoj eTanu umamo ABa ucxopa: ‘ycnex“ u “Heycnex”

m llcxon y jeaHoj eTanm He yTuye Ha UCXOA Y APYroj, OHAOCHO eTane cy
He3aBUCHE 1 BepoBaTHOMe ycnexa Cy UCTe y CBaKoj eTanu

m CnyuajHa npomenssnea og nHtepeca je 6poj "ycnexa” y n erana



Buoctatncruka n ananmsa nogataka

L BeposatHoha

BuHomHa pacnopena

m Mimamo n ekcnepumeHaTa U y CBakoM NOCMaTpamMo Aa fin ce
goroano ogpehern gorahaj Koju Ha3MBaMO yCNexom.
EkcnepumeHTn cy melycobHo He3aBuCHM 1 BepoBaTHONa
ycnexa y CBakoM Of tUX je p. 3a Ciy4ajHy NpOMEHJbUBY KOja
npeacTaesba bpoj ycnexa y 7. OBaKBUX EKCMEPUMEHATA KaXKEMO
4a uva 6UHOMHY pacnogeny c napameTpuma n u p.

Heka cnyqajna npomernmusa X nma buHoMHy pacrnogesy ¢
napametpuma n u p. Taga je meHa pacriogena

)pz(lp)”_m, 3ar=0,1,2,...,n.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

m CrygeHT ogroeapa cny4ajHo Aa jegaH og Hetupn noHyfjena ogrosopa. Ha
TecTy uma net nutarwa. Konuka je BepoBaTHola Aa hie umaTu TayHo Tpn
TayHa ogroeopa? Konuka je ga fie nmaTu HajBuwe Tpu TayHa ogroeopa’?
A konuka ga fie umaTtu 6ap 4etupn TavHa ogrosopa?

Heka je X 6poj Taunux ogroeopa. Pacnogena 3a X je

flx) = <i)(i)z(i)5i 2 =0,1,2,3,4,5.

P{X:s}:f(3):(5)(1)3@)2:10 L9 _ 90 gy

3/\1) \4 6416 1024
1008
PIX <3} = J(0) + £(1) + £2) + £(3) = 1o ~ 98.4%
PLX24}:17PL¥<4}:17PLX§3}:igzzlﬁ%

> dbinom(3,size=5,p=1/4)
0.08789063

> pbinom(3,size=5,p=1/4)
0.984375

> rbinom(10,size=20,p=0.3)
6574663455



Buoctatncruka n ananmsa nogataka

BeposatHoha

BuHomHa pacnopena

I}
=]

Binomna raspodela zan=20,p=0.3

0123 465 6 7 8910 12

0.05 0.10

0.00

> x<-dbinom(0:15,size=20,p=0.3)
> barplot(x,names.arg=0:15, space=1,col="blue",main=expression(paste(
"Binomna raspodela za ",n==20,", ",p==0.3)))



Buoctatncruka n ananmsa nogataka

L BeposatHoha

BuHomHa pacnopena

Heka cnydajHa npomernmusa X nma buHomHy pacnogeny. Taga
BaXxu

EX =np, DX =np(1—p).

m AnketupaHo je 20 sbyan y BE3W C Npeasiorom Bnage. 3a CBakor Of, Hux
Ham je 70% wance ga je “3a”.

MaTtemaTuuko o4deknBarse bpoja aHkeTUpaHUx Koju cy “sa” je
p=np=20-07=14.

Oucnepanja je 0 = np(1 —p) = 20-0.7-0.3 = 4.2.
CrangapaHo oactynamse je o = /4.2 = 2.049.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[eomeTpujcka pacnogena

m Mrpay pyneta cBakum nyT ynake Ha LpBeHO — 6poj usrybrbeHnx naptuja
npe npeor AobuTka

m Mrpa “He myTn ce yoeeye” — 6poj HeycnewHux H6auarba npe nojase
wecTuue

m [abarbe y meTy — 6poj nokyLaja npe NpBOr NMOroTka y LeHTap

m V CBakoj eTanu umamo ABa ucxopa: ‘ycnex“ u “Heycnex*
m ExcnepumeHT ce oaBuja cBe Ao nojaee npeor "ycnexa“

m llcxon y jeaHoj eTanm He yTuye Ha UCXOA Y APYroj, OHAOCHO eTane cy
He3aBUCHE 1 BepoBaTHoMe ycnexa Cy UCTe y CBaKoj eTanu

m CnydajHa npomeHsbUBa o4 MHTepeca je 6poj ocTBapeHux "Heycnexa '



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[eomeTpujcka pacnogena

Heka cny4ajna npomerssusa X nma reoMeTpujCcKy pacrogeny C
napametpom p. Taga je weHa pacnogena

f(z)=p(1—p)*, z.axz=0,1,2,....

m MaTtemaTnyko o4eKnBare 1 AUCNep3unja ciydajHe npomeHssuse X Koja uma
reomMeTpunjcKy pacnofeny ¢ napameTpom p cy

1-p 1—p

EX = nDX = —
p

m [eomerpnjcka pacnogena moxe ce gecbriHucaT n Kao pacnogena 6poja
N3BefleHUX eKCnepuMeHaTa, WTo je 6poj OCTBapeHMX Heycnexa NAyC jefaH ycnex.
Vkonuko Y uma oBakBy reometpujcky pacnogeny, saxu ¥ = X + 1, rge X
MMa ropeHaBefeHy reomeTpujcky pacnogeny. Pacnogena za Y je

fly)y=p(l—p)¥ ' zay=12....



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[eomeTpujcka pacnogena

m Koukwuua ce 6aua go nojase wectuue. VI3pavyHatu seposaTHoliy ga je npe
nojaee wecTtuue 6nno 4eTnpn HecynewHa nokywaja. Konuka je BepoeatHoha pa
je wectuua gobujeHa npe veTspror 6auarka (Tj. Aa je npe wectuue 6uno
HajBMLIE ABA HeyCrnellHa nokywaja)?

Bpoj 6auara npe gobujara wectuye X nma reoMeTpurjcky pacnogeny ¢
BepoBaTHohom ycnexa 1, na je

rgeom(10,probability=1/6)
16055131519

3
1 5\4 625
P{X =4 — (=) = —— =0.0804.
{ b=5) = 6 (6) 7776
25
P{X <3 0 - 4+ — + — =0.4213.
X <8} = JO) + S+ Q) = ¢ + o+ 2=
> dgeom(4,probability=1/6)
0.08037551
> pgeom(2,probability=1/6)
0.4212963
>
3



Buoctatncruka n ananmsa nogataka

BeposatHoha

[eomeTpujcka pacnogena

Geometrijska raspodela za p= 0.3

N ‘ |
s
IIIII.I--_____

0123 465 6 7 8910 12

0.30

0.10

0.00

> x<-dgeom(0:15,prob=0.3)
> barplot(x,names.arg=0:15, space=1,col="blue",main=expression(paste(
"Geometrijska raspodela za ",p==0.3)))



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[lyacoHoBa pacnogena

m Bpoj gorafaja koju ce goroge 3a Heko oppefeHo Bpeme 4ecTo
npeacrasbamo [yacoHoBom pacnogenom

m [lpumepn: 6poj aytomobuna koju npohy Kpo3 HannaTHy pamny 3a caT
BpemeHa, 6poj swyan koju yhy y nposasHuuy y TOKy jeaHor aaHa, 6poj
TenedoHCKUX NO3MBa y NONNLMJCKO] CTAHULM Y TOKY OA ABa caTa UTH.

m [lyacoHoBa pacrnoaena uma napameTap A KOju NpefcTaB/ba CPeftbh
(ouekmBaHn) 6poj Takeux gorafjaja 3a To Bpeme.

lNyaconosa pacnogena Cny4yajua npomensusa X uma [llyaconosy pacrnogeny
ako je
—Ay
e A
flz) = = ,e=0,1,2,...,

rpe je e = 2.72.



BIIIOCTBTVICTIIIKB 1 aHanu3a nogaTtaka
LBepoaa-rﬂoﬁa

® V noanuynjcky ctaHuugy cTuxe y npoceky 11 nosmea Ha carT.
Konuka je BepoBaTHoha ga y nepuogy og 7 go 7:15 yjyTpy
Hefie 6GuTy nosuea?

A=11-1 =2.75.

2759 750

i ~ 2.727275 = 0.064.

P{X =0} =

> dpois(0,lambda=2.75)
0.06392786

> rpois(10,lambda=3)
1452163563

m Ako X uma llyacoHoBy pacnogeny c napameTpom A, Taga je
EX =\, aTakohe n DX = ).



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[lyacoHoBa pacnogena

Puasonova raspodela za A =4

0123 465 6 7 8910 12 14

005 0.10 0.5

0.00

> x<-dpois(0:15,lambda=4)
> barplot(x,names.arg=0:15, space=1,col="blue",main=expression(paste(
"Puasonova raspodela za ",lambda==4)))



Buoctatncruka n ananmsa nogataka

L BeposatHoha

PauyHarbe 6iHOMHUNX BepoBaTHoha npeko [lyacoHoBux

B VKONUKO je n BeNnNKo, a p Takeo Aa je np < 10, buHomHe BepoBaTHohe
mory npubnmxHo ga ce uspadyHajy kopuwherem lNyacoHosux

z!

m KoHTurenT of 2000 chnawa ce npeeosn, a 3a cBaky donawly BepoeaTHoha ga ce
pas6buje je 0.003. Konuka je BepoBaTHORa ga ce pasbujy ase dnawe? A 6ap
ABe cpnawe?

X — 6poj pazbujennx dpnawa; n = 2000 — senuko; np = 2000 - 0.003 = 6 < 10.
2.727662

)0.0032 (0.997)"997 ~ =5 = 0.044

2000
PLx =2} = (

2
2.727%6% 2.72=%6!

0! 1!

P{X>2}=1-P{X=0}-P{X=1}~1— 0.98.
KBanuTeT anpokcumauumje

> dbinom(2,2000,0.003)

0.04446124

> dpois(2,6)

0.04461754



Buoctatncruka n ananmsa nogataka

L BeposatHoha

HenpekunpgHe cnyyajHe npomeHsbuBe

Heka je X nenpekngHa cnydajHa npomenssuea. Hbena ryctuna pacnogene f(z) mopa
[a 3af0BO/baBa

m f(z) > 0 3a cBako x
B VkynHa nospwmHa ncnog rpacduka dyvkumje f jegHaka je 1.

m BepoeatHoha ga X yame BpegHocT usmehy 6uno koje aee BpeaHoOCTN a 1 b,
P{a < X < b} jeanaka je noepwmnHn ncnog rpachuka dyrkumje f og a go b.

m Huje 6utHO pga sin cy kpajie Tauke yksbydeHe, BeposaTHoha je yBek ucTa, Tj.

Pla< X <b}=P{a< X <b}
=Pla< X <b}
=P{a< X <b}

m BeposatHolie kog Befiune pacnogena paqyHajy ce n3 Tabauua (nan
kopufiersem padyHapa)



Buoctatncruka n ananmsa nogataka

L BeposatHoha

HenpekungHe BepoBaTHOhe

m X — Bpeme NpBOr no3uea y NOAMLMJCKOj CTAHMLM Y NPBUX MOMa CaTa pagHor
BpemeHa (7:30-8:00). Hujegan nepuog yHyTap oBuX nosa carta Huje
BepoBaTHUju og Apyrux. Konuka je BeposaTHoha aa npsu nosne 6yae nsmehy
7:35 n 7:457

MHTepBan kaga je nosme moryh gyr je 30 MuHyTa — CBakun Ae0 OBOF MHTepBana je
jepHako sepoaTaH — f(x) = %. OgakBa pacnogena Ha3mea Ce paBHOMEPHOM.

%/2

T T T T T
0 5 20 25 30

1/30

Cnuka: P{5 <X < 1]-?)}
PBE<X <15} =10 — = —.
30



Buoctatncruka n ananmsa nogataka

L’BEPOBZTHOﬁa

HenpekungHe BepoBaTHOhe

m X — XKVUBOTHU BeK jeAuHke (HNp. y rogMHama) — ryctmHa pacnogene
f(x) =e %, > 0. Konnka je BepoBaTHOla Aa KOHKPeTHA jeAMHKa yMpe
n3mely npee n Tpehe roguHe xusota? Nocne konvko BpemeHa je BepoBaTHoha
na jepnHka Huje xusa 80%7?

m Osa pacnogena npunaga rpynu €KCNOHEHLMjANHUX Pacnogena 4vumje cy ryctuHe
f(x) = Xe™ %, 2 > 0, rge je A > 0 napameTap cTOne CMpPTHOCTH.

3
/ e %dr =e ' —e "3 =0.318.
1

00 02 04 06 08 10

> pexp(3,rate=1)-pexp(1l,rate=1)
Cnuka: P{l <X < 3} 0.3180924

T
/ e Pdr=1—e""=08, z=-1In0.2=1.61
0

00 02 04 06 08 10

o

Cnuka: P{O <X < Zl‘}

> qexp(0.8,rate=1)
1.609438



Buoctatncruka n ananmsa nogataka

L BeposatHoha

MaTemaTnyko oyeknBare U gucnepsuja

B MaTemMaTn4ko OYeKMBatbe 1 AUCNEP3Mja HEMPEKNAHNX
MPOMEH/bUBUX AedUHULLY CE KAo

EX = / x)dr n DX = / (z — EX)?dx

m MatemaTnuKo O4eKMBarbe UAN CPEAH-A BPEAHOCT MpPeLCTaBs/ba
TeXXMLWTe pacnogene

m Kog cumeTpnyHmx pacnogena mMaTeMaTUyko OHeKMBatbe j€ Ha
CpeauHu 1 jeaHako je Takofje n megmjaHu (a 4ecTo u mMopm)
pacrnogene

m [ucnepsuja oapehyje 0bank pacrnogene, wto je Beha rpacduk
je “n/wocHaTujn”, a WwWTO je Mama rpaduk je “cy>keHujn” oko
Cpearse BPeAHOCTH



Buoctatncruka n ananmsa nogataka

L BeposatHoha

HopmanHa pacnogena

m Otkpueena y 18. Beky kao pacrnogena rpewke aCTpoHOMCKMX
ocMaTparba

® JeaHa of Haj3HAYajHMjUX PACMOAeNa y aHanu3y nojaTaka,
HapO4YNTO Y NMPUPOAHUM HAayKaMa, MeLULMHU N UHXKEHEPCTBY

m BehuvHa cTaTucTuykux metoda npaee ce 3a NOJATKe YNpaBo
N3 HOPMaJIHe pacnogene

Hedbunnunja

CnyyajHa npomenmusa uma Hopmany pacrnogeny N(p,0?), ¢
MaTeMaTUYKUM OHEKUBALEM |1 U JUCTIEP3NJOM T2, YKOIUKO je
HeHa ryctuHa pacriogene obsvka
1 ,l(wﬂt)z
f(z) = —=e"2""= /", 3acBako peasHo .

V2mo?




Buoctatncruka n ananmsa nogataka

L BeposatHoha

OcobuHe HopmanHe pacnogene

m [padhmk cBake HOpMasnHe pacnogesie je CUMETPUYHA, 3BOHACTA KPUBa 4umja je
cpeguniHa jegHaka u

m [lpeBoju KpuBe cy y Ta4kama 4t — o u g+ o
m [ucnepsuja o2 ogpelyje 061K Kpnse
m [loBpwwHa ucnog uene kpuee jeaHaka je 1

m BepoBaTHolia ga je HopmanHa ciiydajHa npoMeHsbMBaA jeaHaka Hekom 6pojy je 0,
a BeposaTHohie ga y3me BpegHOCT n3 Hekor mHTepsana (a,b) je nosplumMHa
ncnop rpaduka nsmehy a n b

w-s  u u+o =ty a

Cnuka: Hopmanua pacnogena Cnuxa: Paznuunte gucnepsuje Cnuka: P{a < Z < b}

X :N(ux,ag(), Y:N(,uy,o%,), nwx = py, O‘g( > a'%



Buoctatncruka n ananmsa nogataka

L BeposatHoha

HopmanHe BepoBaTHOhe

m Kako padyHamo HopmanHe BepoBaTHofie?

m [loBplwmHa ucnop rpacdbuka jeaHaka je uHTerpany

b b
1 1lrz—pN\2
P{a<Z<b}:/f(:c)dx:/ e 205 ) dy
a a V27T02
m OBaj uHTerpan He Moxe ce ogpeautu, seh ce camo 3a
KOHKPETHE a 1 b MOoXxe NpubanNKHO n3padyHaTn

m l13padyHaTe BpegHOCTM Cy TpaguumoHanHo tabennpane y
cTaTUCTUYKUM Tabnamuama, ann gaHac ce yrnaBHOM ogpehyjy
nomMohy padyHapa



Buoctatncruka n ananmsa nogataka

L BeposatHoha

CraHpgapaHa HopMasHa pacnogena

Hedunnunja

CnydajHa npoMeH/bMBa KOja MMa HOPMaJIHy Pacriofeny ca
cpearom spegHowhy = 0 u gucnepanjom o = 1 Hasusa ce
CTaH[apAHOM HOPMANHOM Pacnofesnom.

m CraHpapgHa HopmasiHa pacrnojena je 3Ha4ajHa jep CBe CBe
Apyre JAVHeapHOM TPaHC(OPMAaLMjOM MOTY CBECTU Ha kby
m Ako Z nma HopmasiHy pacnogeny (He obasesHo cTaHpapaHy),
Ha OCHOBY CTaHAapAHEe HOpMasHe pacnogene obu4Ho
pewaBamMo cnegehe ape BpcTe npobnema:
m 3a gato z padyHamo BeposaTHofie obnmka P{Z < z},
P{Z > x} ncn.
m 3a paTy BepoBaTHOMy p padyHaMO BpefHOCTW T Tako Aa je
P{Z <z} =p P{Z>zx}=pwncn



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Yutarbe Tabnuua ctaHgapaHe HOpMasHe pacrnoaene

Dynkunja crangapaHe Hopmanne pacnogene P{Z < z}
x 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09

0.0 0.5000 0.5040 0.5080 0.5120 0.5160 0.5199 0.5239 0.5279 0.5319 0.5359
0.1 0.5398 0.5438 0.5478 0.5517 0.5557 0.5596 0.5636 0.5675 0.5714 0.5753
0.2 0.5793 0.5832 0.5871 0.5910 0.5948 0.5987 0.6026 0.6064 0.6103 0.6141
0.3 0.6179 0.6217 0.6255 0.6293 0.6331 0.6368 0.6406 0.6443 0.6480 0.6517
0.4 0.6554 0.6591 0.6628 0.6664 0.6700 0.6736 0.6772 0.6808 0.6844 0.6879
1.4 0.9192 0.9207 0.9222 0.9236 0.9251 0.9265 0.9279 0.9292 0.9306 0.9319
15 0.9332 0.9345 0.9357 0.9370 0.9382 0.9394 0.9406 0.9418 0.9429 0.9441
1.6 0.9452 0.9463 0.9474 0.9484 0.9495 0.9505 0.9515 0.9525 0.9535 0.9545
1.7 0.9554 0.9564 0.9573 0.9582 0.9591 0.9599 0.9608 0.9616 0.9625 0.9633
1.8 0.9641 0.9649 0.9656 0.9664 0.9671 0.9678 0.9686 0.9693 0.9699 0.9706
19 0.9713 0.9719 0.9726 0.9732 0.9738 0.9744 0.9750 0.9756 0.9761 0.9767
38 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999 0.9999
39 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000 1.0000

Ako je —4 <z < 4, oHpa ce P{Z < x} umuta us tabnuuye
P{Z < 1.75} = P{Z < 1.7+ 0.05} = 0.9599
P{Z < 0.39} = P{Z < 0.3+ 0.09} = 0.6517
P{Z<z}=0arojex < —4; P{Z<z}=1akojez >4



Buoctatncruka n ananmsa nogataka

L’BEPOBZTHOﬁa

CranpgapaHa HopmanHa pacnogena — R dyHkuunje

CrydajHa npoMeH/BMBa Z UMa CTaHOapAHY HOPMaliHy pacnogesy

m BepoeatHohy gorafaja P{Z < z} pauyHamo pyrkumjom pnorm(z).
> pnorm(1.25)
0.8943502
> pnorm(-0.73)
0.2326951

m Bpegroct z 3a kojy je P{Z < x} = p pauyHamo dyHkunjom gnorm(p).
> qnorm(0.95)
1.644854
> gnorm(0.50)
0
m Bpegroct ryctune pacnogene y taukn z, f(z), padyHamo yHKUMjom
dnorm(z)
> dnorm(0.20)
0.3910427
m Cnyyajun y3opak obuma n (Tj. n peanusauyuja ekCcnepumeHTa CiyHajHe
npomensbuee Z) fobujamo cyHkymjom rnorm(n)
> rnorm(5)
0.8797865 2.4125970 0.9575995 0.6599810 -1.1878357.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

CraHpgapaHa HopMasHa pacnogena

Z — CTaHAapAHa HOpPMasHa — >XXeNnmo Aa mapadvyHamo cnegehe BeposaTHohe:
P{Z >1.52}, P{—1.53 < Z < 1.62}

P{Z>152}=1— P{Z < 1.52}
=1-0.9357
=0.0643

00 01 02 03 04

Crukar PL7 > 1.521

P{-1.53 < Z < 1.62}
=P{Z < 1.62} — P{Z < —1.53}
=0.9474 — 0.0639
Crumka: P{—1.53 < Z < 1.62} =0.8844.

00 01 02 03 04

153 162



Buoctatncruka n ananmsa nogataka

L BeposatHoha

CraHpgapaHa HopMasHa pacnogena

Z — cTaHfapAHa HOpMasHa — >KeNnMo Ja u3padvyHamo cnepehie BpegHocTu x:
P{Z <z}=0.59, P{—x < Z <z} =0.80

00 01 02 03 04

Crukar P{7 < 2} = 0.59

00 01 02 03 04

Cnuka: P{*iﬂ < Z< CE} = 0.80

Tpaxumo z 3a koje Baxu ga je P{Z <
z} = 0.59. ®ynkumjom gnorm(0.59)
gobujamo 0.23, na je x = 0.23.

Tpaxumo x 3a Koje Baxm f[a je
P{—z < Z < z} = 0.80. Bugumo
c rpacnka pa je onga P{Z < z} =
0.90. Pynkumjom qnorm(0.90) aobu-
jamo 1.28, na je z = 1.28.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

HopmanHa pacnogena

m Kako payyHamo BepoBaTHONE M3 HOpMaJsHe pacnogene Koja
Huje cTaHgapgHa?

Teopema (Teopema craHgapansaunje)

Heka cny4ajHa npomerssuBa Z nmMa HOPMaJiHy pacnogeny ca
cpearbom BpegHowhy [ n gucnepanjom 0. Taga ciydajHa
MPOMEHIbUBA
Z—p

o

A

vUMa CTaHZapAHy HOpMaJsiHy pacrogeny. Z* ce Ha3nsa
CTaHAAPAN3aLUUJOM CNyHaJHE NPOMEH/bUBE /.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

HopmanHa pacnogena

Maca Z (y kr.) usrybsmeHa nocne jeaHoHefesbHE AnjeTe MMa HOPMAsHY
pacnogeny ca u = 12 n 02 = 9. Konuka je seposatHoha aa Heko nsrybu marbe
og 8 knnorpama?

00 01 02 03 04

000 004 008 012

Cnnka: P{Z <8 812 Cnuka: P{Z* < 71333}
P{z <8} =P{2" < = } = P{Z* < —1.333} = 0.0912.

V cbyHkumjy pnorm mory ce ybaunTu n napaMeTpu HOpMasiHe pacnogene, nporpam he
y TOM CAyyajy cam W3BpLUNTYM CTaHAApAnM3aLlunjy.

> pnorm(8,mean=12,sd=3)

0.09121122



Buoctatncruka n ananmsa nogataka

L BeposatHoha

[pasuna 1o, 20 n 30

Heka cny4ajua npomennusa Z uma nopmany pacnogeny N (u, 02). Taga Baxku:
1) BeposaTtHoha fla Z OACTYnu Of CBOr MaTEMaTUYKOI OYEKUBArbA HajBULLIE 33
JjegHo ctangapgHo ogctyname je npubanxho 0.68
P{p—0<Z<p+o}~0.68
2) BeposatHoha fa Z oncTynu o CBOr MaTEMAaTUHKOI OHEKMBAH-A HAjBULLE 33 fBA
CTaHfZapAHa o4CTynawa je npubnavxkHo 0.95
P{p—20<Z<p+20}~0.95
3) BeposatHoha na Z OACTynu OF CBOI MaTeMaTUYKOI OHEKUBAHA HAJBUALIE 33 TPU
CTaHfAapAHa of4CTynawa je npubavkHo 0.99
P{u—30c<Z<p+3c}~0.99

n-30 " n+30

Cnuka: lMpasuno 1o Cauka: [Mpasuno 20

Cnuka: [MpaBsuno 3o



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Anpokcumaumja 6UHOMHe pacnogene HOpMaaHOM

X vma buHomHy pacnogeny rge jen=5up=0.35

f(z) = <i> 0.35%0.65°%

£(0) = 0.1160
£(1) = 0.3124
£(2) = 0.3364
£(3) =0.1811
£(4) = 0.0488
£(5) = 0.0052

000 0.10 020 030

0 1 2 3 4

Cruka: [pacbnukn npukas f(x)

5



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Anpokcumaumja 6UHOMHe pacnogene HOpMaaHOM

I'pacdbnykm nprkas 6uHoMHNx BepoBaTHoha 3a p = 0.35

020 030

010

00 01 02 03 04

000

0 1 2 3 4 o 1 2 3 4 5 6 7 8

Cruea-m =4 nn=114 Crmvear . = R nn =2 KR

020
020
)

010

0.00
0.00

001 2 3 4 5 6 7 8 9 10 11 12 01234567891 12 14 16

Crnka: m = 12, np = 4.2 Cnnka: m = 16, np = 5.6



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Anpokcumaumja 6UHOMHe pacnogene HOpMaaHOM

X uma bunomHy pacnogeny rge je n = 20 n p = 0.3. Pauynamo P{X < 5}.

0.00 0.05 0.10 0.15 0.20
0.00 0.05 0.10 0.15 0.20

12

Cnuxa: BuHomHa BeposatHofia Cnuka: Hopmanna seposatHoha
n =20, p=0.3 uw=np==6, o= np(l—p):205
P{X <5} =0.0008 + 0.0068 + 0.0279 Z — 55—6
{ ) P{Z§5.5}:P{7M < }
+0.716 4+ 0.1304 + 0.1789 o 2.05

= 0.4164 = P{Z* < —0.24} = 0.4052



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Anpokcumaumja 6UHOMHe pacnogene HOpMaaHOM

Heka X uvma buHomHy pacriogeny ¢ napamerpuma n n p. Ykonuko
Jjep<05unp>5ump>0.5un(l—p)>5, Taga, 3a
npupogHe bpojese a u b Baxkn

P{angb}%P{a—0.5—np<Z*<b+0.5—np}’

Vvnp(l—=p) —  y/np(1—p)

rae Z* vma CTaHgapAHy HOPMaJsiHy pacriofey.



Buoctatncruka n ananmsa nogataka

L BeposatHoha

Anpokcumaumja 6UHOMHe pacnogene HOpMaaHOM

Konunka je BepoBaTHoha pa je mehy 49 yyeHuka wux 7 poljeHo y Hegemy? A konumka
Aa je TakBUX yyeHuka euwe og 107
X - 6poj yyeHunka poljeHnx y Heaesby uma 6UHOMHY pacnopeny rae je n =49 n

p=1/7.
p < 0.5, np=7T7>5- KOPUCTUMO HOPMANHY aNpPOKCUMaLM]y

657 _ . _T5-T

V6 T T 6
= P{-0.204 < Z* < 0.204} = 0.5808 — 0.4192 = 0.1616.

P{X:?}:P{7§X§7}wp{

10.5—7
V6
= P{Z* > 1.43} = 0.0764.

P{X>10}:P{11§X}zP{ gz*}

KBeannteT anpokcumauyuje

> dbinom(7,size=49,p=1/7)
0.1608958

> 1-pbinom(10,size=49,p=1/7)
0.0820548



Buoctatncruka n ananmsa nogataka

L Crarncruka

BpCTe CTAaTUCTUHKOI 3aKJbyHNBaha

m OuerbnBarbe HEMO3HATMX NapameTapa

] TECTI/IpaH:e CTAaTUCTUHKUX XNMOTE3a

Mpunvkom npoyyaBarba KpUMMHAMA Nonynaumjy 4nHe cee ocobe crapuje og 16
roguHa koju cy ocyfjeHn 360r HeKor KpMBMYHOT fena. 3aHmma Hac:

1) Konukn je cpegru 6poj rognna obpasosarsa y Toj nonynauujn?
2) [Oa nn je sefinna 4nanoBa nonynaumje yxanwena 6ap jeAHOM Npe HEro wTo je
npeu nyT ocyhena?

1)— OUEeHNBaHEe NAPAMETPA - npumerbyje Ce Kaj HEMAaMO MPeTXOAHA
3HaHa O MapameTpy
2) TeCTUpaHe XNMOTE3E - npumersyje Ce Kaga NMaMo MPeTnoCTaBKy Of
npaBoj BPeAHOCTU HEMO3HATOr napaMeTpa — y NpuMepy Aa je npoueHaT
npetxoaHo yxanwenux sefin og 50%
3ajeaHnydko 3a oba npucrtyna je

m Opgpehusare nonynauuje

m OgpeljuBarse cny4yajHe npoMeHs/bMBE KOjy NPOyHaBamo

m Oppefjnearbe napameTapa of BaXKHOCTH
m ll3Bnayerse y3opka u3 nonynauuje



Buoctatncruka n ananmsa nogataka

L Crarncruka

V3opak

m [lpe n3Bofjerva cTaTucTykor 3aksbyqka Tpeba Hajnpe n3syhin
CNyYajHu y30pak

m Oppegumo obum y3sopka

m EsnemenTe nonynayuje Ha KojiMa MEPMMO BPEAHOCT CjydajHe
NMPOMeH/bUBE BUpaMo CllyHajHO Npeko Tabauue caydajHux
bpojesa nan kopuwhierbem padyHapa

m [lpe n3bopa enemeHaTa nonynauuje eleMeHTU y30pKa
X1,...,X, cy ciydajHe NpOMeH/bUBE, @ Kag U3MEPNMO
BPeAHOCTU AobUjaMO HUXOBE peanusaluje

Hedunnunja

Cny4dajum y3opak u3 pacrnogese 3a X 4uHe C/yHajHe MpOMEH/bUBE
X1,...,X,, koje cy mehycobHo He3aBUCHe N UMajy UCTY
pacnogeny kao X.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TaykacTe oueHe

m TaukacTa oueHa HenosHaTor napameTpa 6 je Heka cTatuctuka 1’ yuje
BpefHOCTU Aajy fobpy npoueHy O BPefHOCTU TOr napamerpa

m Ouena T je cnyyajHa NpomMeH/bMBA jep 3a pasinynTe y30pKke y3uma
pasnnynTe BPeAHOCTU, OHA HuKag Hefie 6uTn Gaw jegHaka 0, anu ce
HagamMo aa gaje pobpy npoueHy

m KBanuTeTHe TavykacTe OLEHE MOXKE/bHO j€ 43 UCMYHABAjy HEKE YCIIOBE:

1) pa Byay HenpucTpacHe, Tj. Aa je MaTEMATUYKO OHEKNBAHE OLEHE jeHAKO

napameTpy
2) pa M je pucnepsmnja Mana Kaj je n Bennko (Tj. TeXU HyIn Kaj n — oo)

m TauykacTe oueHe Hajyewhe HaNasMMoO MPUHLUMNOM 3aMEHE WU METOAOM
MaKCUMaJsiHE BEPOAOCTOjHOCTH

B [lprHynn 3ameHe Tpaxkn WTa NPeACTaB/ba NapaMerap y nonynaumjn n
oueryje ra oagroeapajyhoM ctatucTukom uns ysopka

B MeTog MakcMManHe BepOAOCTOJHOCTM padyHa BepoaTHohy gobujarsa
KOHKPETHOT y30pKa Kao (PyHKLMjy HEMO3HATOr napameTpa u ouekyje
napameTap BpegHoLuhy 3a Kojy cpyHKLMja AOCTUXKE MAKCUMYM



Buoctatncruka n ananmsa nogataka

L Crarncruka

TauykacTa oueHa napameTpa

m [lpeTnocTaBrMO Aa MMamo nonynayujy U Ha H0j AebuHnCcaHy

cny4dajHy npomeHsbuy X 4uju Cy Cpearba BPeaHOCT [t 1
AVChep3vja o2 Hemo3HaTy

m Taukacra oueHa napamMeTpa f je y30padvka CpeanHa
X = im1 Xi

n

o2

m Ouera X nma obe noxessHe ocobure, EX = pun DX = <,
LWITO je MaJsio Kafa je 1 BEJINKO.

Tpaxkumo oueHy nocedHor 6poja NpoaaTUx CEHABMYA Y TOKY jeaHe Heperse. Ha
y30pky obnma 16 pobunmn cmo cnepehie BpegHOCTM

905 975 783 900
1000 950 1003 789
800 600 850 913
795 925 875 810

Ha ocHoBy oBor y3opka obuma 16 gobuja ce T = 867.1 wTo je TaykacTa oueHa

napamertpa p.



Buoctatncruka n ananmsa nogataka

L Crarncruka

NHTepBanu noeepemsa

Hedunuunja

3a nnrepsan (G1,G2) kaxemo ga je 100(1 — )% wuntepsan
nosepersa 3a napamerap 6 ykonuko cy G1 v Go cTaTucTnke Takse
Aa Baxu

P{GlSHSGQ}:l_O[7
6e3 063upa Ha npasBy BpegHOCT napametpa 0.

m 3a ogpeljuBarse rpavuua uxtepsana (U3 ogrosapajyhinx
BeposaTHoha) Tpeba Ham pacnogena Heke cayyajHe
MPOMEH/bUBE



Buoctatncruka n ananmsa nogataka

L Crarncruka

NHTepBan nosepera 3a i

Teopema

Heka je X1,..., X, y3opak obuma n u3 HopmasHe pacnogene ¢
napametrpuma p v o. Taga X nma HOpMAaJIHy pacrnogesny 4uja je
Cpearby BpesocT |1 u gucnep3auja o /n.

m Ha ocHoBy cTaHgapausaunje Z = % 7 VMa CTaHZapaHy
HOpManHy pacnogeny

B VKOJINKO y30paK HUje U3 HOPMaJiHe, HEro U3 Heke apyre
pacriogesie 4nja je cpeara BPEAHOCT [, @ gucriep3unja o2,
oHZa Z pobujeHo roprom GOpMYSIOM HEMA HOPMaJIHY
pacnogeny, ann 3a Besmko n (n > 25) uma npubanxHo

HOpPMaJIHy pacnogeny



Buoctatncruka n ananmsa nogataka

L Crarncruka

NuTepean noseperba 3a ji Kaj je 0> No3HaToO

Tpaxumo 90% mnHTepsan noseperba 3a cpearsy 6poj CeHABUYA NPOAATUX Y TOKY
Hepesbe y jegHom dpact dyg pectopany. [lpetnoctaBumo fa je gucnepsuja, Ha OCHOBY
HEeKMX CTapux UcTpa>kneama jegHaka 100. V y3opky obuma 16 mspayyHanm cmo

Tz =2867.1. _
MowTo Z = X;“ N UMa HOPMaJiHy pacnogeny, OHAA BaXKu Aa je
P{-1.645 < Z < 1.645} = 0.90 (qnorm(0.95))

X —
P{ —1.645 < “\/ﬁ < 1.645} —0.90

P{X—16457<,M<X+1645 = 0.90,

na je TPa>keHU MHTEPBAsN MOBEpPEHA

— g = g
X —1.645-= < < X +1.645—
( T SHsAT ﬁ)

3a Haw y3sopak gobujamo nHTepsan (826.0,908.2). 3a ppyre ysopke pobunn 6ucmo

Apyraudnje uHTepeane.



Buoctatncruka n ananmsa nogataka

L Crarncruka

NuTepean noseperba 3a ji Kaj je 0> No3HaToO

LllTa 3Haum Aa mMamMo noBepere Of __
90%7? To 3Haum pga he 90% ysopaka ——
“yxgaTuTn” BpepHocT i, a 10% he ra
npomawnTtn. Mu “Bepyjemo” aa je Haw
y30paK OHaj koju “xBaTa” npasy Bpeg-
HOCT HEMO3HATOr napameTpa.

Cnuka: InTepBanu noeepersa 3a i

Heka je X1,..., X, cay4ajum y3opak obuma n 13 HOpMajaHe pacnofene ¢
napameTpuma p v no3natom spegrowhy o2. 100(1 — )% uHTepsan nosepersa 3a p je

— o _
<sza/27 XJrZa/Q

Xt ren )

rae je zq o Takeo Aa je P{Z >z, o} = § (nosplmna pecHo og zq /3 je 5 )-



Buoctatncruka n ananmsa nogataka

L Crarncruka

CrynenTtoBa 1" pacnogena

LLita ga pagumo ako o Huje nosHaTo? OuerbyjemMO ra y3opadykum CTaHZAPAHUM
oactynarbem S 1 OHAA Ce pacrnopesia Mera.

Kag oueHnmo napamertap o cratuc-
Tukom S, Tapa

X—p

g Vn

00 01 02 03 04

nma Crypentosy T' pacnogeny. Cnnka: CTyeHTOBE pacnoaene

Ocobune CTygeHTOBMX pacnogena
m Ceaka CrygenToBa pacnogena uma jegaH napametap v, 6poj crteneHu cnobope
m CrypeHTOBa pacrnopesna je HenpekngHa

Ipachuk je cmeTpryaH OKO Hyne, Cpearba BPeAHOCT je Hyna

MapameTtap v yTn4e Ha gucnep3ujy, WTO je oH Behn, gucnep3unja je marba

Kapa je v Bennko, CtygeHTOBa pacnogena je npubnnikHa CTaHZapaHoj
HOPMaJIHOj



Buoctatncruka n ananmsa nogataka

L Crarncruka

Tabnnua CtyneHToBUX pacnogena

CrypenTtoBa pacnogena - speaHocTu x Takee aa je P{T, < z} =p

p
v 0.6000.6670.7500.8000.8750.9000.950 0.975 0.990 0.995 0.999

0.3250.5771.0001.3762.414 3.0786.314 12.706 31.821 63.657 318.31
0.2890.5000.8161.061 1.604 1.8862.920 4.303 6.965 9.92522.327
0.2770.4760.7650.978 1.4231.6382.353 3.182 4.541 5.84110.215
0.2710.4640.7410.9411.3441.5332.132 2.776 3.747 4.604 7.173
0.267 0.4570.7270.9201.3011.4762.015 2.571 3.365 4.032 5.893
0.2650.4530.7180.906 1.2731.4401.943 2.447 3.143 3.707 5.208

o UTE WN -

28 0.2560.4350.6830.8551.1751.3131.701 2.048 2.467 2.763 3.408
29 0.2560.4350.6830.8541.1741.3111.699 2.045 2.462 2.756 3.396
30 0.2560.4350.6830.8541.1731.3101.697 2.042 2.457 2.750 3.385

55 0.2550.4330.6790.8481.1631.2971.673 2.004 2.396 2.668 3.245
60 0.2540.4330.6790.8481.1621.2961.671 2.000 2.390 2.660 3.232
oo 0.2530.4310.6740.8421.1501.2821.645 1.960 2.326 2.576 3.090

m Tpaxumo z Takso ga je P{T5 < 2} = 0.95 — n3 Tabnnue Bugnmo aa je
x = 2.015.

m Tpaxumo z takeo aa je P{T5 < 2} = 0.05 — nospimHa je marba og 1/2, na
je x veratmeHo P{Ts < —z} = 0.95, na je z = —2.015.

m Tpaxumo z Takso ga je P{T> > z} = 0.025 — onga je P{T> < =} = 0.975,
na je z = 4.303



Buoctatncruka n ananmsa nogataka

L Crarncruka

CrypeHToBa pacnogena - R dyHkuymje

m BeposatHoliy gorafjaja P{T, < x} padyHamo dyHkumjom pt(z,df =v).
> pt(1.25,df=10)
0.8801197
m BpegHocT z 323 kojy je P{T, < z} = p padyHamo dyHkumnjom qt(p,df = v).
> qt(0.95,df=5)
2.015048

m Tpaxumo z Takeo aa je P{—x < Tis <z} = 0.90

00 01 02 03 04

1753 1.753

Cnnka: P{*LE <Tis < I} = 0.90

Buaumo pa je nospwuHa rpacuka neeo og x jegHaka 0.95 na x Hanasumo Kao
qt(0.95,df = 15), a 1o je 1.753.



Buoctatncruka n ananmsa nogataka

L Crarncruka

NuTepsan noseperba 3a j1 Kaja ce o2 oLerbyje

Teopema

Heka je X1, ..., Xy cay4ajHu y3opak obuma n n3 HopmasiHe pacrnogesne ¢
napaverpuma p n o>. Taga

X —p

Vn

uma Crygentosy T pacnogeny ¢ n — 1 creneHom cnoboge.

Teopema

Heka je X1,..., X, Cﬂy'—IajHl/l y30pak obuma n n3 HOpMasiHe Pacrogene ¢
napamerpuma p n o>. 100(1 — )% unrepsan nosepersa 3a i je

(X_ta/Q X+ta/2

S S)
vn' vn

rae je to /o Takeo Aa je P{Tn—1 > ta2} = § (noBpinHa pecHo og tq o je 5 ).



Buoctatncruka n ananmsa nogataka

L Crarncruka

NuTepBan nosepersa 3a 11 Kaja Ce 02 oLekbyje
i

lMocmaTpa ce npoueHTyasHa npomeHa y 6pojy CTyaeHaTa ynucaHnx Ha gp>KaBHe
yHuBep3anTete. Moxe nn ce, Ha OCHOBY AOHEr y30pKa, TBPANTY A j€, ¥ NPOCEKY,
powno ao noeehara 6poja cTyaeHaTa?

5% 35% 8% 03% 5%
-1% -30%  12% 0% 3%
-10%  16% -5% 7% 7%
25% -15% 2% -17% 8% A o
0% 6% 9% % 3%

00 01 02 03 04

Cnuka:

P{—2.064 < Tp4 < 2.064} = 0.95

Mimamo pa je T = 2.6, s> = 170.36, s = 13.1%. Bpeanoct o /2 HANa3’MMO Tako LITO
je noepwnHa pecho jegnaka 0.025, ogHocHo Baxkn P{T>4 < t} = 0.975, Te umamo
qt(0.975,df = 24) = 2.064. ViHTepean noeeperba je

()‘( —2.064- £, X +2.064- §>

3a Haw y3opak gobnja ce (-2.8,8.0). 3akmyyak je aa sepyjemo, ¢ noseperem og 95%
Aa je npoueHTyanHo noeefiare 6poja ynucaHux crygeHaTa nsmehy -2.8 n 8.0%.
MowrTo je 0 yHyTap nHTepBana, a UMaMoO 1 HEraTUBHE BPEAHOCTU, HE MOXKEMO
TBpAUTK Ba ce 6poj ynucannx nosehaga.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Tectn pakbe€ CTAaTUCTNHKNX XNMOTE3A

m lmamo fBe xmMnoTese: HYATY U anTEPHATUBHY

m AnTepHaTuBHa (MM UCTPaXKMBAYKa) XNMOTE3A j€ OHO LWITO
TBPAUMO N XKEAUMO Aa CTAaTUCTUHKN NpoBepumo (06nyHo
cagpxu pedn kao sehie, marbe, 3aBucy...)

m Hynta xunoTesa je cynpoTHa anTepHaTueHoj (06M4HO cagpxu
peyn jefHaKo, Matbe WU Je4HAKO, HE 3aBUCH...)

m Tectuparse ce Bpwn y uuby ogbaunBarba HyATE XMNOTE3E, T).
MpUXBaTarba CYLUTUHCKE aNiTEPHATUBHE XUMNOTE3E



Buoctatncruka n ananmsa nogataka

L Crarncruka

[Npobnem TecTuparba

CTBapHO CTakbe ONTYXKEHOr
oAslyKa nopote Hnje KpuB KpuB je
KpuBs rpeluka npee BpCTe ucnpasHa oasyka
HWje KpuB UCNpaBHA OANYKA | rpelika apyre BpcTe

CTBapHO CTakbe CTBapM
3aKJ/by4aK TecTupara Hy je TayHa Hy je HeTauyHa
opbauyjemo Hy rpeLuka npee BpCTe MCrpasHa OAJIyKa
He ogbauyjemo Hy UCnpaBHa OfNyKa rpewka gpyre Bpcre




Buoctatncruka n ananmsa nogataka

L Crarncruka

[Npobnem TecTuparba

m 3ak/byyak JOHOCMMO Ha OCHOBY BPEAHOCTN HEKE CTAaTUCTMKE, KOJy Ha3MBamo
TECT CTAaTUCTUKOM. AKO OHA Y HALLEM Y30PKY Y3Me BPELHOCT KOja je
Heyobuuajena ako Baxu Hp, onpa opbauyjemo Hy.

m OpgbGauymsarse Hy je CTaTUCTUYKKM 3HAYAjHA OAJYKA, 3HAYN AA CMO CKYMUU
OOBOJLHO 0Ka3a y NPUOF HALOj anTeEPHATBUHOj XUNOTE3N

m Heopbauuearbe Hp HUje CTAaTUCTMUKM 3HaYajaH pe3yntaT. To MOXe Aa 3Hauu
Aa crteapHo Baxkn Ho, nan ga saxkn Hy anu ga Hemamo JOBOJBHO [OKa3a HOj y
npuaor.

m Kako gonetn oanyky? JegHa moryfiHOCT je 3agatn yHanpes BpegHOCT o
(najuewwhie 0.05), Koju Ha3MBaMO MEPOM UM NPAroM 3Ha4ajHOCTU TECTa, Koju
he Ham cdukcupaTn BeposaTHohy rpeluke npee BpcTe. YKONMKO HaMm TeCT
CTaTMCTNKA Y3Me BpedHOCT Koja nof Ho uma BepoaTHOhy Maky of «,
ogbauyjemo Hy.

B pP-BPERHOCT TecTa je BeposaTHolia fa M3By4YemMO HeKU y30pak Koju je 6osbun
0O0Ka3 Y KOPWUCT Halle anTepHAaTMBHE XUMNOTE3E Of OHOr KOju CMO Beh M3BYKAN
Vkonuko je Ta BepoBaTHoha Mana, TO 3Ha4YM Ja Cy HalM AOKA3N OAJMNYHW Na
ogbauyjemo Hy. [paHuua je noHoso 0b6u4Ho Ha 5%.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecTuparbe xunoTesa o CpefitbOj BPEAHOCTH

BpcTe HynTX 1 anTepHaTUBHUX XnMnoTesa

m MawnHa 3a noctass/batbe HyreBa y Kyrnamy Tpeba fa mma npocedHo Bpeme
nocTae/bara o 4 cekyHpe. Ako je Ayxke, CTBapa Ce HepBO3 KOJ TakMmuU4apa, a
ako je kpafie, yyreBun ce obapajy. TecTupamo mawviHy ga auv pagmn kako Tpeba

H, 3##4, HQ:,U,=4
m lImamo padyHap Ha kome je 3a Haw nporpam noTtpebHo 45 cekyHam pa ce
n3spun. Mpunnkom kynoBrHe HOBOr padyHapa >enumo aa byaemo curypHu ga
je oH 6ossn. Tectupamo

Hy:p <45 Ho:p>45

m Pasmartpa ce oTBaparbe HOBe NpogaBHuLE 1 CMaTpa ce Aa je Tpeba oteoputh
ykonuko npuxoan 6yay sefin og 2% no mywTepujn. TecTupa ce

Hi:p>2 Ho:pu<2



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecTuparbe xunoTesa o CpefitbOj BPEAHOCTH

llocToje Tpy TecTa 0 CpeaHOf BPERHOCTY
m Ho:p= po npotus Hy : p # po (BBOCTPaHN)
m Ho:p > po npotus Hy : p < po (jegHocTanu nesu)
m Ho:p < po npotus Hi : > po (jegHocTpauu gechn)

Tect cTratucTuka y csa Tpu ciy4aja je

koja, ako je Hy TayHo, numa CtygeHTOoBYy pacnogeny ¢ n — 1 cteneHom caoboge.

B P-BPEAHOCT jJEJHOCTPAHOr JIEBOI TECTA je MOBPLUMHA NIEBO 0Of BPEAHOCTU to KOJy
cratuctuka 1o y3me y y30pKy.

B P-BPEAHOCT jeAHOCTPAHOr JECHOI TECTA fe MOBPLUNHA [AECHO Of BPEAHOCTU t(

B p-BPEAHOCT ABOCTPAHOI TECTA je ABOCTPYKA NOBPLUMHA IEBO Of BPEAHOCTH Ty,
ako je tg < 0 man gBOCTPyKa noBPLUMHA JECHO 0OF BPEAHOCTY tg, ako je to > 0.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecTuparbe xunoTesa o CpefitbOj BPEAHOCTH

Tectupamo Hp : p < 2$ (npoaaBHnua Huje npocdputabunua) npotus Hy : p > 28
(npopasHunua je npocnTabuana)

V3opak:

275 6.25 350 3.01 5.10
5.06 450 4.17 257 3.15
398 237 203 1.02 528
157 1.00 116 1.07 3.12
0.75 010 0.25 3.09 4.10

00 01 0z 03 04

Cnuka: P{T24 > 2.46} = 0.01

n =25, Ty = % 25 uma CrygentoBy To4 pacnogeny. V13 y3opka padyHamo

T =2.842, s = 1.708, s = 2.918. BpefHOCT TeCT CTaTUCTUKE M3 Y30pKa je

__ 2.842-2 _
0= 281222 /55 = 2.46.

p-BpeaHOCT TecTa gobujamo kao 1—pt(2.46,df = 24) = 0.01, na 3aksmy4yjemo fa

o~

Tpeba ogbauntn Ho v oTBOPUTA NPOJABHULLY.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecTuparbe xunoTesa o CpefitbOj BPEAHOCTH

Tectupamo Hy : p > 45 (HoBu padyHap Huje 6osbn) npotue Hy : p < 45 (Hosn

padyHap je 6osbn)

V y3sopky obuma 30 gobujeHo je
T =445 s=2

p=0.09

00 o1 0z 03 o4

187

Cnnka: P{ng < —137} =0.09

n =30, Tp = X—45 29 uma CrygentoBy Thg pacnogeny. BpegHocT Tect cratuctuke
13 y3opkKa je tg = # 29 = —1.37.

p-BpegHoCT TecTa gobnjamo kao pt(—1.37,df = 29) = 0.09. Oanyka je Ha Hama, ako
cMaTpamo fa je rpewka of 9% senuka, 3akmyunhemo ga He Tpeba opgbauyutu Hy u He

Tpeba KynuTy HOBM padyHap, a ako MUCAUMO Aa je mMana, oHpa fiemo Kynutn HOBM

padyHap.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecTuparbe xunoTesa o CpefitbOj BPEAHOCTH

Tectmpamo Hop : p = 4 (Mawnna 3a JyrbeBe pagn kako tpeba) npotus Hy : p # 4
(Tpeba joj cepeuc)

V3opak:

41 35 32 41
35 43 40 45
25 38 46 3.0
41 36 3.7 39

00 01 02 03 04

Crua: P{T5 < —1.60} = 0.065

n =16, Tp = % 16 nma CrypenTory T'15 pacnogeny. M3 ysopka padyHamo
Z = 3.78, s = 0.55. BpefHOCT TeCcT cTaTnCTIKE N3 y30pKa je

__ 3.78—4 _
to = 27324/16 = —1.60.

Kako je pt(—1.60,df = 15) = 0.065, a nowTo je TeCT JBOCTPAHMN, D-BPEJHOCT TECTa je

0.13. Takea rpelika je npeBennka, na He oabauyjemo Hp 1N He CEepBNCUPAMO MaLLMHY.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> kuglanje<-c(4.1,3.5,2.5,4.1,3.5,4.3,3.8,3.6,3.2,4.0,4.6,3.7,4.1,4.5,
3.0,3.9)
> t.test(kuglanje,mu=4,alternative="two.sided",conf.level=0.95)

One Sample t-test

data: kuglanje
t = -1.6234, df = 15, p-value = 0.1253
alternative hypothesis: +true mean is not equal to 4
95 percent confidence interval:
3.479594 4.070406
sample estimates:
mean of x
3.775



Buoctatncruka n ananmsa nogataka

L Crarncruka

[Npar 3HavajHOCTM TecTa

m [par 3HauajHOCTM TeCTa je MaKCMManHa rpelika Kojy ToNepuilemMo npu
onbaumBarby Hy/lITE XUMNOTE3E

m AKO je gaT npar «, OHAA aKO je P-BPEAHOCT TeCTa Mara of « oabauyjemo
HYNTY XUNOTE3Y, a aKo je p-BpefHOCT TecTa Beha of o, HEMaMO JOBOLHO
[OKasa Aaa og6aunmmo HynTy XunoTesy

m Kaxemo ga cmo ogbauvnu (nnm He moxemo ga ogbauumo) Ho npw npary «

McnuTtyje ce pgy>kunHa nayse nsmahy fBa y3aCTOMHa CBeTna KOA jefHe BpCTe CBMTALA.
MKenumo ga noTBpAMMO Hally NMPETNOCTaBKy Aa je cpedrba AyXKuHa nayse kpaha og 4
cekyHpe, na je Ho : >4, a Hy : p < 4. TMocneguue rpeluke HACY KaTacTpodpanHe na
[03BO/BABAMO rpewky og a = 10%. Vimamo ysopak obuma 16 y kome je T = 3.77 n

s = 0.30.

to = 9%4\/1* = —3.06. Pacnogena je Ti5.

Mpen navm: p-BpegHocT Tecta je 0.004. MowrTo je p-BpegHoCT mara og o = 0.1,
oabauyjemo Hp 1 3ak/by4yjeMO fa CMO Yy MpaBy Kaj TBPAMMO Aa je cpearba naysa
kpaha og 4 cekynge, npu npary og 10%.

Opyrun vauuH: BpeanocT ¢ Tako ga je P{Ti5 <t} = 0.1 je -1.34 (qt(0.1,df = 15)).
Kako je to < t, To 3Haum pa je P{T15 < to} < P{T15 < t} na ogbauyjemo Hy.



Buoctatncruka n ananmsa nogataka

L Crarncruka

X1 KBajpaT pacnogena

Cauka: XN KBagpaT pacnogena

Ocobure xn KBagpaT pacnogena
m Ceaka xu KBagpaT pacnogena uma jefaH napamertap v, 6poj cteneHu cnoboge
B Xn KBagpaT pacnofena je HenpekuaHa
m BpepHocTu xn kBagpaT pacnogene yBek Cy no3nTuBHe
= Xu KBagpaT pacrnofena je HeCUMeTPUYHa
u

MaTemaTuuko OHekMBare X1 KBagpaT pacrogene X2 je v, a gucnepavja 2v



Buoctatncruka n ananmsa nogataka

L Crarncruka

X1 KBajpaT pacnogena

x2 pacnogena - BpegHocTM T Takse Aa je P{X:‘: <z}=p
p
v 0.0010.0050.010 0.025 0.050 0.100 0.900 0.950 0.975 0.990 0.995 0.999

1 0.0000.0000.000 0.001 0.004 0.016 2.706 3.841 5.024 6.635 7.87910.828
2 0.0020.0100.020 0.051 0.103 0.211 4.605 5.991 7.378 9.21010.59713.816
3 0.0240.0720.115 0.216 0.352 0.584 6.251 7.815 9.34811.34512.83816.266
4 0.0910.2070.297 0.484 0.711 1.064 7.779 9.48811.14313.27714.86018.467
5 0.2100.4120.554 0.831 1.145 1.610 9.23611.07012.83315.08616.75020.515
6 0.3810.6760.872 1.237 1.635 2.20410.64512.59214.44916.81218.548 22.458
7 0.5980.9891.239 1.690 2.167 2.83312.017 14.067 16.01318.47520.278 24.322
20 5.9217.4348.260
21 6.4478.0348.89710.28311.59113.24029.61532.67135.47938.93241.40146.797
22 6.9838.6439.54210.98212.33814.04130.81333.924 36.78140.28942.796 48.268

m Tpaxumo T Takeo Aa je P{Xg < z} = 0.05 — u3 Tabnuue suanmo aa je
xr = 1.145.

= Tpaxumo x Takeo aa je P{X2, >z} = 0.025 — onga je
P{X2, < z} = 0.975, na je « = 34.170



Buoctatncruka n ananmsa nogataka

L Crarncruka

Xu kBagpaT pacnogena - R dyHkuumje

m BeposaTHohy gorahaja P{X2 < x} pauyHamo cpyHkuujom pchisq(z, df = v).
> pchisq(4.25,df=3)
0.7642966

m BpegHocT x 32 kojy je P{X2 < x} = p pauyHamo cbyHKLujom
qchisq(p, df = v).
> qchisq(0.90,df=7)
12.01704



Buoctatncruka n ananmsa nogataka

L Crarncruka

NHTepBan nosepetba 3a 02 Kof, HOPManHe pacnogene

m TaykacTa oueHa napameTpa ¢ je ysopayka gucnepsuja
2 _ 1 n 2
5% = n—1 Zi:l(Xl - X)
m OHa je HenpucTpacHa OUeHa Ynja AUCMEP3Mja TEXMN HYNN Kag,
n — 00

Heka je X1, ..., X, cay4ajHu y3opak obuma n u3 HOpMaJsiHe pacrnosene ¢
napaverpuma i n o>. Taga

(n—1)S2

o2

uma x> pacnogeny cn — 1 crenenom cnoboge.



Buoctatncruka n ananmsa nogataka

L Crarncruka

NHTepBan nosepetba 3a 02 Kof, HOPManHe pacnogene

Tpaxumo 90% mnHTepsan noeeperba 3a ANCNEP3Mjy NAKOBatba jeaHE BPCTE YMnCa.

V3opak
17.86 17.42 1591 14.19
1452 1711 1811 19.25
15.82 1327 13.71 15.80
1485 1738 1428 16.85

2 _ 3195 Crura: P{7.26 < X2, < 25.0} = 0.9

n—1)S52
MowrTo (=157 02)

nma X?L—l pacnogeny, oHAa BaXKu Aa je

2

P{7.26 P 25.0} —=0.90

P { 1552 2 < 1552
25.0 7.26
na je TPa>keHW MHTEPBaN NoBeper-a
<15s2 o< 1552)
25.0 7.26
3a Haw y3opak gobujamo (1.875,6.456). 3a apyre y30pke Cy ApPYFaynju-NHTEPBaN.

=0.90,




Buoctatncruka n ananmsa nogataka

L Crarncruka

NHTepBan nosepetba 3a 02 Kof, HOPManHe pacnogene

Heka je X1, ..., Xy cay4ajHu y3opak obuma n n3 HopMasiHe pacrnogesne ¢
napametpuma p u 0. 100(1 — )% uHTepsan nosepersa 3a o> je

((nfl)S2 (n71)52)
X§,Q ’ X% ’
2 2

rge je Xia/Q Takso ga je P{X2_| > Xiam} = & (nospiwuHa pecHo og

Xf_a/Q je %) a XZ/Q Takso ga je P{X2_ | < XZ/Q} = & (nospwura neso oz
2 0L @

Xa/2 Jé 5)

Wntepsan nosepersa 3a CTaHZapAHO OACTYNare o je

WS

2




Buoctatncruka n ananmsa nogataka

L Crarncruka

NHTepBan nosepetba 3a 02 Kof, HOPManHe pacnogene

3a jegaH MCMXOMOLIKMN EKCNEPUMEHT NOTPEBHO je Aa 4naHOBWM nonynaumje Koja ce
npoy4aBa MMajy pasHOBPCHE FOAMHE CTAPOCTH, A >KeJbeHO CTaHAAPAHO oAcTynawe je 5
rognta. Tpaxumo 90% nHTepBan nosepera 3a ANCNEP3Ujy FOANHA CTApPOCTU
nonynauuje Kojy McnuTyjemo.

V3opak
31 26 40 37
35 36 39 37
34 37 38 35
26 41 40 41
35 30 42 36

Crma: P{8.91 < X2y < 32.9} = 0.9

Wwmamo pa je n = 20, s> = 21.12. Oprosapajyfin keaHTUAM Cy X3 o5 = 32.9 1
X2 o5 = 8.91. VinTepean nosepera 3a o2 je

(1952 1952)
32.9° 891/
3a Haw ysopak gobujamo (12.20,45.04). NHTepsan noeeperba 3a CTaH[APAHO

oactynarse o je (3.5,6.7). MowTo oH 0ByxBaTa XesbeHY BPEAHOCT, MOXKEMO CMaTpaTu
Aa HaMm nonynaauymja uMma 3agososbaBajyfly gncnepaujy.



Buoctatncruka n ananmsa nogataka

L Crarncruka

2

TecTuparbe xunoTese o o~ Ko HOpMaJjHe pacrnofesne

MocToje Tpu TecTa o aucnepsnju o2
m Hy:02= 0(2) npotus Hi : 02 # 0(2) (aBocTpanu)
m Ho: 02 =02 npotus Hy : 02 < o} (jearoctann nesu)
m Hy:o02= ag nporus Hy : 02 > US (jeaHocTpanu gecHn)

Tect cTatucTuka y csa Tpu ciy4aja je
,_ (n—-1)8?
X5 = > ,

90
Koja, ako je Hy Ta4Ho, nma xu kBagpat pacnogeny ¢ n — 1 creneHom cnoboge.

B P-BPEAHOCT JEJHOCTPAHOr JIEBOI TECTA je MOBPLUMHA NIEBO Of BPEAHOCTU X% Kojy
CTaTuCTUKa X(Q) y3Me y Y30pKY.

B D-BPEAHOCT jefHOCTPAHOr JECHOr TECTA jé NOBPLUNHA RECHO OF BPERHOCTH X2

B P-BPEAHOCT ABOCTPAHOI TECTa je NPUBANXKHO JBOCTPYKA MOBPLUNHA IEBO WU
BECHO OF BPERHOCTU X, Y 3aBUCHOCTY OF TOra Koja je 0F TuX MOBPLUNHA Maba



Buoctatncruka n ananmsa nogataka

L Crarncruka

2

TecTuparbe xunoTese o o~ Ko HOpMaJjHe pacrnofesne

yHyTpaLIJI-bVI APUTNCAK CTAaHAAPAHNX TEHNCKNX NONTULA MIMA HOPMaJIHY pacnogeny ca
cpeatsoM BpegHowhy 28 n gucnepsujom 0.25. Tectupamo ga nu nonTtuue pgobujeHe
HOBOM TEXHUKOM MPON3BOAHE MMAjy Marby AWCMEP3Njy NPUTHCKA C NParom
3Ha4vajHocTn o = 0.05. TecTupamo, gakne,

Hp : 02 =0.25 npotus Hi : 02 < 0.25

V3opak g
28.20 27.31 28.68 27.98 27.99
28.04 2747 2857 2812 28.75
28.36 27.96 28.30 28.29 28.40 g
2746 2799 2794 2776 2791 g
2759 2771 28.60 2791 27.82 :

1437

Crnea: P{0 < X3, < 14.37} = 0.06

Umamo pa je n =25, s? = 0.1497, x3 = 240297 = 14.37.

P-BPEAHOCT TecTa aobujamo kao pchisq(14.37,df = 24) = 0.062. MNowrTo je
p-BpedHOCT Beha of «, HemaMo aokasa ga oabaummo Hp, na cmaTpamo fa HOBe
JIONTE HEMAjy Marbyl NPUTNCAK OF CTAaH4APAHUX.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> pritisak.loptica<-c(28.20,27.31,28.68,27.98,27.99,28.04,27.47,
28.57,28.12,28.75,28.36,27.96,28.30,28.29,28.40,27.46,27.99,27.94,
27.76,27.91,27.59,27.71,28.60,27.91,27.82)

> EnvStats::varTest(pritisak.loptica,sigma.squared=0.25,
alternative="less")

Results of Hypothesis Test

Null Hypothesis: variance = 0.25

Alternative Hypothesis: True variance is less than 0.25

Test Name: Chi-Squared Test on Variance

Estimated Parameter(s): variance = 0.149709

Data: pritisak.loptica

Test Statistic: Chi-Squared = 14.37206

Test Statistic Parameter: df = 24

P-value: 0.0622042

95, Confidence Interval: LCL
UCL

0.000000
0.259453



Buoctatncruka n ananmsa nogataka

L Crarncruka

OuersnBatbe HEMO3HATOr MPOLEHTA P

m imamo nonynauujy, n cBakm 4naH knacndukyjemo y oAHOCY Ha TO Aa n nMa
ogpeljeHo CBOjCTBO wan ra Hema

m [lapamertap p npeacrassba npoueHat (Tj. yAeo) nonynauuje Koju nma To
CBOjCTBO

m CnyuvajHa npomensbuBa X y3uma BpegHOCT 1 Ha enemeHTMMa nonynaumje Koju
MMajy TO CBOjcTBO, a 0 Ha OHMM Koju ra Hemajy

A o T X .
m TadkacTa oueHa napameTtpapje p = X = Zl% roe je >0, X;, y cTBapw,

6poj enemeHaTa y30pKa KOju NMMajy NCMUTUBAHO CBOJCTBO
AxkeTtunpano je 500 ocoba TenedpoHom 1 285 X je NPOTUB NPENOIKEHUX MOPESHNX
pecbopmu. AKo je p npoueHaT nonynauuje Koju je npoTue pedopmMu, OLeHa TOr
npoueHTa je

500
Zimi i 285 o
n 500

I
Il

3aksyyyjemo ga je 57% nonynaumje npotue pecdopmu. Kaga 6u nonynaunja 6una og

MWUANOH CTAHOBHMNKA, NpoueHa je aa je 570000 npoTus.



Buoctatncruka n ananmsa nogataka

L Crarncruka

OuersnBatbe HEMO3HATOr MPOLEHTA P

m Cnyyajna npomensbnea Y =3 1" | X;, 6poj “ycnexa” y ysopky obuma n, nma
GVHOMHY pacnogeny C napameTpuma n u p

V3opayka cpeguHa

S X _ bpoj enemenata y ysopky koju umajy ogpeheHo csojcTeo
n o obum ysopka

X =

HENPUCTPACHa fe OLEeHa HEMO3HATOr NPOLEHTA P €EMEHATa nonynayuje Koju nmajy to
ceojctBo. [lopes Tora Baxu

_ 1—
px - k=D
n



Buoctatncruka n ananmsa nogataka

L Crarncruka

NHTepBan nosepersa 3a p

m C 063upom pa Y nma 6UHOMHY pacnogeny, ako je n Befuko,

Y —np X-p

\/np(l —p) \/;;(17;;)

MMa npubnmKHO CTaHAAPAHY HOPManHy pacnogeny

m [prmMersyjyfin noctynak npaesserba MHTepBana noeepera aobunn bucmo, 3a
HUBO nosepema 1 — «

(X—Za/z /p(ln—p)’XJrza/Q /p(ln—p))

m OBo Huje gobap nHTepBan NoBepera jep 3aBNUCKU Of HEMO3HATOr napameTpa p!

m 3aT0 YMECTO p CTaB/baMoO HeroBy oueHy p = X.
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L Crarncruka

NHTepBan nosepersa 3a p

VInTepBan noseperba 3a HEMO3HATY MPOLEHAT P je

(X—Za/z /X(l;)?)’)?+za/2 l)?(ln—)?))’

o

rae je zo o Takeo pa je P{Z >z, 0} = 5.

m Anannavpamo nonynaumjy rojasHux mnaguha (18-24 rogune). V ysopky oa 25
wux 20 uma eucok nputucak. Xenumo 95% uHTepean noeepersa 3a NpoueHaT
rojasHmx maagnfia KOjMNMajy BNICOK KPBHMN MPUTHCAK.

Vlmamo.qajen=25v2$:20vi:%:

0.80.

Ogrosapajyfin kBaHTWA CTaHAapgHe HOp-
ManHe pacnogene je zo.025 = 1.96, na
je wvHTepBan noBepera 3a HAW Y30paK 7
(64.3%,95.7%). Mpumehiyjemo aa je nHrtep- o 1o

Ban BeoOMa IJJI/IpOK! Cnuka: P{7196 < Z< 196} < 0.95




Buoctatncruka n ananmsa nogataka

L Crarncruka

Obum y30pKa 3a OLeHUBatLE P

m Kako “ckpatutn” mHTepBan ga 6u 6mo cmucnen?

B JepHa MOryhHOCT je CMarUTK HMBO MOBEpPeH-a, aan OHAa rybrnmMo Ha Herosoj
noysaaHocTn

m [pyra moryhHocT je nosefiatn obum y3opka, ann ysopuwm Cy ckynu na Tpeba ga
MN3paYvyHaMO KOJIMKY je HajMarby Y30paK Koju Ham Tpeba

Ayxuna untepsana nosepersa je 22,21/ w BpegHoct X (1 — X) yeek je

Marba unn jegHaka 1/4.
Vkonuko xenumo ga nHtepean byge He ayxum og 2d, Taga mMopa fa Baxkun

1
2202 \/ﬁ < 2d,

OAHOCHO
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L Crarncruka

Obum y30pKa 3a OLeHUBatLE P

TMoTpeban 0bum y30pka 3a OLeHNBaE P MHTEPBAJIOM YHAnpes 3afate ayxuHe 2d je

2
_ za/2

4d?

V npumepy 0 KPBHOM MPUTUCKY, Aa BMCMO UMann MHTepBan Ay>xuHe Hajsuwe 0.02 (2
npouexTa), Tpeba ga nmamo

1.962

n=—— = 9604.
4-0.012

3Haun, Tpeba aa ncnutamo 9604 ocobe aa 6ucmo ¢ nosepersem og 95% npoueHunnn

MPOLEHAT rojasHNX Ca Xe/beHoM npeunsHowhy.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecTuparbe xunotese o p

[TocToje Tpu TECTA O HEMO3HATOM MPOYEHTY D

m Ho :p=po npotus Hi : p # po (BBOCTpPaHn)

m Hy:p=po npotus Hy : p < po (jeaHocTanu nesu)

m Hy :p=po npotus Hy : p > po (jeaHoCTpauu pecru)
TecT cTaTucTUKa y CBa Tpu Cay4aja je

ZO = 7\/5?
po(1 — po)
Koja, ako je Hy Ta4Ho, nma npubavixxKHO CTaHZapAHY HOPManHy pacrnogeny.

B p-BPEJHOCT jJEJHOCTPAHOr JIEBOr TECTA j€ MOBPLUNHA JIEBO Of BPEAHOCTU 20 KOJy
CTaTUCTUKA Z( Y3ME y Y30PKY.

B P-BPEAHOCT jeAHOCTPAHOr JECHOI TECTA fe MOBPLINHA [JECHO Off BPEAQHOCTU 2(

B P-BPEAHOCT ABOCTPAHOI TECTA j€ ABOCTPYKa MOBPLUUHA JIEBO UAU [ECHO O
BPEAHOCTY 20, Y 3aBUCHOCTU OF TOra A4a Au j€ zog HEraTUBHO WJIN MO3UTNBHO



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecTuparbe xunotese o p

MpoueHaT MarUHCKOr CTAaHOBHMLITBA Yy HekoM rpagy je 20%. XKenumo ga ncnutamo
[a KOJ pafiHNKa y TeLIKOj MHAYCTPUjU KOji Cy NPUAAJHULMA MakUHA NOCTOju
ANCKPUMUHALMA NPUANKOM 3anowsbasara (6110 NoO3NTUBHA MAN HEraTUBHA).

Tectnpamo Hp : p = 0.2 npotus Hp : p # 0.2.

V ysopky op 100 pagHuka 6uno je 17 npunagHuka mamunHa. BpegHocT TecT
CTaTuCTINKE je

0.17 — 0.2
20 = -~ 22 /100 = —0.75.
O~ Jo2.08

MowTo je zg < 0, regaMo NoOBpLINHY NEBO Of zo. OHa je jepHaka
P{Z < —0.75} = 0.2266. [MowTo je TeCT ABOCTPaHN, UMAMO A2 je P-BPESHOCT
2-0.2266 = 0.45.

3ak/y4ak je Aa HemMaMoO [0Kas3a O ANCKPUMUHALMIM KO 3anoLll/baBarka pagHuKa.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> prop.test(x=17,n=100,p=0.20,alternative="two.sided",conf.level=0.95,
correct=FALSE)

1-sample proportions test without continuity correction

data: 17 out of 100, null probability 0.2
X-squared = 0.5625, df = 1, p-value = 0.4533
alternative hypothesis: true p is not equal to 0.2
95 percent confidence interval:

0.1089357 0.2554800

sample estimates:

P
0.17
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L Crarncruka

OuersnBatbe pasnunke npoueHaTa

m Yecto Tpeba fa ynopeanMo HEMO3HATE NPOLEHTE P 1 P2 Y ABE pasnndnTe
nonynauuje
m lcnntyjemo ga nu je npoueHaT 4naHoBa Koju umajy oapeheHo cBojcTBo Behun y
HEKO] o4 monynauuja n 3a koauko je sehn
m HenosHaTu napamerap o4 BaXkKHOCTW je p1 — P2
TaukacTa oueHa je

_ YX1 XX

pP1—p2=p1 —P2= =X; — Xo,

ni n2

pasnuka ysopaudkux cpeguHa oaroeapajyhnx ysopaka.
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L Crarncruka

NHTepBan nosepersa 3a pi-po

Heka cy X1 u Xo oueHe npotjenaTta p1 ¥ p2 3aCHOBAHE HA HE3ABUCHUM Y30pLUMa
obuma n1 u na. Oyena X1 — Xo je HenpucTpacHa, a weHa gucnep3uvja je

o 1— 1
D(Xy — %) = pi( x p1) i p2( x p2)
1 2

100(1 — @)% wmHTEepBan nosepera 3a pasivky NPoueHaTa p1 — p2 je

X1(1—X1) n Xo(1 — X2)

ni n2

(Xleiza/z\/ )
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L Crarncruka

NHTepBan nosepersa 3a pi-po

Og 50 mygmn 40 je NpOMEHNIO MULLIBEHE O YMETHNYKO] CINLIN HA OCHOBY KPUTUKE
Mabna MNukaca, a 30 og 60 Ha OCHOBY KPUTUKE CTYAEHTA JIMKOBHE YMETHOCTN.
Tpaxumo 95% mHTepean noeseperba 3a PasnNUKy NPOLEHATA OHUX HA 4Ynje MULLIbEHE
yTu4e jayu, OBQHOCHO cnabuju, ayTopuTer.

TaukacTa oueHa je pl/;\pg = % - % = 0.3. Opgroeapajyhu keaHTun je

20.025 = 1.96, a nHTepBan noseperba Ha OCHOBY HaLer y3opka je (0.132,0.468).

3aksbyyak je, ¢ 063MpoM Aa je MHTepBan MO3NTMBAH, Aa je NPOLLEHAT OHMX Ha KOju
yTunye jaum aytoputeT Behin, na ayTopuTeT UMa yTuuaja Ha popMuparbe MULLIbEHA.
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L Crarncruka

TecTupatrbe xunoTesa o pasAnLM NpoLEeHaTa

lNocToje Tpy TecTa o pasnuym NPoUEHATa p1 — P2
m Ho: (p1 —p2) = (p1 — p2)o Apotus Hi : (p1 — p2) # (pP1 — P2)o
m Ho: (p1 —p2) = (p1 — p2)o Apotus Hi : (p1 — p2) < (p1 — p2)o
m Ho: (p1 — p2) = (p1 — p2)o Apotus Hi : (p1 — p2) > (p1 — p2)o
TecT cTaTucTuKa y CBa Tpu cay4aja je

Zo = (X1 —X32) = (P —p2)o
\/)_(1(1 — X1)/TL1 + Xz(l — )_(2)/712’

Koja, ako je Hy Ta4Ho, uma npubavixxXHO CTaHZapAHY HOPManHy pacrnogeny.

B p-BPEJHOCT jJEJHOCTPAHOr JIEBOr TECTA j€ MOBPLUNHA JIEBO Of BPEAHOCTU 20 KOJy
CTaTUCTUKA Z( Y3ME y Y30PKY.

B P-BPEAHOCT jeAHOCTPAHOr JECHOI TECTA fe MOBPLINHA [JECHO Off BPEAQHOCTU 2(

B P-BPEAHOCT ABOCTPAHOI TECTA j€ ABOCTPYKa MOBPLUUHA JIEBO UAU [ECHO O
BPEAHOCTY 20, Y 3aBUCHOCTU OF TOra A4a Au j€ zog HEraTUBHO WJIN MO3UTNBHO



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecTupatrbe xunoTesa o pasAnLM NpoLEeHaTa

Mpogasun dpoTokonup anapaTa TBPAE Aa HUXOBa MawwuHa npasu 3a 10% suwe
KBaJINTETHUX KOMMja HEro KOHKypeHTCka. Heka je p; mpoueHaT KBanMTETHMX Konuja
FIXOBE MALUMNHE, @ P2 KOHKYPEHTCKE.

Tectnpamo Hyp : p1 — p2 = 0.10 npotne Hi : p1 — p2 > 0.10.

Peknamupana mawuna je og 1000 Hanpasusia 900 kBaninTeTHUX, a KOHKYpeHTCKa 711
og 900. Taukacte oueHe cy p1 = Z1 = 900/1000 = 0.90, p> = T2 = 711/900 = 0.79,
p1 —p2 = 0.11.

BpegHocT TecT cTatucTuke je

0.90 - 0.79 — 0.10

= = 0.604.
\/0.90 -0.10/1000 + 0.79 - 0.21/900

20

Mospwuna gecHo og 2o je P{Z > zo} = 0.2743.

MowTo je p-BpesHOCT Bennka, 3ak/byyak je Aa Hema JOKa3a Aa je npoueHaT

KBaJINTETHUX KOMMja peknamupaHe MaiumHe sehn.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecTupatrbe xunoTesa o pasAnLM NpoLEeHaTa

m Hajuyewha npumena oBor TecTuparsa je Kaga je NPeTnoCcTaB/beHa Pa3nvka
(p1 — p2)o jeAaHaka Hynu, Tj. kapa je Ho : p1 = p2, a H1 moxe paa byae
p1 # p2, p1 < p2 WM p1 > p2

AunpekTop CNopTKOr CEKTOpa jef4HOr YHMBEP3NTETA >Xenun ga gobuje CTaTucTuyky
NOAPLLUKY CBOjOj TBPAH:N Aa CTYAEHTW CNOPTUCTW Y MarbeM NPOLEHTY nagajy rogmHe
Hero octanu ctygeHtun. Y gobujennm ysopuuma 30 cTygeHaTa cnoptucTa og wux 150

je nano roguHy, AOK Ce TO Aoroguno ny cnydajy 43 ctygedta og 200 4naHosa
ocTaTKa monynauuje.

Tectupamo Hy : p1 = p2 npotus Hj : p; < pa. Tadkacra oueHa pasnuke je

T1 — 22 = —0.015. BpegrocT cTatuctuke zo je —0.34. MowTo je p-BpeaHOCT TecTa
P{Z < —0.015} = 0.37, nemamo A0BOJBHO [OKa3a Aa je cnoptuctn pehe nagajy
rofjuHe of OCTanux CTyAeHaTa.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> prop.test(x=c(30,43) ,n=c(150,200) ,alternative="less",conf.level=0.95,
correct=FALSE)

2-sample test for equality of proportions without continuity
correction

data: c(30, 43) out of c(150, 200)
X-squared = 0.11683, df = 1, p-value = 0.3662
alternative hypothesis: 1less
95 percent confidence interval:
-1.00000000 0.05689613
sample estimates:
prop 1 prop 2
0.200 0.215



Buoctatncruka n ananmsa nogataka

L Crarncruka

®uweposa F pacnogena

Vi,V2

o
Cauxa: Puweposa F pacnogena

Ceaka ®PuiiepoBa pacnogena nma gBa napamerTpa, vy u v
®duwepora pacnogena je HenpekmgHa

BpegHocTn ®Puiepoee pacnofene yBek Cy NO3WTUBHE
Duwepora pacnogena je HeCMMeTpUYHa

BeposatHohy gorafjaja P{F,, ., < x} padyHamo cbyHKUMNjOM
pf(z,dfl = vq,df2 = v9).

> pf(3.5,df1=10,df2=6)

0.9306753

m BpegHocT z 323 kojy je P{Fy,, vy, < x} = p pauyHamo dyHKLNjoM
qf(p, dfl = v1,df2 = v»).

> qf(0.99,df1=4,df2=11)

5.6683



Buoctatncruka n ananmsa nogataka

L Crarncruka

®uweposa F pacnogena

Cnnka: P{F,,l’,/2 < (E} =0.90

Tabnuua Puwepose pacnogene, p = 0.90

vo\vy 2 3 4 5 6 7 8 10 12 15
1 49.5 53.6 55.8 57.2 58.2 59.1 59.7 605 61.0 61.5
2 9.00 9.16 9.24 9.29 9.33 9.35 9.37 9.39 9.41 9.43
3 5.46 5.39 534 531 5.28 527 525 523 522 5.20
4 4.32 4.19 4.11 4.05 4.01 398 3.95 392 390 3.87
5 3.78 3.62 3.52 3.45 3.40 3.37 3.34 330 327 3.24
6 3.46 3.29 3.18 3.11 3.05 3.01 2.98 294 290 2.87
7 3.26 3.07 2.96 2.88 2.83 2.78 2.75 270 2.67 2.63
8 3.11 292 2.81 2.73 2.67 2.62 2.59 254 250 2.46

m Tpaxumo = Takso ga je F3 5 = 0.9. /3 Tabnuue pobujamo x = 3.62.
m Tabsanue ce npase 3a cBaky BeposaTHohy nocebHo - oege je 3a p = 0.90



Buoctatncruka n ananmsa nogataka

L Crarncruka

Vnopehuearbe gucnepsmnja ae HopmaJsiHe nonynauuje

Heka cy X1,...,Xn, mY1,...,Yn, HE3aBUCHY y30pUM N3 HOPMaJIHUX Pacrogena

N(p1,02) n N(uz,03). Y cnyqajy aa saxu o? = 02, cay+ajHa npoMeHbuBa

St
S3

uma Puweposy Frn, 1 n, 1 pacnogeny.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Vnopehuearbe gucnepsmnja ae HopmaJsiHe nonynauuje

L2 52
lpunnkom TecTuparsa xunotesa Hy : 07 = 05 NpOTUB HEKe OF CTaHAAPAHUX
aNITEPHATUBA KOPUCTU CE CTATUCTUKA

52
Fo==L.
0 sg

B p-BPEZHOCT jEZHOCTPAHOr JIEBOr TECTA j€ MOBPLUNHA JIEBO OF BPEAHOCTU fo KOJy
cratuctuka Fy y3me y y30pKy.

B p-BPEJHOCT jEZHOCTPAHOr JECHOI TECTA je MOBPLUNHA AECHO OfF BPEAHOCTHU fo

B p-BPEZHOCT ZBOCTPAHOI TECTA je NPUBANXKHO 4BOCTPYKA MOBPLUMHA JIEBO WV
AEeCHO of BpeaHocTU fo, ¥ 3aBUCHOCTY OF TOra Koja je Of TUX MOBPLUMHA Makrba.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Vnopehuearbe gucnepsmnja ae HopmaJsiHe nonynauuje

MH>xerbep XOPTUKYNTYpe je HanpaBuoO €KCNEPUMEHT C ABE HOBE xmbpugHe coprte
3nm3eneHor xbyra 1 BaXKHO My je fa gucnepsuja byae wto mara. Ha ocHosy
nocmaTparba umMa nHgmumnja ga copta A uma mamwy gucnepsujy. Ha ocHosy y3opka og
12 6umaka copte A n 10 6uwaka copte B pobujero je s% = 0.0955 n s% = 0.1831.

Tectupahemo jefHakocT aucnepsuja npoTue anTepHaTtuee 0% < o%. BpegHocT Tect
2
. S
cratuctuke je fo = S—ZB = 0.521.
A

Kako je pacnogena TecT CTaTMCTMKE Nof HyAToMm xunotesom Puiieposa Fii g,
oaroeapajyha p-spegrocTt je pf(0.521,df1 = 11,df2 = 9) = 0.15, na Hemamo Aokasa
3a TBPAHY A2 je gucnepsnja BucuHe busbaka copte A eeha.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Vnopehunearbe cpefrbnx BpeaHOCTN ABEe HOpMaJiHe
nonynauuje

m limamo aBe nonynaumje yuja obnexxja nmajy HopmanHve pacnogene. Xenumo aa
OLIEHVMO WM TECTUPAMO Pa3/NKY HUXOBUX CPEAHUX BPEAHOCTM

m TaukacTa oueHa je ,uﬂg = X1 — X2, paznvka Y30PaYvKuNX CPemHIx
BPeAHOCTN
m 3a oapehnearbe nHTepBana NoBeperba N TECTMPaHLE XMNOTE3a Pa3nnKyjeMO ABa
OCHOBHa ciy4aja
m Cnyuaj He3aBMCHMX y30paKa
m Cnyuyaj cnapeHunx ysopaka



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cny4aj He3aBMCHMX y30pakKa

m 13Bna4ynmo gea y3opka obuma ni M3 HOpMaJsiHe pacnogese /\/'(;“,0'%) cny4ajHe
npomensbnee X, n obrma ny U3 HopmasnHe pacnogene N(,ug,cr%) cnyyajHe
npomeHsbuee Y. XKeanumo Aa NHTEPBAJIHO OLEHNMO WU TECTMPAMO napamMerap
H1 = H2.

m Pacnogena ogrosapajyfinx cratnctuka 3asucu og TOra ga nm npetnocraB/bamMo
Aa Cy Ancnepsnje o2 n o2, Mako HeNo3HaTe, jeAHake UM pasnmduTe. 3aTo je
Ba>XHO HQ Npe ncnmntaTtn jJ€JHAKOCT gnucnepsnja u NpumMemyjemMo TeCT O
jemHakoCTn gucnepsuja.

m OBfe nMamo HeCTaHZaphHW Cly4Yaj TECTUPAHba XMMNOTE3E O jeAHAKOCTM
Aucnepsunja jep je nocnepuua sehia ako ogny4umo pga He ogbauumo Hy. Crora
TECTMPamMo € Heyobu4ajeHo BeINKUM nparom 3Ha4vajHocT « = 0.2, Tako Aa Ham
Tpeba p-pegHOCT TecTa o Bap 20% pga Bucmo 3akmyunnu aa cy gucnepsuje
jemHake.

B VKOMNKO 3aK/by4rMO A3 Cy AUCMEP3Nje Je[HAKE, NPUIMEHYJEMO MPOoUEeypy C
oLeHMBabEM 3ajefHNYKE aucnep3nje, a y cynpotHoMm CaTepBajToBY npouenypy.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyuyaj jeaHakux gucnepsuja

Heka cy X1,...,Xn, mY1,...,Yn, HE3aBUCHY y30pUM N3 HOPMaJIHUX Pacrofena
N(p1,02) n N(u2,02). Ykonuko je 02 = o2 = 02, cnydajHa npomeHsnsa

X1 —Xo— (11 — p2)

oy/1/n1 +1/n2

uMa CTaHZapAHy HOPMaJiHy pacrogeny.

m MebhyTum, o je HEMO3HaATO Na ra oueryjeMo 13 y3opka. MowTo je OHO jegHako y
oba y30pka oueryjeMO A2 3ajefHUYKOM y30pPajqykoM AuCnep3njom.

Heka cy S% " S% y30padke gucrnep3uje y3opaka obuma ny v ng u3 nonyaayuja c
Jjemnakom aucnepsmjom o2. 3ajenHuyka ysopauka aucnepsuja je Taga

(n1 — I)S% + (ng — I)SS

2=
ny +ng — 2

z




Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyuyaj jeaHakux gucnepsmja - MHTEpPBaJ NOBEPEH:A

Teopema

Heka cy X1,...,Xn, nY1,...,Yn, HE3aBUCHU y30pLM 13 HOPMaJIHUX pacrnofena
N(p1,0%) u N(uz,0?) u Heka je S, 3ajesHuyuka ysopauka pucnepsuja. Taza
Cny4ajHa npoMeH/buBa

X1 — Xo— (11 — p2)

Sz\/l/nl + l/ng

uma CTygeHTOBY pacnogeny ¢ ny + ng — 2 crenenu cioboge.

100(1 — @)% wmHTepBan noseperba 3a pasnuKy CPERHUX BPEAHOCTH (11 — 2 je

_ _ 1 1 _ 1 1
(%1 = Kz — tajaSey|— + — X1 = Ko +tapaSey | — + —),
ni ng ni n2

rae je to /o BPeAHOCT u3 T, 1n,—2 pacrnosesne TaKBO B2 je NOBPLIMHA BECHO OF Hbera
Jjeanaka o /2.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyuyaj jeaHakux gucnepsmja - MHTEpPBaJ NOBEPEH:A

[a 6un ce ncnutao ytuuaj acnupuHa Ha cysbujarbe rnasobosbe, 22 naymjeHTa CayyajHo
je nogemeno y aee rpyne. lNpeoj rpynu gaT je acnupwH, a Apyroj Apyru nek. 3atum
j& MepeHO Bpeme y MUHYTMMA A0 NpecTaHka rnasobosse. Jobujenn cy cnegefin
pesyntatin
Acnupux Jpyrn nek
9.9 8.0 95 59 | 82 173 101 102

12.2 13.5 9.6 115 9.1 10.5 9.7
12,5 9.5 10.3 11.9 9.0 15.2 11.6

N3 ysopka gobujamo ga je 1 = 10.36, n To = 11.09. TauykacTa oueHa pasnuke je
p1 — p2 = 10.36 — 11.09 = —0.73.

TecTupamo npso jeaHakocT aucnepsuja, Tj. Ho : 02 = 02 npotus Hy : 02 # 02 ¢
nparom 3xaqajHocTn oa 20%. Wmamo pa je s? = 4.475 n s3 = 8.494, a cTaTncTuka je
s%/s% = 1.898. Ha ocvoey ®uwepose Fy 11 pacnogene TeCT CTaTUCTUKE, NOBPLUMHA
necHo op 1.898 je 15.7%, na je p-speaHoCT aBocTpaHor TecTa eehia og 20%, Te
3aK/by4YJEMO [a MOXXEMO CMATpaTy Aa Cy JUCMEP3UJE jefHAKE.

Tpaxunmo caga 90% nHTepsan noeepera 3a p1 — p2. 3ajefHMYKa gucnepsnja je

52 = W =6.284, a5, = \/g = 2.51. Oaroapajyhn kBaHTUA
CrypenTose Tho pacnogene je to.05 = 1.725. WNnTepsan noeepemsa je (-2.58,1.12). C
0631poM ga je Hyna yHyTap OBOr MHTEpBana, HeMamoO A0Ka3a fa je acnupuH 6osbun o

APYror seka 3a TpeTMaH rnasobosbe.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyuyaj jeaHakux gucnepsuja - T-Tect

CrygeHToB nanm T-tect — jepaaH oa Hajdewhe KOpUWREHNX Y NPUMEHEHO] CTaTUCTNLIN

HedunHnynja

lMocToje Tpy xunoTese 0 pas’anuyn CPERHUX BPEAHOCTH (11 — 42
m Ho:p1 = p2 (p1 —p2 =0) npotus Hy : p1 # p2
m Ho:py = p2 npotus Hi : p1 < p2
m Ho:py = pe npotus Hy @ py > po

Tect cTatucTuka y csa Tpu ciy4aja je

X1 —X2)—0
TD—( ! 12)1 )
Sz E—i_niz

koja, ako je Ho TaqHo, nma npunbnwxno Ctygentosy Tn, +n,—2 pacnogeny.

B p-BPEZHOCT jJEZHOCTPAHOr JIEBOr TECTA j€ MOBPLUMHA JIEBO O BPEAHOCTU to KOJY
cratuctuka Ty y3me y y30pky.

B p-BPEJHOCT jEAHOCTPAHOr [ECHOI TECTA je MOBPLUNHA AECHO Of BPEAHOCTHU tq

B p-BPEJHOCT ABOCTPAHOI TECTA je ABOCTPYKA NOBPLUMHA JIEBO AU JECHO OF
BPEAHOCTU tg, Y 3aBUCHOCTU Of TOra Ja Ay je to HEraTUBHO UAU NO3UTUBHO



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyuyaj jeaHakux gucnepsuja

lMpounseeaeHe cy aBe HOBE CynCTaHUe 3a 3aWTUTY Kapocepmje og phe. CnydajHa
NPOMEH/bNBA KOja NCMNTYjE HINXOB KBanMTET je 6poj meceumn nocne ynotpebe npe Hero
wro ce nojasm pha. C ob3mpom ga cy cyncraHue HOBE 1 jOL HETECTMPAHE HEMAMO
HUKaKUX npeasHarba. MKenumo fa ncnnutamo Aa nu Cy y NpOCeKy jefHAaKO KBasMTETHe.

Tectupamo Ho : pu1 = pg npotus puy # uz. C obe cyncraHue npemasaHo je no
n1 = ng = 9 aytomobuna n gobujeHo je 1 = 16, s; = 10.1, zo = 15, s2 = 10.

lMpe Hero WITO TeCTUpaMO HalLy XMNOTE3y, NPOBEPaBaMO j€HAKOCT AMcnep3nja.
Nmamo pa je s%/s% = 1.02, na je p-BpegHocT Tecta mHoro sefia og 20%, Te
3aK/by4yjeMO Ja Cy AncCnep3uje jefHaKe 1 payyHamo 3ajeAHNYKY Aucnepsnjy.
Hobujamo ga je s2 = 101.005 n s, = 10.05.

BpepHOCT TecT cTaTucTuke to = ——1=22___ — (.199. Kako je

szy/1/na+1/n2
P{T16 > 0.258} = 0.42, onpa je p-BpegHocT geocTpanor Tecta 0.84. Kako je oea
BPEAHOCT BENMKA, 3aK/by4yjEMO Aa HEMAMO AOKa3e Aa NOCTOjU Pa3nunka y KBanuTety

TNX CynctaHun.
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L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> aspirin<-c(9.9,12.2,12.5,8.0,13.5,9.5,9.5,9.6,10.3,5.9,11.5,11.9)
> drugi.lek<-c(8.2,9.1,9.0,17.3,10.5,15.2,10.1,9.7,11.6,10.2)
> var.test(aspirin,drugi.lek,alternative="two.sided")

F test to compare two variances

data: aspirin and drugi.lek
F = 0.52687, num df = 11, denom df = 9, p-value = 0.314
alternative hypothesis: true ratio of variances is not equal to 1
95 percent confidence interval:

0.134677 1.890343

sample estimates:
ratio of variances

0.5268664

> t.test(aspirin,drugi.lek,var.equal=TRUE,conf.level=0.90)
Two Sample t-test

data: aspirin and drugi.lek
t = -0.68168, df = 20, p-value = 0.5033
alternative hypothesis: true difference in means is not equal to 0O
90 percent confidence interval:

-2.582869 1.1195635

sample estimates:
mean of x mean of

10.35833 11.09000



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyu4aj HejegHaknx aucnepsuja

m VY cnyyajy HejefHAKMX AUCNEP3nja HEMA CMICA A3 PavyHaMO 3ajeAHNHKY
fmMcnepanjy na KOpUCTUMO NPOMEHIBUBY

XY — (p1 — p2)
S2 S2
Y+

Ona nma npubnuxno CtygeHToBy pacnogeny rge je 6poj crenenn cnoboge

52 | 52\,
(3L +32)

2

G2 - D)+ ()2 g - 1)

V npakcy v Helie 6uTn Ueo H6poj Na BpeAHOCT 3a0KPYXKYjeMO Ha Hajbanxu Leo
6poj.

m Haeepenn noctynak nasmea ce CaTtepBajTOBOM NpoueaypoM.



Buoctatncruka n ananmsa nogataka
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Cnyu4aj HejegHaknx aucnepsuja

m VIHTepBan nosepema 3a (1 — w2 Y CAydajy HejeAHaKnX gucnepsuja je

_ _ SQ 52 _ _ SQ S2
(Xl — X2 —ta/24/ L+ 2 XX ttas2yf =+ *2)
ni n9 ni n2

roe je to /2 BPEAHOCT 3 T, pacnogene Takea Aa je noBpLIMHA AECHO of e

jeAHaka az.
m TecT cTaTucTuka 3a TecTuparbe Hoy : p1 = po y CAy4ajy HejefHaKnx Aucnepsnja
je
X1 —-X2-0
To = > Pl
st 83
ni n2

n nma npnbnmxHo Crygentosy T, pacnogeny.
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Cnyu4aj HejegHaknx aucnepsuja

Couronosn ncnutyjy pasnuke y reHepauymjama y jeaHo og obenexja og mHtepeca je
CTapoCT NPUNKOM KyNOBUHE NPBOr ayToMobuna.

CnyyajHo cy nsabpane age rpyne no 25 ocoba. Y npeoj rpynu, rae cy ocobe ctapocTtun
npeko 30 roguHa, gobunjeno je ga je npocedHa crapoct 6una T3 = 22.3 n s% =4.52. ¥V
Apyroj rpynu, rae cy ocobge ctapoctu go 30 roguHa pobujeHo je T2 = 18.7 n

2
s5 = 2.00.

Menumo pa tectupamo Ho : py = po npotus Hy @ py > 2, Tj. fa cy y CTapujoj
reHepaumjn KacHumje Kynoeanm aytomobun.

Tectupamo Hajnpe jegHakoct pucnepavja. Mowrto je s2/s2 = 2.26 aobujamo
p-BpegHoCT TecTa og 0.03, na CXO4HO MPETXOAHOM 3aKJ/by4yjEMO 4A HUCY jeAHAKE.

BpegHocT TecT cTratuctuke to = 7.05, a 6poj cteneHn cnoboge v = 42.5 x5 42.
P-BPEAHOCT TECTa MPAKTUHHO je jeHaKa HyaM 1 3aksbydyjemMo Aa muafja reHepaumja

3HA4ajHO paHuje Kynyje CBOj NpBU ayTomMobu.



Buoctatncruka n ananmsa nogataka
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Kopuwhere yrpaheHe R dyHkumje

> stariji<-c(22.9,24.0,24.3,23.2,24.7,20.8,19.9,20.8,20.1,21.4,24.7,
26.2,21.1,24.7,26.8,22.4,19.4,22.6,19.3,22.2,21.6,22.9,20.5,21.4,19.6)
> mladji<-c(17.4,17.5,19.1,17.5,19.8,18.6,17.3,17.2,19.5,18.8,16.5,
19.5,18.8,21.5,18.0,19.7,18.6,20.0,19.5,18.3,18.9,16.8,17.3,18.8,22.5)
> t.test(stariji,mladji,var.equal=FALSE,alternative="greater")

Welch Two Sample t-test

data: stariji and mladji
t = 7.0669, df = 41.877, p-value = 5.923e-09
alternative hypothesis: true difference in means is greater than 0O
95 percent confidence interval:
2.746176 Inf
sample estimates:
mean of x mean of y
22.300 18.696



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyuyaj cnapeHux ysopaka

m Hekapa je npupogHo fa CBakM €NeMeHT jeJHOr y30pKa MMa CBOj Map y Apyrom
y30pky

m CnapuBarbe ymatbyje yTnuaj Heke CnosbHe NPOMEHIbUBE KOja HAM MOXKE CMETaTu
aa OTKpI/IjeMO CTBApPHY pPa3ninky y CpeakbnmMm BpeAHOCTMA

B Mcnntyjemo edprikaHOCT HOBe KpeMe 3a CyHYarse cnefelinM ekCnepumMeHTOM.
CBakoM MOjenHLY HAMaXkeMO jefHY PYKY U jefHY HOTY HALLUOM KPEMOM, a APYyry
PYKY 1 APYry HOTY KOHKYpeHTCKOM. HakoH Tpu caTa m3nararba jakom CyHLUy,
MepuMo HUBO m3ropenocTn (koju 3aBucu of Temnepatype n 6oje). Osakas
€KCMEPNMEHT ce npaeun fa 6u ce HeYyTPanMCao yTuuaj pasanymnTux TUNOBA KOXE.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyuyaj cnapeHux ysopaka

m lmamo pgBa y3opka rge cBakn enemeHT X; nma CBOj map y y3opky Y;.
[JednHuiiemo HoBy cny4ajHy npomensney D = X — Y koja npepcTaesma
pasnnKy NMPOMEHIbUBIX KOJ€ UCMNTY]EMO.

m Cpearba BpegHOCT npomensbuee D je up = g1 — g2 na ce MHTEPBaNU
noBeperba N TECTUMPakbe XMNOTE3a Yy BE3N NnapameTpa (i1 — (2 CBOAE Ha
MHTEpBasne NOBepeHa U TECTUPAHbEe XMNOTE3a Y B3N L.

m CnyyajHa npomMeH/bUBa

D — (p1 — p2)
Sp v

nma CtygeHToBy pacnogeny ¢ n — 1 cteneHom cnoboge.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyuyaj cnapeHux ysopaka

Heka cy X1,...,Xpn uYi,...,Y, cnapexn ysopuw u3s gBe nomynayuje 4umje cayHajHe
npomensuse umajy Hopmanry pacnogeny. 100(1 — «)% uHTepsasn noseperba 3a
pasauky p1 — pi2 je

= Sp = Sp
(D - ta/2ﬁ7 D — ta/2%)7
rge je to /2 BpegHocT u3 Tn_1 pacnogene Taksa Aa je noBpLunHa BECHO 0f He

jenHaka axz.

m 3a Tectuparse xuinotesa Ho : p1 = po npotus Hy @y # pe, Hi : p1 < po nnn
H1 : 1 > p2 KOPUCTW €€ TECT CTaTUCTUKA

D
T():g\/ﬁ

koja uma CrygeHToBy pacnogeny ¢ n — 1 crenenom cnoboge. OBaj TecT nosHart
je nog umeHom cnapenu 1' TecT.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyuyaj cnapeHux ysopaka

x Yy d=z—y

é'g ;é :i'g Mepw ce cTeneH n3ropesiocTn NPUSINKOM KO-
4.3 2.0 2.3 puwhersa cpeactea X un Y. Xenumo ga
179-51 149-33 3022 nokaxkemo aa je X 6osbm na crora Tectm-
20 75 55 pamo

5.0 6.0 -1.0

7.9 8.3 -0.4

8.9 8.7 0.2 Ho : px = py npotue px < py .

92 113 21

6.2 75 -13 . -

3.0 25 0.5 N3 y3sopka pobujamo d = —0.69, sq =
6.9 7.1 0.2 1.98, na je BpefHOCT TeCT cTaTuCTuke to =
7.6 8.3 0.7 a

82 6.9 1.3 5, Vn=—-174

153 157 0.4

149 138 1.1

6.1 7.3 -1.2 Ha ocHoBy pacnogene TeCcT CTaTUCTUKE,
177-95 187-39 '8-: Th4, Bobujamo fa je p-BpesHOCT TecTa
6.1 7.3 10 9.047, na ako Ham je npar 0.05, 3aksby4y-
5.1 4.9 0.2 jeMo pa Hawa Kpema, y Mpoceky, edumkac-
13.7 135 0.2 :

14.2 171 29 HNJE WTUTN KOXY OO KOHKYPEHTCKE.

18.1 19.2 -1.1



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> nasa<-c(1.3,6.0,4.3,19.1,7.5,2.0,5.0,7.9,8.9,9.2,6.2,3.0,6.9,7.6,8.2,
15.3,14.9,6.1,7.9,17.5,6.1,5.1,13.7,14.2,18.1)

> konkurent<-c(7.1,7.5,2.0,19.3,4.3,7.5,6.0,8.3,8.7,11.3,7.5,2.5,7.1,
8.3,6.9,15.7,13.8,7.3,8.3,17.9,7.3,4.9,13.5,17.1,19.2)

> t.test(nasa,konkurent,paired=TRUE,alternative="less")

9.
6.

Paired t-test

data: nasa and konkurent

t = -1.7504, df = 24, p-value = 0.04641

alternative hypothesis: true difference in means is less than O
95 percent confidence interval:

-Inf -0.01561205

sample estimates:
mean of the differences

-0.692



Buoctatncruka n ananmsa nogataka

L Crarncruka

JlnHeapHa perpecuja

m Ykbydyje ase npomensbuee, 3asucHy (Y'), n Hesasuchy ()

m 3aBucHa npomensbnea (Y') je OHa KOjy >ENMMO A3 UCNMTAMO, a HEHA CPearba
BPEAHOCT 1 pacnofena 3aBmce of Apyre NpoMeHsbrBe &

m Unm Ham je ga pobnjemo nuHeapHy jegHaudmHy koja Ham gobpo onucyje Ty
3aBMCHOCTU

m BpegHocTn HesaBncHe npomensbuee x (Tayke) 4ECTO MOXKEMO camu ga Bupamo
1 OHAA Y3MMaMmO y30paK 3a Y y TuM Ta4kama

m cnutyjemo koHueHTpaunjy nssecHor neka (Y') y 3aBMCHOCTM off BpemeHa
NPOTEKNOr Of y3umarba neka (x)

m Vcnutyjemo ry6utak TenecHe texxuHe (Y) y 3aBucHocTun of 6poj yacoea
aepobuka HeaessHo ()

m Vicnutyjemo ueHy nwennue (Y) y 3aBUCHOCTM 04 KOAWYMHE NAAABUHA 33 BpeMe
cesone (z)

® YKONMKo camm bupamo x, TO je NaaHMpaHu eKCNEPUMEHT, a aKo He, OHAA
MMaMO NOCMAaTPaHU EKCAEPUMEHT



Buoctatncruka n ananmsa nogataka

L Crarncruka

JlnHeapHa perpecuja

m XKenumo pa 3a KOHKPeTHY BpegHocT = npegeugumo Y. Ha npumep, konuka je
KOHLEeHTpauuja neka nocne 5 muHyra?
Tpaxumo Y|z = 5. C 063upom fa sbyan pasamynTo pearyjy Ha nek, Y|z =5 je
cny4ajHa npomensbusa. bbena (Teopertcka) cpeprba BPeAHOCT je Ly |p—s5-

HedunHnynja

Heka je x Heka npomeH/byBa n Heka je Y cnydajHa npomeH/puBa. Perpecuona kpusa
Y Ha x je rpachux ¢pyHkymje cpegre BpegHocTu Y 3a pasnnynte BPEAHOCTU T, Tj

rpagpuK pyHKUMjE [y |4 -
3a perpecnony kpuBy Y Ha T Kaxe ce f4a je mHeapHa ako je

pyle = o+ o

3a Heke peanHe 6pojese o u 3. Bpoj B Ha3ua ce Harnbom nunHeapHe perpecuje.



Buoctatncruka n ananmsa nogataka

L Crarncruka

JlnHeapHa perpecuja

Cnuxa: JINHEPHA perpecnoHa Kpuea Cnunka: HENIMHEAPHA perpecrnoHa Kpuea



Buoctatncruka n ananmsa nogataka

L Crarncruka

JlnHeapHa perpecuja

m [pe ogpehreara npase Tpeba ce yepnTn Aa ce Be3a Y M & MOXe NpPeacTaBUTA
JINHeapHOM cbyHKLIjOM

m Y TOM uwby upTa Ce gnjarpam Tadaka (zi,y;)

Cnnxa: Besa Huje nuneapHa Cnuxa: Beza Hunje nuHeapHa



Buoctatncruka n ananmsa nogataka

L Crarncruka

JlnHeapHa perpecuja

m 3atum Tpeba oapeanTU jeaHauMHY MpaBe JIHeapHe perpecnje Ha OCHOBY
cnysajHor ysopka (z1,Y1),..., (@n, Yn). Peannsaunja osor ysopka je
(x17 91)7 e (In’ yn)

Heka je = 6poj catn Bexxbara aepobuka HegessHO, @ Y 6poj nsrybrbeHux kuaorpama
3a Bpeme ¢uTHec nporpama. JobujeHn cy cnegehn nogaun

(1,05)  (207) (311)  (413)  (516)
(1,08)  (2,065)  (3,1.2)  (4129) (51.62)
(1,06) (2071)  (31.0) (41.32) (51.64)
(1507) (251.0) (3510) (451.2) (551.7)

L
« e
- e
. .
> .-
2 By =o+fx e e .
g

2.

.

T T T T T

1 2 3 4 5

Cnuxa: 6poj U3rybsbHMX KuorpamMa y 3aBucHocTh o 6poja 4acosa aepobuka



Buoctatncruka n ananmsa nogataka

L Crarncruka

MeTon HajMamux KBagpaTa

m Kako fobutn oueHy npaBe? Y3nmMaMo OHY KOjoj Cy Tauke rpadmka Hajbnmxe.
Mepumo BepTukanHa pacTojarba Tadaka oa rpaduka, Tako3BaHe pesupyasne

e; = y; — (a+ bx;),
a oueHa npaee 6ufie 3a oHO a n b 3a koje je 36up KBagpaTa peangyana HajMarby.

36up KBagpaTta obenexxasamo ca

SSE=Y"e2 = (y— (a+ bx))?

1.4
'\
W

(=]
= My =0+ PX o .=
- e )//’ Hype =a+bx
s
L]




Buoctatncruka n ananmsa nogataka

L Crarncruka

MeTon HajMamux KBagpaTa

BpegHocTu a n b 3a koje je 36up kBagpaTta pesungyana SSE HajMmarbun cy

b Ly ay—zy
%2952—52
a=79y—bT

V Hawewm cnydajy je T = 3.125, § = 1.0825, > xy = 77.66, > x? = 236.25, na
nobnjamo

b=0.25,a = 0.30,
Tj.
Ay |e = 0.30 4+ 0.25z
AKO »XeNnnMo Aa NpeaBUANMO KONMKO Ce Y NPOCeKy Kuiorpama nsrybn ako ce sexba

2.1 4ac HepemsHo, pobunjamo fiy |51 = 0.30 +0.25- 2.1 = 0.83. Tonmuka 6n 6una
Hajbosba npoueHa rybnTtka TesiecHe TEXMHE N 33 KOHKPETHY 0coby.



Buoctatncruka n ananmsa nogataka

L Crarncruka

MeTon HajMamux KBagpaTa

OueHe Heno3HaTuX napaMeTapa JUHEApHE perpecuje o v 3 METOAOM HajMaH Ux
KBagparta cy

ny aY -3z} Y %ZwY—a’:Y
S SE) SR S P
a=A=Y - Bz

B =

™
Il

m [pegeuharse nomoRy perpecroHe nuHmje Ba>kum CaMo Tamo rge Cy nogauu, y
Hawem npuMepy 3a x n3mehy 1 n 5.5. VI3BaH oBor oncera, HeMaMo eBMAEHLUMjY
A je BE3a 1 Aasbe JIHeApHa na Ce He CMe KOPXCTMTU, a ako bucmo je
KopucTuam Yecto bucmo gobunu 6ecmmncneHe nnm 4ak Hemoryhe BpegHoCcTH.

m MeTogom HajMarbux KBagpaTa y CTBAapy Ta4KacTo ouersyjemo py (nam Y) 3a
CBaKy BPefHOCT xo. ANM 3a MHTEpPBaNHE OLUeHe N TecTuparse Tpeba Ham Hombu
MOZEN KOjUi Noped CPeftbe BPeSHOCTN ONUCYJe U OACTYMNarba OfF Hbe.



Buoctatncruka n ananmsa nogataka

L Crarncruka

[MpocT nuHeapHu perpecnoHn Mopen

MpeTnocTasbamo Aa je Cpearba BPERHOCT Uy |y, = & + Bx; 3a CBaKO §
m Ogcrtynarse BpegHocTn Y; of « + 3x; Ha3sNBaMO rPELLUKOM PErpecuje un
obenexasamo E;

m [lpeTtnocTtasmmamo Aa ceako E; uma HOpmanHy pacnogeny ca cpefHom
spearowhy 0 n nekom ancnepamnjom o2 n ga cy meljycobHo HesasucHu

Cnuxa: [lpocTa nuHeapHa perpecuja

[IpocT nuHeapHu perpecMonn Mogen je
Y|z; = (a+ B=z;) + E;,

rae cy E; HesasucHe cnydajne npomenssuse ¢ Hopmantom N (0,0?) pacnogenom.



Buoctatncruka n ananmsa nogataka

L Crarncruka

[MpocT nuHeapHu perpecnoHn Mopen

m VI3 mogena Y; 3aBucn og aee cteapu, o + BX, cpegre BpegHocTn, n E;,
HeobjallrbeHe rpeLuke

Mogen uma Tpu HenosHaTa napameTpa o, S 1 o2

a 1 3 ouerbyjeMO METOAOM HajMmatbux KBagpata A u B

OueHa rpewke mogena E; y Taukn i je pesugyan e;
m Ouena 3a 02 je

g2 (Y — (A+ Bz))? _ SSE

n—2 n—2"




Buoctatncruka n ananmsa nogataka

L Crarncruka

PauyHcke dopmyne

HedvHnwmnmo

Syy=> (y—9)° = —nzy —(2.9) Zy - ng?
szy=2<wff>(yfg>=”zxy’§? Y =Sy~ nap

Ha ocHoBy oBora gobujamo

Say
SII
SSE = Sy, — BSay,

B =

na MOXEMO NaKLUE N3PayvYyHaTM OLUEHE napamMeTapa.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> x.aerobik<-c(1,1,1,1.5,2,2,2,2.5,3,3,3,3.5,4,4,4,4.5,5,5,5,5.5)
> y.aerobik<-c(.5,.8,.6,.7,.7,.65,.71,1,1.1,1.2,1,1,1.3,1.29,1.32,
1.2,1.6,1.62,1.64,1.7)

> mod<-1m(y.aerobik~x.aerobik)

> summary (mod)

Call:
Im(formula = y.aerobik ~x.aerobik)

Residuals:
Min 1Q Median 3Q Max
-0.21960 -0.06795 0.02071 0.06113 0.24102

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 0.31308 0.06190 5.058 8.19e-05 **x*
x.aerobik 0.24589 0.01801 13.653 6.16e-11 *x*xx

Signif. codes: 0 “**x’> 0.001 ‘*x’ 0.01 ‘x> 0.05 ¢.” 0.1 ¢’ 1

Residual standard error: 0.1152 on 18 degrees of freedom
Multiple R-squared: 0.9119, Adjusted R-squared: 0.907
F-statistic: 186.4 on 1 and 18 DF, p-value: 6.159e-11



Buoctatncruka n ananmsa nogataka

L Crarncruka

NnTepsan nosepersa 3a piy |y,

2Kenumo pa 3a KOHKPETHO xo HaljeMo MHTepBan noeepersa 3a Cpefry BPefHOCT Y.

Teopema

Cny4ajHa npomeHbuBa

By |z — BY|zo
A 1 (mo—%)?
TVn T e
rge je 6 = 4/ % uma CTygeHTOBy pacnogeny ¢ n — 2 cteneHa cnoboge.

100(1 — )% wuHTepsan nosepersa 3a iy |y, j€ TaAa

o ~ 1 (.’L‘Q*j)2 . N 1 (wo 7{2‘)2
(.UY\;CO —ta/QUV P + T,HY\% +la/20 o + Sim)

rae je to o je speanoct CTygenTose pacnogene ¢ n — 2 cTeneHa cnoboge Tako 4a je
MOBPLUINHA [ECHO Of He /2.



Buoctatncruka n ananmsa nogataka

L Crarncruka

NHTepBan nosepera 3a iy

Zo

2XKennumo pa MHTEpBanHO OLEHMMO cpefrl H6poj n3rybrbeHnx Kuorpama npuankom
2.1 yacoea Bexxbarba HEAEIBHO.
M3 nopaTaka gobujamo Yz = 62.50, >y = 21.63, > xy = 77.66, T = 3.125,
St a? =236.25, > y? = 26.11, § = 1.0825, n = 20.
Pauyynamo Szz = 40.94, Szy = 10.07, Syy =2.72, b =
Hy|2.1 = 0.83.

N SSE
SSE = Syy — bSzy = 0.20, 62 = 228 =0.01
3a 95% uHTepBan noeepersa 3a kBaHTUN pacnogene Thg gobujamo to. o5 = 2.101, na
j& NHTepBan noeepema

Szy
Sza

= 0.25, a = 0.30,

1 (21 —3.125)2 1 (2.1—3.125)2
(0.8372101-0.1 L @I85 e a101-0.14) L + g)
20 40.94 20 40.94

= (0.773,0.887),

na sepyjemo c noseperbem of 95% pa je npoceqan 6poj n3rybsbeHMX KMNOrpamMa oHmMX

koju Bexxbajy 2.1 cat namehy 0.773 n 0.887.
> predict(mod,data.frame(x=2.1),interval="confidence")
fit lwr upr

1 0.8294595 0.7628636 0.8960555



Buoctatncruka n ananmsa nogataka

L Crarncruka

NnTepsan nosepersa 3a piy |y,

AKO HanpaBMMO MHTEPBANE NOBEPEH:A 3a CBAKY BPEAHOCT T A0BMjaMO T3B. Tpaky
noBEpPEeHA.

1.0 14

0.6

Cnuxa: Tpaka noeeperba 3a iy |y

Bugumo pa je Tpaka Hajya 3a £ = I, na HaM je Taja NPOLUEHA HajnpeLun3Huja.
> yy<-predict(mod,interval="confidence",
data.frame(x.aerobik=seq(1,6,length=51)))

> plot(x.aerobik,y.aerobik,pch=19,xlab="x", ylab="y")

> abline(mod)

> lines(seq(1,6,length=51),yy[,3],col="red")

> lines(seq(1,6,length=51),yy[,2],col="red")



Buoctatncruka n ananmsa nogataka

L Crarncruka

NHTepsan npegsuharsa 3a Y|z

Mennmo ga 3a KOHKpeTHO xo HafjeMo nHTepBan npegeuharba 3a BPeAHOCT CaydajHe
npoMeHs/bUBe Y y TOj Tauku.

Cny4ajHa npoMeHbUBa

}A/|a:0—Y\330
&1/14’_%_}'_%

rge je 6 = 4/ % uma CTygeHTOBy pacnogeny ¢ n — 2 cteneHa cnoboge.

100(1 — )% wurTepsan noseperva 3a fiy |, j€ TaAa

~ . 1 ((EO — :E)2 ~ . 1 (1’0 — (E)Q
(Y|$Co—ta/20“1+g+7smz ,Y|$0+ta/20' 1+E+7Smm ),

rae je to o je speanoct CTygenTose pacnogene ¢ n — 2 cTeneHa cnoboge Tako 4a je
MOBPLUNHA JECHO Of He /2.



Buoctatncruka n ananmsa nogataka
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NuTepean npegsuhatsa

Tpaxumo 95% wuHtepsan npegeuljarsa 3a 6poj nsrybsbeHnx kunorpama ocobe koja
HamepaBa Bex6atn 2.1 vac HegemHo. [lobujamo nutepean (0.612,1.048), na sepyjemo
¢ nosepersem og 95% na he ocoba narvbutn namehv 0.612 n 1.048 kunorpama.

Cruka: Tpaka nosepera 3a Y|z

Bugumo pa je nntepsan npegsufjarba y CBaKOj TauKy WPV HEFO UHTEPBAJ MOBEPEHA

3a cpefy BPEeHOCT.

> yy2<-predict(mod,interval="prediction",
data.frame(x.aerobik=seq(1,6,length=51)))

> lines(seq(1,6,length=51),yy2[,3],col="red")

> lines(seq(1,6,length=51),yy2[,2],col="red")



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecTuparbe XxMnoTese o NapameTpuma perpecuje

B VYKONUKO HNCMO CUTYPHM Aa NN je NMHEAPHN MOAEN NPUMEHsbUB MOXXEMO TO Aa
TeCTMpamo

m TecTnpa ce HynTa xunoTesa
Hop:8=0, 7). Y je uCTO 3a CBaKO = 1 perpecuoHun mofen je HenotpebaH,
npoTuBs
Hy : B #0, Tj. n"MHeapHu perpecrioHn MOAEN HaM je KOpWUCTaH 3a npeasubharbe
Y Ha ocHoBy z

m TecT cTaTUCTMKA je

B
To = g V Scc:cv

koja uma CTypgeHTOBY pacnogeny ¢ n — 2 cteneHa cnoboge

B pD-BPEOAHOCT TE€CTa payyHa C€ Ha UCTWN HAYNH KAaO KOA CBAKOr ABOCTPaHOr TeCTa
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TecTuparbe XxMnoTese o NapameTpuma perpecuje

TecTpamo fa An Ham je perpecroHn mMogen usrybrbeHe TexmHe y ofHOCY Ha 6poj
catu Bexbarba AOBOJBHO A06ap Aa MOXKEMO Aa Ha OCHOBY hera npegsufjamo 6poj
n3rybsbeHnx KMnorpama.

Nmamo pa je Spx =40.94, b=0.25, 6 = 0.1 n n = 20, na je to = %23,/40.94 = 16.
P-BPEAHOCT TECTa je OHAA jeAHaka Hynm, WTo 3Haqm ga ogbauyjemo Ho, na Ham je
NIVHEAPHN MOAEN KOPWUCTaH 3a npeasubarse

> summary (mod)

Coefficients:

Estimate Std.Error t value Pr(>|tl)
(Intercept) 0.31308 0.06190 5.058 8.19e-05 **x*
x.aerobik 0.24589 0.01801 13.653 6.16e-11 *x*x

Signif. codes: 0 “**x’> 0.001 ‘*x’ 0.01 ‘%’ 0.05 .’ 0.1 ¢’ 1

Residual standard error: 0.1152 on 18 degrees of freedom
Multiple R-squared: 0.9119, Adjusted R-squared: 0.907
F-statistic: 186.4 on 1 and 18 DF, p-value: 6.159e-11



Buoctatncruka n ananmsa nogataka

L Crarncruka

Buwectpyka nuHeapHa perpecuja

[MpocT AnHeapHn mMOZEen 3aCHMBa CE HAa NPETNOCTaBUM 4a BPESHOCT Y 3aBucu
o4 jeAHE NPOMEH/bUBE T

BuwecTtpykn nuHeapHn mogen, Koju npeTnoctassba Aa Y 3asucu of Bue
MPOMEHIBUBUX X1, L2, ... ,Tp, |€

Y|z; = o+ Brz1 + -+ Bpxp + Ej,

rae ce, 3a rpewke E;, Kao n paHuje, NnpeTnocTassba f[a Cy HE3ABUCHE 1 A3 UMajy

HOpManHe pacnogene ca cpearsom epegHowhy 0 n uctom aucnepanjom o2.
Ha ocHosy y3opka (z11,...,%p1, Y1), .-, (T1n,- .-, Tpn, Yn) OLeHYjeMO
napameTtpe fo, ..., Sp METOAOM HajMarnX KBaApaTa

BuwecTpyka nuHeapHa perpecuja HajnonynapHuju je MeTod y CTaTUCTUYKOj
aHannsu

Mopea cTaHAApAHMX TauKACTUX N UHTEPBANHUX OLEHA, jeAHa Of HajBa>KHUjUX
CTBapw y BULIECTPYKOj perpecnjn je n3bop mogena, Tj. oApeanTy Koje of T;
Tpeba ga noctoje y chopmynu perpecuje

MowTo Huje moryhe ga upTamMo BULLIEANMEH3NOHE NPOMEHIBUBE, MOPAMO Aa
nobujemo ofroBop TeCTMparbeM; n3abepemMo HEKONMKO X-eBa N TECTUPAMO
HYNTY XUMNOTE3y fa Cy HUXOBM koecbuumnjeHTn B jegHaknm Hynu, 1 ako ogbaunmo
OBY xmMnoTesy, He Tpeba CBe Te NpoMeHbuBe N3baLUTK U3 Mofena



Buoctatncruka n ananmsa nogataka

L Crarncruka

Buwectpyka nuHeapHa perpecuja — npumep

m Basa nogaTtaka o 6usbHUM BpcTama Ha apxunenary lananaroc

m Basa ce cactoju us 30 pegoBa kojun CBaku NpefcTaB/ba NOJaTKe O jeAHOM OCTPBY

m [lpomeHsbuBe cy:

Species koja npeacTaemba 6poj paznnyunTux 6UBHUX BPCTa Ha OCTPBY
Endemics — 6poj eHaemMckux BpCTa Ha OCTPBY

Area — noeplUnHa oCTpBa

Elevation — HagmOpcKa BUCKHA HajBULWE Ta4yKe OCTPBa

Nearest — pacTojare o HajbnuKer cycegHOr oCTpBa

Scruz, pactojare og octpea CanTta Kpys

Adjacent — noepLuMHa CyceaHOr oCTpBa

m [lpomeHssnBy Species y3efiemo 3a 3aBucHy, a nocsieamwux 5 kao noteHymjanHe
npepnkTope (HE3aBMCHE NPOMEHIbIBE)

> library(faraway)
> data(gala)
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Buwectpyka nuHeapHa perpecuja — npumep

u Monen Cca CBUM NPOMEH/BUBUM

> model <- Im(Species ~ Area + Elevation + Nearest + Scruz + Adjacent, data=gala)
> summary (model)

Call:
Im(formula = Species ~ Area + Elevation + Nearest + Scruz + Adjacent,
data = gala)

Residuals:
Min 1Q Median 3Q Max
-111.679 -34.898 -7.862 33.460 182.584

Coefficients:
Estimate Std. Error t value Pr(>|tl)

(Intercept) 7.068221 19.154198 0.369 0.715351

Area -0.023938 0.022422 -1.068 0.296318

Elevation 0.319465 0.053663 5.953 3.82e-06 **x*

Nearest 0.009144 1.054136 0.009 0.993151

Scruz -0.240524 0.215402 -1.117 0.275208

Adjacent -0.074805 0.017700 -4.226 0.000297 *x**

Signif. codes: 0 ‘x> 0.001 “#*’ 0.01 ‘x> 0.05 ‘.’ 0.1 ¢ * 1

Residual standard error: 60.98 on 24 degrees of freedom
Multiple R-squared: 0.7658, Adjusted R-squared: 0.7171
F-statistic: 15.7 on 5 and 24 DF, p-value: 6.838e-07
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Tymayere KoedumjeHaTa

® V npocToM JIMHEAPHOM MOAENY KOEPULMNJEHT Y3 &
npencTaB/bao je Harmb npaee

m V BULWECTPYKOM JIMHEAPHOM MOAENY MOjeAnHaYHN
koedbnLnjeHTN Tymade ce Ha cneaefin HaunH: koedbulmnjeHT [
y3 x; npeAcTaB/ba 3a KoAnKo ce nosehiasa [y kapa ce x;
noeeha 3a 1, a ocTann x-eBN OCTaHY HenpoOMerseH!

m [Ipobnem je WITO ce 4eCTO MerareM jeAHOr T Y Npakcu
MEHaJy U APYrU, Tj. MPEAUKTOPU HWCY Y OMWTEM Cay4dajy
HE3aBUCHU
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HwnjarHocTuka momena

[NMpoeepaBamo fa v Cy NPeTnocTaBke Mogena ucnymene. Mmamo
TPU NPEeTNOCTaBKe KOje Ce OfHOCE Ha rpeLlke MoAena:

m HOpMaJiHa pacnogena rpewaka F; — nposepasamo
QQ-gunjarpamom pesugyana
B jefHaka gucnepsuja 3a ceako F; — npoeepaBamo rpagukom

TaykacTyx OUeHa ; 1 pe3ngyana e;

B He3aBNCHOCT rpewaka F; — nposepaBa Ce 3aBUCHOCT CyCeLHUX
pesugyana (0BO UMa cMUCNa ako Cy Y; faTu HEKUM
pefoCcnefioM, HNpP. BPEMEHCKM CEAE jefaH Apyror)
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QQ-aumjarpam

m QQ-aunjarpam cny>km ga ce UCnuTa Aa an Ce 3a HeKU y30pak
MO>KE CMaTpaTh fa je N3 HOpMalHe pacnogene

m Ha oBOM aumjarpamy Ha z-0CW Hanaze ce TEOPUjCKU KBAHTUMU
CTaHZapAHE HOPMaJsiHE PAcMofese, a Ha Y-OCM Y30payKM
KBaHTUAN

m KopucTtu ce 4ynrbeHuua aa je cBaka HOpMaJlHa C/y4dajHa
MPOMEH/bNBA JIHEAPHA PYHKLM]a CTaHJAPAHE HOPMAJIHE, na
N KBAHTWJIN CJIyYajHOT y30pKa Ce MPeTnocTaB/ba ga Hehe
MHOrO OACTYNaTu Of npase

m VKOJINKO Ta4yke AujarpaMa He OACTYNajy MHOroO Of npase,
MO>XeMO CMaTpaTu fa je pacnogena HOPMasHa, Y CynpoTHOM
HE MOXXEMO



Buoctatncruka n ananmsa nogataka

L Crarncruka

QQ-aumjarpam

Normal Q- Plot Normal @-Q Plot

‘Sample Quantlies

ode o WMM
s m e
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Theorelcal Cuantlos Thearetcal Quantles

Cnmka: HONDMANHA NACANAANA rNeLlaka Cnnka® HACMMATNIMUHA NACnaneng

Normal Q-Q Plot Normal Q-Q Plot

Sample Quantles

Theoretcal Quantios Theoretcal Quantles

Cnuka: OFPAaHNYEHA CUMETPUYHA Cnuka: CUMETPUYHA pacnogena “gebennx
pacnogena penoea”

H aKO je AmjarpaM Kao Ha rpadpuumma NeBo, MOXXEMO KOPUCTUTU ANHEAPHN MOAEN

H aKO je Aujarpam Kao rope AecHO, Mpenopydyje ce TpaHcopmaumja KBagpaTHUM
KOPEHOM WA NOFAapuTMOM

B aKO je Aujarpam Kao [oJIEe AECHO, HE MOXXEMO KOPVCTUTU JINHEAPHU MOAEN



Buoctatncruka n ananmsa nogataka

L Crarncruka

HwnjarHocTuka momena

Normal Q-Q Plot
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Cnuka: QQ-gmjarpam pesugyana Cnuxa: rpacprK TavacTux oLeHa 1 pesmayana

> qgnorm(residuals(model) ,ylab="Residuals")
> qqline(residuals(model))
> plot(fitted(model), residuals(model),xlab="Fitted",ylab="Residuals")

m O6a gmjarpama Ham roBOpe 4a Hawe NPETMNOCTABKE HUCY JIOLIE, AN MOXKEMO
npobaTtn fa nobosbiamo Mofen TpaHcopMaLmjom
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HwnjarHocTuka momena

Mogen nocne tpaHccopmauuje KBagpPaTHUM KOPEHOM

Square root Response
Square root Response
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Cnuka: TpacpriK TA4KACTUX OLEHA ©

pesugyana

Theoretical Quantiles

Cnva: QQ-gumjarpam pesugyana

model.koren <- 1lm(sqrt(Species) ~Area + Elevation + Scruz + Nearest +
Adjacent, gala)

m Moxemo Bugetu fa cy caga npernocraeke 6os/be 3a40BO/beHe, MehyTUM HOBK
MOgZen je obMHYHO TeXxxu 3a MHTepnperauujy
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N360p mopena

m Linm Ham je gofin po wTo jegHocTasHmjer mogena (Tj. ca wTo
Matbe MPOMEHIBUBMX) KOjU je jefHako fobap kao n mMogen ca
CBUM MPEgUKTOPUMa

m Hajuewhe kpeHeMo of Mogena ca CBUM MOTEHUUjaTHUM
npegumkTopuMa na nsbauyjemo jeaaH no jegad

m 136aunBarbe jegHor npepnkTopa mMersa mMogen (BpeaHoOCTM
KoepULMjEHATa N HIXOBY 3HAYAJHOCT), TAaKO fa Ce MOXE
LOTOANTW A MPEAUKTOP KOju Huje Buo 3HavajaH y wrpem
mogeny caga To byae, n obpHyTo

m 3a ynopefjusarse gBa mogena kopuctumo Puwepos F-tect
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Vnopehuneare Mmogena

m Mopgen c npeguktopuma Elevation n Adjacent

model2 <- lm(Species ~ Elevation + Adjacent, data=gala)
> summary (model2)

Call:
Im(formula = Species ~ Elevation + Adjacent, data = gala)

Residuals:
Min 1Q Median 3Q Max
-103.41 -34.33 -11.43 22.57 203.65

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 1.43287 15.02469 0.095 0.924727
Elevation 0.27657 0.03176  8.707 2.53e-09 **x*
Adjacent -0.06889 0.01549 -4.447 0.000134 **x*

Signif. codes: O ‘*x%’ 0.001 ‘#*’> 0.01 ‘%> 0.05 “.” 0.1 ¢ > 1

Residual standard error: 60.86 on 27 degrees of freedom
Multiple R-squared: 0.7376, Adjusted R-squared: 0.7181
F-statistic: 37.94 on 2 and 27 DF, p-value: 1.434e-08



Buoctatncruka n ananmsa nogataka

L Crarncruka

®uwepor F-TecT 3a ynopehusarbe Mogena

Mmamo pBa mogena: mogen A koju yksbyliyje p HE3aBUCHMX NPOMEHIBUBMX, I MOAEN
B koju ykibydyje g of oBUX p, TAe je ¢ < p. TeCTMpamo HynTy xunoTesy fa cy oba
mogena jeanako gobpa, 7j. Ho : B4+1 =0,...,0p = 0 npoTns antepHatuee ja je
mogena A 6osmn, Tj. Aa je Makap jefaH KOeUUNjEHT Pa3anyunT Of Hyne.

Heka cy SSE4 n SSEp pegom 36uposu kBagpaTta rpewaka oba mogena. Tapa Tect
cTaTnCTNKa

SSEp —SSE4 p—gq
Fy = .
SSE 4 n—p

noa HynTom xunotezom uma PuwepoBy pacnogeny € napamMeTpuma vy =p —q 1
va =n —p.

P-BPEAHOCT TECTA je MOBPLUMHA AECHO of BpegHocTu fo kojy Fy y3me y y30pky.
Hanomena: Ako je ¢ =0, onpa je SSEp = Syy n xunoTesa ce ceoan Ha TO fa Cy CBK

koecbumjeHT B jepHak Hynu, ORHOCHO Aa je BUNo Kakae NUHEAPHU MOAen

notpebaH.
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®uwepor F-TecT 3a ynopehusarbe Mogena

B VnopehyjeMo MOAen ca CBUM NpeANKTOPMMA N MOJEN € MPeAnKTOpUMa
Elevation n Adjacent

> anova(model,model2)
Analysis of Variance Table

Model 1: Species ~ Area + Elevation + Nearest + Scruz + Adjacent
Model 2: Species ~ Elevation + Adjacent

Res.Df RSS Df Sum of Sq F Pr(>F)
1 24 89231
2 27 100003 -3 -10772 0.9657 0.425

m Bugnmo pa je p-BpefHOCT BenMKa na CMaTpamo Aa Cy Mogenu jegHako aobpwm, a
MOLITO je Apyru MOZen jeaHocTaBHuju onpegenufiemo ce 3a wera

m [lpyrn HaunH ynopeljusarsa je koeduumjent getepmunauuje R2: suanmo ga ce
KOJ OBMX MOJENA HE3HATHO PassnKyje

m V HEKMM C/ly4ajeBuMa UHCMCTUPAMO Aa HEKM NPEANKTOPM OCTaHy y Moaeny
(36or nakiwe nHTepnperaumje, OJHOCHO 3Hatba N3 KOHKPETHE CTPYKeE)
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m [lpoctn mogenn — Adjacent u Elevation

Call:
Im(formula = Species ~ Adjacent, data = gala)

Coefficients:

Estimate Std. Error t value Pr(>|t|)
(Intercept) 84.32743  22.27411  3.786 0.000744 **x*
Adjacent 0.00347 0.02505  0.139 0.890831
Residual standard error: 116.6 on 28 degrees of freedom
Multiple R-squared: 0.0006847, Adjusted R-squared: -0.03501
F-statistic: 0.01918 on 1 and 28 DF, p-value: 0.8908

Call:
Im(formula = Species ~ Elevation, data = gala)

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 11.33511  19.20529  0.590 0.56
Elevation 0.20079 0.03465 5.795 3.18e-06 **x*
Residual standard error: 78.66 on 28 degrees of freedom
Multiple R-squared: 0.5454, Adjusted R-squared: 0.5291
F-statistic: 33.59 on 1 and 28 DF, p-value: 3.177e-06

Ha ocHoBy koednunjeHTa AeTepMuHaumnje BUANMO A2 j€ NMPBN MOZEJ MOTMYHO
6ecmucneH, a gpyru gocTa Siowmjyu Hero Kaga mmamo oba npegukropa. Vnopehearse
F-TecToM ce cBOAM Ha TeCcTUpakbe Aa je jeaaH KoedbuLMjeHT jefHaK Hynu.
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m [pocT mogen — Area

Call:
Im(formula = Species ~ Area, data = gala)

Coefficients:

Estimate Std. Error t value Pr(>|tl)
(Intercept) 63.78286 17.52442 3.640 0.001094 *x*
Area 0.08196 0.01971 4.158 0.000275 ***

Residual standard error: 91.73 on 28 degrees of freedom
Multiple R-squared: 0.3817, Adjusted R-squared: 0.3596
F-statistic: 17.29 on 1 and 28 DF, p-value: 0.0002748

Bugumo pa je npeguktop Area y npocToM mopeny 3HauajaH. MebhyTtum, ako ra
[OAAMO Ha Haw Mogen C npeguktopuma Elevation n Adjacent, He gobujamo
3Ha4vajHo Bossy mogen.

> model3 <- 1lm(Species ~ Area + Elevation + Adjacent, data=gala)
> anova(model3,model2)
Analysis of Variance Table

Model 1: Species ~ Area + Elevation + Adjacent
Model 2: Species ~ Elevation + Adjacent
Res.Df RSS Df Sum of Sq F Pr(>F)
1 26 96776
2 27 100003 -1 -3227.3 0.8671 0.3603
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Kopenauuja

B VY perpecroHoj aHanM3yM NocMaTpann CMO Be3y NPOMeHJbMBE & N CpefHe
BPEAHOCTN [ly |, CNy4ajHe NpOMeHBMBE Y

m VYV KopenauuoHoj aHanusu, n X n Y Cy cayyajHe npoOMeH/bIBE

m llcnntyjemo noctoju nu nuHeapHa Be3a Mehy rIMMa, Tj. Aa K BaXKK

Y =a+ X

HedunHnynja

Heka cy X n'Y cnyuajHe npomeH/buBe ca CpEfHNM BPEAHOCTAMA X U [Ly -
Kosapujaumnja namelly X n'Y je

Cov(X,Y) = BE(X — px)(Y — py).

m KoBapujaymja onucyje Ha koju HaunH ce X 1 Y MCTOBpeMeHO OACTYnajy of
CBOjUX CPefHUX BPeAHOCTY

m Ako cy Benuke BpegHocTn X kag cy seauke spegHoctn Y, Cov(X,Y) > 0

m Ako cy Benuke BpegHocTn X kag cy mane speagHoctn Y, Cov(X,Y) <0

m AKo Cy Benmke BpeaHoCT X NOAjeAHAKO MOBE3AHE 1 C BEJINKAM M C MaanuM
BpeaHoctuma Y, Cov(X,Y) =0
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Kopenauuja

KoBapunjaunjy oLeryjeMo y30padykoM KOBapujaLmjom

Cqu\,Y) _ 2 _n)_i)(ly -Y) _ nsiyl.

NcnuTyje ce Be3a namehy rojazHOCTV N KPBHOM MPUTUCKA KOZ CPedOBEYHUNX
mylwkapaua. Jobujenn cy nogaun (X,Y) rae je X Buwak kunorpama, a Y ropru
KPBHIN MPUTHACaK

(5,115) (20,128) (15,120) (10,118) (25,130) (28,135)

Nmamo pa je Y-z =103, >y = 746, > xy = 13145, na je Syy = 338.67, a
Cov(X,Y) = Szu — 67.734.
MowrTo je koBapujaumja no3nTMBHA, 3aksbydyjeMo aa je Befin creneH rojasHocTu y
BE3N C BULIMM KPBHUM MNPUTUCKOM.
> visak<-c(5,20,15,10,25,28)
> pritisak<-c(115,128,120,118,130,135)
> cov(visak,pritisak)
67.73333
m Meljytum, koBapunjaumja Ham He Mepu jaynHy Te BE3e N HbeHY BPEAHOCT He
MOXKEMO N1aKO TyMaqnTu
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Kopenauuja

HedrHnynja
Heka cy X n'Y cayvajue npomeH/bBe ca CpEgHbUM BPEAHOCTAMA [Lx U Ly, U
Aucnep3aujama 03( n O’%,. lMnpcoHor koeduLmjeHT Kopenaunje nsmehy Hux

AecbnHnwemMo Kao

~ Cov(X,Y)

2 2
Ox%

p

Heka cy a n B # 0 peannu 6pojesn. Jluneaprna seza X n'Y noctoju, 7j. ¥ = a+ X
ako u camo ako je p =1 wam p = —1.

m p =1 — nocTojn caBpLUEHA JINHEAPHA BE3a C NO3NTMBHOM KOPENaLujom
B p = —1— nocToju CaBpLUEHA NIHEAPHA BE3a C HEFATMBHOM KOPENaLujoM

m p =0 — cny4ajHe NpPOMEH/bMBE Cy HEKOpPE/MCAHe, Na ako NocTojun Besa mehy
FbIMa, OHA HMKAKO HUje NIMHeapHa
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Kopenauuja

Crumca: 0 =1

Cnuka: p = 0 Cruka: p =0
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Kopenauuja

MupcoHoB koednLmjeHT oueryje ce y30padknM KOeddULNjEHTOM Kopeauuje.

HedunHnynja

Y30pauku koecpuLnjeHT kopenayuvje R gepunniue ce kao

Sez nY. XY —>z> vy

R= =
VSeaSyy V(X X? = (T 2)?)(n Y - (T y)?)

m BpegHoctn R 6nucke 1 (Behie og 0.75) unn -1 (marse og -0.75) cmatpamo
[06poM NuHeapHOM Be30M

m BpegHoct R n3mebhy 0.5 n 0.75, ogHocHo, -0.75 n -0.5, cmaTtpamo ocpefrom
JINHEAPHOM BE30M

m Ocrane BpegHocTn R cMaTpamo cnabom NMHEApHOM BE3OM
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Kopenauuja

Kop ncnutmearsa Be3e rojasHocTn U KPBHOF npuTucka nmamo »_x = 103, >y = 746,
Say = 13145, 3 22 = 2159, 3" 4% = 93058, na je

613145 — 103 - 746 o8
/(62159 — 1032)(6 - 93058 — 7462)

BpegHocT 7 je 6in3y 1 na nocToju CHa)kHa NO3WTMBHA JnHeapHa Be3a X n Y, wro
BUAMMO N Ha rpadpuky.

CHa)KHa /IMHeapHa Be3a He 3HA4Yu A rojasHoCT Y3POKyje BMCOK KPBHU npuTtuncak, seh
je moryhe pa noctoju Tpehun 3ajefHUYKN Y3POUHUK.

v
115 120 125 130 135

Cnnka: kpHU nputucak (Y) y ogHocy Ha euwak kunorpama (X)

> cor(visak,pritisak)
0.9803689
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Besa perpecuje n kopenauuje

m V3opaukn koeduunjeHT kopenaumnje R y TecHoj je Be3u ¢ Harmbom perpecnmone
npase B

B= Lsgny

m 3Hak koedumumjeHTa kopenaunje ogpehyje Ham 1 3Hak Harnba perpecuje: Kaga
je R > 0, perpecrioHa npaBa pacTe Kako pacTe z, a kaga je R < 0 onaga; kaga
je R =0, narunb je Takohe jefHak Hynu Na perpecnoHn MOAen Huje NpPUMeHsbUB

m Takobe, R je y TecHoj Be3u n ca 36upom kBagpaTa rpewaka SSE
Syy — SSE
Syy

R% =

m Kako je Syy ykynHo oactynawe Y, a SSE ogcTynarse HacTano ycnep,
HeobjaweHe rpewke, R? Ham je npoueHaT objalurbeHOr OACTYNakba PerpecrioHoM
JINHNjOM.

m R? HasuBaMo koeduLMjeHTOM AeTepMuHaLmje.

V Hallem npumepy o aepobuky r = 0.95, na je 2 = 0.90. 3Haun ga je 90%
OACTYNara KOjU JbYAM MMAjy Y ryGUTKY KUJIOrpamMa npuankom puTHeC nporpama
objawrseno Bpojem vacosa aepobuka, wTo je ognndo. Octanux 10% He 3Hamo pa
06jacHMMO, a HaW MOAEN MX CMATPa CJy4ajHOM FPELUKOM.
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Besa perpecuje n kopenauuje

> cor(gala)

Species Endemics Area  Elevation Nearest Scruz Adjacent
Species 1.00000000 0.970876516 0.6178431 0.73848666 -0.014094067 -0.17114244 0.02616635
Endemics 0.97087652 1.000000000 0.6169791 0.79290437 0.005994286 -0.15426432 0.08265803
Area 0.61784307 0.616979087 1.0000000 0.75373492 -0.111103196 -0.10078493 0.18003759
Elevation 0.73848666 0.792904369 0.7537349 1.00000000 -0.011076984 -0.01543829 0.53645782
Nearest -0.01409407 0.005994286 -0.1111032 -0.01107698 1.000000000 0.61541036 -0.11624788
Scruz -0.17114244 -0.154264319 -0.1007849 -0.01543829 0.615410357 1.00000000 0.05166066
Adjacent 0.02616635 0.082658026 0.1800376 0.53645782 -0.116247885 0.05166066 1.00000000
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KaTeropunyku nogaumn

m [loHekag npoy4aBamo C/iyHajHE NPOMEH/bUBE KOj& HE y3MMajy BPegHOCTN KOje
Ce NpupoaHO n3paxkaeajy 6pojem (nnu ysumajy mMann 6poj pasnnyntnx
BpeaHOCTM). V TaKBAM CNy4ajeBUMa HE MOXKEMO MCMNTUBATY HIXOBY
MOBE3aHOCT KOedMLNJEHTOM KOpenauuje.

m TakBe NMPOMEH/bNBE HA3MBAMO KATErOPMHKUM NPOMeH/BUBIM (nan chakTopruma)
a HUXOBE BPEAHOCTM CYy KaTeropuje

m [Mpumepn cy non (aBe KaTeropuje: MyLLKN 1 >KEHCKM), Aa nn je 0coba nyliay
(mBe kaTeropmje: pa wan He), ropgnwibe foba (HetTupu kateropuje), uTa.

m AKO Npoy4aBaMO MOBE3aHOCT ABE KaTeropuyke npoMenssuee X n Y koje umajy
r 1 k kaTteropmja, oHga LEo y30pak MOXEMO nogenutun y r - k kateropuja un
HanpaBuTn Tabeny konTureHuymje. Hajnpe hemo npoyuntin Tabene
KOHTUreHuyuje 2 X 2.

X
Y KaTeropuja x1 | KaTeropuja xa
kaTeropuja yi 1 M Y1 T2 N Y1
KaTeropuja yo 1 N Y2 T2 N Y2
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Tabene kKoHTUreHUMje 2 X 2

Mcnutyje ce Be3a paka nnyha n nsnoxxeHoctun asbecty. CnyyajHe npomeHsbrBe aa
Heko MMa pak nayha u ga je nsnoxxeH asbecty, nmajy no gse kateropuje: JA n HE.
EnemeHnTe y30pka knacucpukyjemo y qetupu kateropuje (AA,AJA), (OAHE), (HE,JA)
u (HE,HE) n y Tabeny ynucyjemo konmko je enemenaTa y3opka y ogrosapajyhioj

KaTeropmju.
n3noxeH asbecty
nMma pak nayha Aa He
Ad ni1 n12 Nle = N11 + N12
He n21 n22 N2e = N21 + N22
Nel =MN11 +N21 | Ne2 =MN12 +N22 | N

Heka je ncnutano 5000 ocoba og kojux 50 nma pak nayha. Og wux je 10 6uno
n3noxeHo asbecty. VkynHo je, og 5000 ocoba, 500 6uno nsnoxeHo asbecty.
Hobujamo Tabeny:

N3noxeH azbecty

nma pak nayha Aa He
aa nil1 = 10 nig = 40 Nie = 50
He n1 = 490 noo = 4460 Noe — 4950
ne1 = 500 | ne2 = 4500 | n = 5000




Buoctatncruka n ananmsa nogataka

L Crarncruka

TecTuparbe Be3e nsmehy aBe KaTeropuyke NpoMeH/bUBE

Paznukyjemo gea cny4aja

m TeCT He3aBNCHOCTM: NCNNTYJEMO Aa NN CYy HEKE [BEe C/y4qajHe NPOMEHIbUBE
HE3aBMCHe — M3BNAaYMMO y30pak obuma n 1 CBaku eNemMeHT CBPCTaBamo y
ogroeapajyhe kaTteropuje, 6e3 npeTxogHOr 3Hara KoNKO fie nx y kojoj
KaTeropuju 6utn.

B TeCcT XOMOreHOCTW: MCNNTYjeMO Aa nun je kog obe kaTeropuje cnydajHe
npomensbnee X NOAjefHAKO 3aCTyrnasbeHa CBAaKa Of KaTeropuja Ciay4vajHe
npomeHsbnBe Y — M3BAA4YMMO y30pak obuMa nie 1 noe N3 CBake KaTteropuje
3a X (yKynHo n), a 3aTum nx CBPCTaBamo y kateropuje 3a Y.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecT He3aBUCHOCTM

m HynTta n antepHaTuBHa xunotesa cy

Ho: X n'Y cy HesaBucHe; Hi: X n Y Hucy HesaBucHe

m llpeja Tecta je ga ynopegn ctBapHun 6poj enemeHaTa y3opka y CBakoj
KaTeropmju ¢ o4ekneaHum 6pojem enemeHaTta kaga 6u X n Y 6une HesaBucHe.

m OuerseHn 6poj enemeHarta y i-TOM pegy u j-TOj KOJIOHU je
Nie " Nej

E‘i': 3
J n

APYrUM pednma, OH je jeaHak npounseopy 36upa BpegHoCcTh i-Te BpcTe 1 36mpa
BPEAHOCTN J-T€ KOJIOHE NOoAesbeH C yKYNnHUM 36upom.

m TecT cTaTUCTMKA je

5 2
XO = E - = -
no CBUM NOsbMMa

m Cratnctuka X2 uma x? pacnogeny ¢ jeaHum ctenenom cnobope.

B P-BPEAHOCT TeCTa padyHaMmo Kao MOBPLUMHY AECHO Of X3, BPEAHOCTH KOjy je
cTaTuctuka X§ ysena y y3sopky.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecT He3aBUCHOCTM

. 50 - 500 ~ 50 - 4500
Ei1 = =5 FEio=———"=45
5000 5000
N 4950 - 500 . 4950 - 4500
FEo1 = ————— =495; Fg9py = ———— = 4455
5000 5000
n3noxxeH asbecty
nma pak nnyha fa He
aa 10 (5) 40 (45) 50
He 490 (495) | 4460 (4455) | 4950
500 4500 5000
Eij —nij)2  (5—10)2 (45 —40)2 (495 — 490)2
Xg: Z (Z]AZ]):(L)r)J’_(Or)J’_()r )
E;; 5 45 495
no CBUM NOJbUMA J

(4455 — 4460)2
4455

= 5.61.

Ha ocHosy x? pacnogene suganmo gobujamo aa je p-epegroct Tecta 0.02. MowrTo je
OBa p-BPEAHOCT Mana, 3ak/by4dyjemMo fa nocToju Besa namely nsnoxxeHoctu asbecty n

paka nnyha.



Buoctatncruka n ananmsa nogataka

L Crarncruka

n3noxxeH asbecty

nMa pak nayha Aa He
na 10 (5) 40 (45) 50
He 490 (495) | 4460 (4455) | 4950
500 4500 5000

Kaksa nosesanocT je y nutamy? Og 500 sbyan koju Cy nsnoxeHo asbecty, ovekneann
cmo ga 5 mma pak nayha. V ysopky cmo gobunu ga ux je 10, Tj. gynno Buwwe, na je
pak nnyhia dewhn kog OHUX KOjU CY U3NOXKEHUN a3becTy.

m [J0BOMBHO je 61NO U3payuyHATU CAMO jefHy Off OUEKMBAHUX BPEAHOCTM, Hp E1;.
Ocrane ce mory gobutn n3 ycioea ga 36vposu no pefoBuMa n KoJoHama
Mopajy buTn jefHakn BpefHOCTMMA Ha MapruHama. To je MoBe3aHo C TUM LUTO
x2 pacnogena nma 1 crenen cnoboge.

m OBe TeCTOBE MOXEMO MpUMEHNBATU Kagda je n Benuko. O6u4HO ce y3uma pa je
N [OBOJ/LHO BEJIMKO aKO Aa je cBako E;; > 5. Y cynpoTHOM Cy p-BpeAHOCTU

HenpeymnsHe.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecT xomoreHocTn

m Pasnuka je Ta wTo Ce BpeaHOCTU Ha jefHOj MapruHu chrikCcupajy, Tj. y30pak
Aenumo y ase rpyne (Npema jeaHOj KaTeropnykoj NPOMeHsbLUBO)) YHaMpes
oppeheHe Benn4nHe

m HynTta xvnoTtesa je ga ncTu npoueHaT eneMeHaTa uma oapeheHo CBOJCTBO
(Apyra kaTeropuyka npomensbriea) y obe rpyne, 7j. Ho: pi1 = p21, a
aNnTepHaTWBHA je Aa je Taj npoueHaT pasnnuut Hi: pi11 # p21

B TecT cTaTUCTUKa 1 padyHarbe p-BPEAHOCTU je€ MAEHTUYHO Kao KOJ TecTa
HE3aBUCHOCTN



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecT xomoreHocTn

Mcnutyje ce ga nu je npoLeHaT OHMX KOjuU HUCY MpeXXBenu onepauunjy uctu y ase
BpCTe BOMHNLA: OHUM MpPU NCTPAKUBAYKNM UHCTUTYTMMA U CTaHAApAHUMA. V3eT je
y3opak og 139 nauwmjeHata us ncrpaxkusadknx n 528 us crangapaHux (ykynHo 667).

NpeXXuBesny onepaunjy
BpcTa bonHuue | He na
ncTpa>kmeadka | 32 107 139 (yHanpep oppeheHo)
cTaHpgapgHa 62 466 528 (yHanpep oapeheHo)
94 573 667

PauyHarbem E,-j pobujamo

NpexXuBeny onepauujy
BpcTa 6onHuLe He Aa
uctpaxkusadka | 32 (19.6) | 107 (119.4) | 139
CTaHfappaHa 62 (74.4) | 466 (453.6) | 528
94 573 667

BpepHocT TecT cratucrtuke je X% = 11.54, na je p-speanocT Tecta 0.0006 n
3aKJbyHYJeMO Aa NPOLEHAT OHUX KOjU HUCY npexmsenn Huje nctu. V13 Tabene Bugnmo

Aa je Taj npoueHaT Befin y uctpakneadknm GonHuuama.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Tabene koHTUreHUMje r X k

m [petnocTtaeumo ga X uma r kaTteropuja, a Y uma k kateropuja. Taga je
Tabena KOHTUreHyumje

Y
X 1 2 cee k
1 niy M1z - N1k | Nie
2 N1 M22 - Nog | N2e
T Nrl Nr2 e Nk Nre
Nel Ne2 ce Nek n

] Hy.nTe N aNTEPHATUBHE XNNOTE3€ TECTOBA HE3ABNCHOCTN N XOMOIr€HOCTIN OCTa_jy
ncre

m Tect cTaTnCTMKa je NOHOBO

xg=  y  Puomadl

no CBUM MNOSbUMA )

a capla uma x2 pacnopeny ¢ v ctenenu cnobope rae je v = (r — 1)(k — 1).



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecT xomoreHocTu y cnyyajy r X k

McnuTtyje ce noBe3aHOCT YMpa Ha ABAaHAECTOMNANAYHOM LPEBY U KPBHE rpyne
naumjeHTa. Pannja nctpakneara ykasyjy Ha TO Aa noctoju Be3a usmely KpBHE rpyne
O n nojaee oBe BpcTe 4upa. Y3er je ysopak of 1301 nauymjeHTa koju nmajy 4up n
6313 koHTponHe ocobe n ofpeljeHa um je kpBHa rpyna.

Pa'—inaMO O4Y€KNBAHE BPEAHOCTM Yy NO/bMA, HNP.
Flyy = Mleel — 13013590 _ 13 g9
n

7614
KpBHA rpyna
2] A B AB
nauujent 698 (613.42) 472 (520.18) 102 (114.82) 29 (43.57) 301 (bukcro)
KonTponta | 2892 (2976.56) | 2625 (2567.82) | 570 (557.18) | 226 (211.43) | 6313 (purcro)
3500 3007 672 255 7614

BpegHoCT TecT cTaTucTuke je

(613.42 — 698)2 (211.43 — 226)2
613.42 211.43

X2 = =29.12,

na Ha ocHoey X2 pacnogene ¢ (r — 1)(k — 1) = 3 cTenena cnoboge BUAMMO A2 je
P-BPEAHOCT TECTa Makba jeAHaKa HyNn, Te 3aK/bydyjeMO Aa MOCTOju NOBE3aHOCT.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecT xomoreHocTu y cnyyajy r X k

KpBHA rpyna
O A B AB
nauujent 698 (613.42) 472 (520.18) 102 (114.82) 29 (43.57) 301 (cbukcro)
KonTponta | 2892 (2976.56) | 2625 (2567.82) | 570 (557.18) | 226 (211.43) | 6313 (purcro)
3500 3007 672 255 7614

m Kaksa je nosesaHocT y nutamwy? /I3 Tabene sngumo ga je 3a O kpBHy rpyny
cTBapHu 6poj naumjeHaTa Behu of o4ekMBaHOr, a 3a ocTane mamn. Kako je
TECT yKa3ao fa NnoBe3aHOCT MOCTOjU, OHAA je OHA Y CKJIAAY C NPETXOAHNM
NCTPaXKnBarunMa, Aa je oa BpCTa 4mpa Yewha kog swyan ¢ O KPBHOM rpynom.

m Buno je pososbHO Halin ovekusate BpegHocTu y 3 noma (Hnp. Ei1, F12 n Es3,
oCTane ce M3padyHaBajy Ha OCHOBY 36upoea. To je y cknagy ¢ 3 cTeneHa
cnoboge x2 pacriogene TeCT CTaTUCTUKE.

m 1 oBge je TeCT npeumsaH CamMo 3a BEAMKE Y30PKE, @ n CMATPaMO JOBOJBHO
BEJINKMM, aKO HN Y jeAHOM NOJby OYeKknBaHum 6poj Huje maru og 1 n y bapem
80% noma Huje maru og 5.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> tabela <- matrix(c(698,472,102,29,2892,2625,570,226), nrow=2, byrow=TRUE)
> colnames(tabela) <- c("O","A","B","AB")
> rownames (tabela) <- c("Pacijenti","Kontrolna grupa")

> tabela

0 A B AB
Pacijenti 698 472 102 29
Kontrolna grupa 2892 2625 570 226
> chisq.test(tabela)

Pearson’s Chi-squared test

data: tabela
X-squared = 29.122, df = 3, p-value = 2.111e-06



Buoctatncruka n ananmsa nogataka

L Crarncruka

JenHodakTOpCcka Ancnep3noHa aHanmMsa

m VonwTewe T-TecTa 3a ynopehusarbe Cpearbe BPegHOCTN ABE nonynauuje

m Vimamo Tpn namn Buwe rpyna (nonynaunja) nav AearMo nonynauujy Ha TpU uam
BULLIE rpyna

m Tectmpamo ga nm nocroju pasnvika melly cpefriiM BpegHOCTMA rpyna
m VonwTewe HesaBucHor 1-TecTa — jegHodhakTopcka gucnep3voHa aHannsa

m YonwrTewe cnapeHor T-Tecta — paHAOMU3NPaHU KOMMETHU 610K Auv3ajH



Buoctatncruka n ananmsa nogataka

L Crarncruka

JenHodakTOpCcka Ancnep3noHa aHanmMsa

Mmamo k monynaumja Ha Kojuma npoydaBamo ncTo obenexje. 3enauve ce
ysopumn obuma ni, ng, ..., ng. CBakoj rpynu gaje ce ucty TpeTMaH. TecTupamo
HYNTY XUNoTe3y fa Cy edeKTn TpeTMaHa UCTW y CBUM Monynauujama, AoK je
anTepHaTMBHA XMnoTesa Aa noctoju bap Heka paznuka.

Mmamo jegny nonynauujy Ha KOjOj Xenno aa ucnutamo edekTe pasanHnTnx
TpeTmaHa. Cny4ajHu y3opak obnma n genumo Ha k nogysopaka obuma ni, ng,
..., n. Ceaka rpyna gobuja pasnnuunT TpeTmaH. TecTupamo HynTy XunoTesy fa
cy edpekTn CBUMX TPeTMaHa jeaHaku, AOK je anTepHaTVBHA Aa noctoju 6ap Heka
pasnuka.

V oba cnyyaja je HynTa xunoTesa

Ho:pr=p2=-- = pg,

[OK je anTepHaTMBHA

Hy @ p; # pj 3a 6ap Heko i n j.



Buoctatncruka n ananmsa nogataka

L Crarncruka

JenHodakTOpCcka Ancnep3noHa aHanmMsa

C o63mpom ga cy 36upoBm n Cpefrbe BPeAHOCTM No rpynama (1 no ceum rpynama)
Ba>KHU 33 Aasby aHaNM3y, fajeMO OBAE HUXOBE O3HaKe

m X;; — j-T €NeMeHT y i-TOj rpynu
m n; — 6poj enemeHaTa y i-10j rpynu

m Ty = Z;l;l X;; — 36up enemenata y i-Toj rpynn

B Xie= 7;11‘ — CpeArba BPEAHOCT eNneMeHaTa y i-Toj rpynu
B Toe = Zle Z;L;1 Xij = 2?21 T;e — 36Up CBUX enemMeHaTa y30pKa

B Xee = % — cpeatba BPeAHOCT CBUX €neMeHaTa y30pKa



Buoctatncruka n ananmsa nogataka

L Crarncruka

JenHodakTOpCcka Ancnep3noHa aHanmMsa

Mogen je
Xij = p+ (i — p) + (Xij — pa),

rge je
B [ cpeara BpeAHOCT CBUx nonynayumja (yene nonynaymje )
B [; — p egpekaT i-Te rpyne (i-Tor TpeTMaHa)
m X;j — p; caydajuo (MHanBMARYanHo) OACTynare y oKBupy i-Te rpyne (TpeTmaHa)

lMpeTnocTaBke mogena
m k y3opaka n3 k rpyna melycobHo Cy He3aBnCHM

H YHyTap CBake rpyne Ciy4ajHa NpOMeHJbMBA KOja Ce Mpoy4aBa MMa HOPMaJHY
pacnogeny ca cpegrom BpegHowfiy f; n uctom gucnepsmnjom o.



Buoctatncruka n ananmsa nogataka

L Crarncruka

JenHodakTOpCcka Ancnep3noHa aHanmMsa

TayacTum ouerMBarbeM HEMO3HATUX NapameTapa mogena gobuja ce

Xij - XQ. = (Xzo - X.o) + (Xij - Xi.)7
rae je X;o CPeArba BPEAHOCT y30pKa U3 i-Te rpyne, AoK je Xee CPeArsa BPEAHOCT
CBIMX efleMeHaTa CBUX y30paka.

Cabunparbem kBagipaTa 0BUX jefiHauMHa 3a ceako X;; Aobuja ce

k n; k k n;
Z Z(XZ] - X..)Q = Z(Xzo - X..)Q + Z Z(ij - Xio)27
i=1j=1 i=1 i=1j=1
rae je

n 38 D711 (Xij — Xee)? = SST, ykynHO OACTYNatbe CBUX eNleMeHaTa y3opka
Of 3ajefHMYKe Cpeatbe BpeaHOCTM (YKYnHa BapnjaBunHOCT LEenor y3opka)

] Zle()_(i. — Xee)2 = SSG, opcTynarbe Cpesrblix BPEAHOCTY Fpyna og
3ajeAHNYKe Cpefrbe BpeaHOCTM (YKYMHO oacTynare meljy rpynama) — To je oHO
LITO NCMNTYjEMO Aa U NOCTOjn

] Zle Z:;”:l(XM — Xie)? = SSE, oacTynatee enemeHaTa y30pKka Of Cpeare
BPEAHOCTM CBOje rpyne (MHAMBMAYaNnHO OACTYNarbe yHyTap rpyna) — caydajHa
rpeLka



Buoctatncruka n ananmsa nogataka

L Crarncruka

JenHodakTOpCcka Ancnep3noHa aHanmMsa

SST = SSG + SSE

Vkonuko je ytuuaj SSG 3HauajHujn op SSE opabaumhemo HynTy xmnoTesy

Cpegre ogctyname no rpynama MSG u cpegme ogctynare yHytap rpyna MSE
padyHajy ce kao

MSG = ﬁ, MSE = SSE .
k—1 n—k
TecT cTaTtucTuka je
_ MSG
0~ MSE’

Koja uma Pueposy pacnogeny ¢ napametpuma vy =k —1 nuvs =n — k.

p- BpeAHOCT TecTa je nospiumnHa Puepose Fy_q ,_ pacnogene pecHo of
BPEAHOCTU fo KOJy je TeCT CTaTUCTUKA y3€1a y y30pPKY.



Buoctatncruka n ananmsa nogataka

L Crarncruka

PauyHcke dopmyne

k n; T2
SST=) > Xj--",

i=1 j=1

TL T
SSG:Z;W—”,

SSE = SST — SSG.



Buoctatncruka n ananmsa nogataka
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JenHodakTOpCcka Ancnep3noHa aHanmMsa

Couwonor ucnutyje ytnuaj 6poja geue y nopoguum Ha CaMoCTanHOCT ocobe, Ha
nonynauujn 6pyuolua jegHor yHuesep3uTeTa. [lonynaumja je noferbeHa Ha YeTupm
rpyne, Nnopoanue C jeAHNM, 4BOje, TPOje UM Bue of Tpoje geue. Y3etu cy ysopum
obuma 15,15,14 n 13 n ceakoM je AaTO Aa MONYHW aHKETHW ANCT Ha OCHOBY 4ujer je
pesynTata npouereHa CamMoCTanHOCT ocobe. TecTupamo HynTy XxunoTesy

Ho : p1 = p2 = p3 = pa. Jobnjenn nogaun cy:

Bpoj peue y nopogmnun
jeaHo ABoje Tpoje suwe og 3

591 612 734 73.1 V13 nogaTtaka gobujamo Hajnpe
84.4 71.0 69.3 95.7

76.0 46.6 64.9 91.1

59.5 54.0 48.7 49.7

60.1 66.6 67.7 94.9

73.4 56.6 72.5 65.8 Tie =1001.3
64.1 70.5 68.8 75.8 Tre = 933.1
69.4 72.8 79.9 772

56.4 58.5 777 86.2 Tse = 946.9
67.1 48.7 79.2 61.1

97.6 63.3 56.7 83.1 The = 1033.1
58.5 74.8 60.1 95.6

707 531 69.8 83.8 Tee = 3914.4.

51.8 69.9 58.2
53.2 65.5



Buoctatncruka n ananmsa nogataka

L Crarncruka

JenHodakTOpCcka Ancnep3noHa aHanmMsa

Kopuctehn padyHcke dopmyne gobujamo

4 n4
D> @ =59.12 4 84.4% + ... 4 83.8% = 277845.9
i=1j=1
To, _ 391442 268816.27
n 57 '

SST = 277845.9 — 268816.27 = 9029.63

4. 72 1001.32 933.12  946.92  1033.12
Y=ttt
15 15 14

= 271029.07

i=1 T
SSG = 271029.07 — 268816.27 = 2212.80
SSE = SST — SSG = 9029.63 — 2212.80 = 6816.83



Buoctatncruka n ananmsa nogataka
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JenHodakTOpCcka Ancnep3noHa aHanmMsa

MSG =

MSE =

fo

SSG 2212.80

— = = 737.60
k—1 3

SSE _ 6816.83 — 198.62
n—k 53

M

MSG _ o 2g

MSE

p-BpegHoOCT TecTa je of 0.002, na 3aksby4qyjeMo Aa nocrtoju ytmuaj 6poja geue y
nOpoOANLIN HA CaMOCTaNHOCT ocobe.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> samostalnost <- read.csv("samostalnost.txt", sep="")
> levels(samostalnost$broj_dece)<-c("2","1" "3", "4+")
> plot(poeni~broj_dece,samostalnost)

> jda.samostalnost<-aov(poeni~broj_dece,samostalnost)
> summary(jda.samostalnost)

Df Sum Sq Mean Sq F value Pr(>F)
broj_dece 3 2213 737.6 5.735 0.00179 *x*
Residuals 53 6817 128.6

Signif. codes: O ‘***’ 0.001 ‘*x’> 0.01 ‘%’ 0.05 ‘.’ 0.1 ¢ > 1

3

SoS T

T T
2 1 3 4+

L

poeni
50 60 70 80 90
L

broj_dece

Cnuxa: Boksplot dijagrami po faktorima
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HakHagHo ynopehuBatbe

B YKONMKO HEMaMO AOBOJLHO AOKa3a Aa oABaLMO HYATY XUMNOTE3Y O jefHAKOCTH
cpearnx BPefHOCTN, aHanmsa ce Ty 3aspwasa. Hucmo ycnenn ga nponahemo
pasnuky mehy nonynauujama.

® YKONMKO CMO ogbaunnm HynTy XMnoTesy, TO 3Ha4M ga noctoju bap Heka
pa3znuka Mehy cpefrum BPEAHOCTMMA, anun jol YBEK HEMaMO OArosop meby
KOjUM rpynama rnocToju pasnuka. AHanusa Huje 3aBpLueHa, noTpebHo je
HakHagHoO ynopehneare

m [NocToju BuLIe MeToAa HakHagHOr ynopehnearba: oBge fiemo obpagunTn
Bondeponnjese T-tectoBe n TjyknjeB TeCT MOWTEHNX 3HAYAJHNX Pa3anKa



Buoctatncruka n ananmsa nogataka

L Crarncruka

BoHdepoHunjesn T-TecToBm

m Ako ynopehyjemo k rpyna, umamo (g) = k(k — 1)/2 moryhux naposa cpegrux
BPEAHOCTI KOjU CE€ PasunKyjy.

m Bondpepornjes metog ynopeljyje rpyny caky ca cBakom, Tj. obasma k(k —1)/2
ctangapgHux T-tectoBa

m TecT cTaTucTuka 3a ynopehjusarse f1; 1 1 je

|X7;o _Xio‘
MSE(L + =)’

nj

To =

koja mma CTyaeHTOBY pacnogeny ¢ napamerpom n — k.
m lNowTo ncroepemeno pagumo k(k — 1)/2 TectoBa, p-BpeAHOCT CBAKOr Of HUX
mopa 6yt marsa og W‘jl)

m Hunje ysek obaBesHo obasuTtu ceux k(k — 1)/2 TecToBa, Befi UCTparkMBay Moxe
n3abpaTtun oHe rae cmatpa ga he oTKpUTN Pasnanky.



Buoctatncruka n ananmsa nogataka

L Crarncruka

BoHdepoHunjesn T-TecToBm

Mcnutyje ce yTuuaj pasnuyute TemnepaType Ha usbaLumBarbe TOKCUYHUX MaTepuja.
HobnjeHn cy nogauu:
Hajnpe pagumo jegHocbakTOpCKy guc-

| ”TemnelllolaTyPalv v nep3uoHy aHanusy. PauyHamo SST =
w3 45 4y 1648.80, SSG = 1458.13, SSE =
45 42 51 49 60 190.67, MSG = 364.53, MSG = 7.63,
42 38 53 5l 62 fo = 47.78, na Kako je p-BpegHOCT

48 39 53 52 63

50 37 5 50 59 mana, 0-,Cl,6aLl,y_j6M0.HyJ1Ty XunoTesy o
51 40 50 51 61 HEeMocCTojaky yTHLAja Pa3NnnynTnX Tem-
nepaTtypa.

MKenumo caga, Ha HuBoy o = 0.1 ga oTKpujemo 3a KOje TeMnepaType je 3Ha4ajHO
pasnnunTa Konn4mHa nsbavenmx matepunja. MowTo umamo 5-4/2 = 10 kombuHayuja,
Tpeba pa obasumo 10 tectoBa Ha Hueoy 0.01. Ha npumep, ako TeCcTmpamo (1 = i2
npoTWUB i1 # L2 UMaMO Aa je

46.0 — 38.7|
1 1
7.63(5 + 5)

to = = 4.58.

Kako je, 3a Ths pacnogeny, p-BpegHocT Tecta marba og 0.01, 3aksmydyjemo ga
nocToju pasnuka y konndmuu ogbaveHux matepuja npu temnepatypama | wn Il

Cnu4Ho ce TectoBu 0b6aB/bajy 1 Y OCTAaNUM ClydajeBUMa.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TjyKnjeB TECT MOLITEHMX 3HAYajHUX Pa3/INKa

Oeaj TecT je cBOjeBpCHO nobosswarke BoHdepoHnjeenx TecTosa. TjykujeBa KprTuKa
cacToju ce y TOMe fa HakHagHa ynopehuearba HUCy meljycobHo He3aBUCHa 1 ga ce

AUCrep3nja ouerbyje Ha OCHOBY CBUX rpyna, WTO MEHa Pacnofesny TeCT CTaTUCTUKE.
Tect cTatuctuka 3a ynopehueare f1; 1 u; je ucta kao kon Bondbeponujesor TecTa,

‘X'L’- - Xu‘

a pasfuka je y TOMe LUTO je CaAa theHa Pacnofena nof HyaTOM XMNOTe30M Tako3BaHa
TjykujeBa pacnogena.

YecTo ce pesynTaT TecTa npumkasyje Npeko UHTEpPBaNa NoBEPEH:a

_ _ 1 1
Xioe — Xioe £ Qi N—k,1—ay | MSE(— + —)
n;  nj

1 NHTEpPBaNM KOjN HE cafpiKe Hyny MpefcTaB/bajy 3HayajHe pasnuke usmehy

ogroeapajyhux rpyna.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> pairwise.t.test(samostalnost$poeni, samostalnost$broj_dece)
Pairwise comparisons using t tests with pooled SD

data: samostalnost$poeni and samostalnost$broj_dece

2 1 3
1 0.6098 - -
3 0.6098 0.8350 -
4+ 0.0011 0.0230 0.0363

P value adjustment method: holm

3ak/bydak je Aa NoCcToju 3Ha4YajHa pasnuka usmehy nopoguua ¢ ABOje N nopoguua ¢
BULLE Off YETBOPO Aeue, JOK Ce 3a ocTana ynopehusarba He Moxe pefin ga nocToje

3HavajHe pasnuke.



Buoctatncruka n ananmsa nogataka
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TjyKnjeB TECT MOLITEHMX 3HAYajHUX Pa3/INKa

> TukeyHSD(jda.samostalnost)
Tukey multiple comparisons of means
95% family-wise confidence level

Fit: aov(formula = poeni ~ broj_dece, data = samostalnost)

$broj_dece

diff lwr upr p adj
1-2  4.546667 -6.437592 15.53093 0.6923447
3-2  5.429048 -5.749638 16.60773 0.5744046
4+-2 17.262564 5

3-1 0.882381 -1
4+-1 12.715897
4+-3 11.833516

o

.296304 12.06107 0.9967146
.316994 24.11480 0.0231420
.247142 23.41989 0.0435942

-

0
0
.863660 28.66147 0.0010458
0
0
0

o

95% family-wise confidence level

31 4:2 32 12

443

-10 0 10 20 30

Differences in mean levels of broj_dece

Cnunka: TjyKnjesu nHTepBanu



Buoctatncruka n ananmsa nogataka

L Crarncruka

Pangomusupatun komnnetHn 610K ansajH

m VYonwTere cnapeHor T-tecTa

m Kopuctu ce kaga je nopeg yTuuaja Ha OCHOBY KOJEr AeMO y rpyrne noctoju u
APYri yTULA] KOjU XKENMO Ja KOHTPOSMLLEMO

m Ha ocHoBy Tor ytnuaja gennmo ysopak Ha 610KOBe Tako fa y OKBMpPY CBake
rpyne Mo jefaH eeMEHT y30pKa npunaga ceakom og 610koBa

2Kenumo ga ncnuTamo nocToju /v Passfivika y 4eTupn BpcTe acdanta 3a
accantuparse aytonyta. [pomeHsbMBa KOjy MEPUMO je CTEMNeH WCTPOLUEHOCTN HAKOH
roguHy gaHa. MehyTum, nopes keanuteta acanta Ha UCTPOLUEHOCT YTUYY U Apyrn
dakTopm, Kao WTO Cy ppekBEHTHOCT caobpahiaja n BpemeHcke npunuvke. 3aTo
oapelyjemo Tpu pasnnuntux mecta (610KOBE) Ha KOjUMa MOCTAB/bAMO HETMPU
pasnn4uTe BpcTa acdanta (rpyne).



Buoctatncruka n ananmsa nogataka

L Crarncruka

Pangomusupatun komnnetHn 610K ansajH

V onwTem cny4vajy nmamo oBakey Tabeny

rpyna
6ok 1 2 3 k
1 X1 X1 Xsz1 o0 X1 | Ter
2 X1z Xoa Xsz2 -0 Xpgo | Te2
3 X133 Xoz  Xszz -0 Xgz | Tes
b Xwp  Xop  Xgp 0 Xpp | Tep
Tlo TQQ T3. e Tko To.

m X;; — enemMeHT y i-Toj rpynu u j-Tom 610Ky

k — 6poj rpyna (n 6poj enemenaTa y okBupy jeaHor 6a0ka)
b — 6poj 6nokosa (1 6poj enemeHaTta y OKBUpPY jefHe rpyne)
kb — ykynaH 6poj enemeHaTa

Tie = 22:1 X;; — 36up enemenata y 4-Toj rpynn
m T, = Zle X;; — 36up enemenata y j-Tom 6noky

B Tee = le Z;’-zl X;j — 36up cBux enemenara ysopka
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L Crarncruka

Pangomusupatun komnnetHn 610K ansajH

Mogen je
Xij =+ (s — p) + (pej — 1) + (Xij — 1 — ey + 1),
rge je

B [ cpearba BpEAHOCT CBUX nonynayumja (yene nonynaymje )
m [i; — [ eqpekaT i-Te rpyne (i-Tor TpeTmana)
B e ecpekaT j-Tor b6s10Kka

m X;j — p; cay+ajHo (MHanBMAYanHo) OACTynare y OKBUpY i-Te rpyne (TpeTmaHa)

Hynta n antepHaTueHa xunoTesa cy ncte Ho : p1 = - -- = pug, Hy : noctoju 6ap jegHa
pasnunka



Buoctatncruka n ananmsa nogataka

L Crarncruka

Pangomusupatun komnnetHn 610K ansajH

Kopuwherem TaykacTux oueHa napamerapa mogena gobuja ce

SST = SSG + SSB + SSE,

rae je
m SST ykynHO oAcCTynatse CBUX eneMeHaTa y30pKa Of 3ajeAHUNYKe Cpeatse
BpeaHOCTM (YKYMHa BapujabuiHOCT Lenor y3opka)

m SSG oacTynarbe Cpearux BPeAHOCTN rpyna of 3ajefHNYKe Cpelrbe BPeaHOCTN
(ykynHo ogcTynarse meljy rpynama)

m SSB oactynare nog ytuyajem pasnnHutux 610koBa

m SSE cay4ajHO nHAMBMAYaNHO OACTYynarme



Buoctatncruka n ananmsa nogataka

L Crarncruka

Pangomusupatun komnnetHn 610K ansajH

Cpeare ogctyname no rpynama MSG, cpegra ogctynama 36or 61okosa MSB, un
cpegr-e oacTynare yHytap rpyna MSE padyHajy ce kao

MsG = 599 ysp- 3B g SSE
k—1 b—1 (k—1)(b—1)
TecT cTaTtuctuka je
M
Ry = M5G
MSE

koja uma Puieposy pacnogeny ¢ napametpuma vy =k —1nvg = (k—1)(b—1).

p- BPEJHOCT TECTa je nosplunHa Puiiepose Fr_1,(k—1)(b—1) pacnogene gecro oz
BpPEAHOCTU fo KOJy je TeCT CTaTUCTUKA y3€1a y y30pPKY.

Hanomena

brok gusaju Tpeba kopuctuty ako je ytuuaj 6aokoea sehin og cayqajHor ytuyaja, Tj.
MSB > MSE, unaue je 60/me kopucTuTy jeAHOGDAKTOPCKY AUCAEPINOHY aHANN3Y.



Buoctatncruka n ananmsa nogataka

L Crarncruka

PauyHcke dopmyne

SST = Z Z L.

i=1 j=1
ko2 o2
SSG:ZT_ kb’

b T2 T2

SSE = SST — SSG — SSB.
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Pangomusupatun komnnetHn 610K ansajH

BpCTa accanTa
610K 1 2 3 4
1 427 39.3 48.5 32.8 Te1 =163.3
2 50.0 38.0 49.7 40.2 Te2 =177.9
3 51.9 46.3 53.5 51.1 Te3 =202.8
Tie =144.6 The =123.6 T3¢ =151.7 Tue =124.1 | Tee =544.0

2
Hajnpe napauynamo S°F | 3% 22, = 25136.76, ib = 24661.33,
k Tizn — b T.2.7 —
¥ T =124.866.61n Y-0_) — = 24.860.79.

Jobujamo ga je SST = 205.28, SSG = 199.46, SSB = 475.43, SSE = 70.69
Cnegn ga je MSG = 68.43, MSB = 99.73, MSE = 11.78. Kako je MSB > MSE,
610k au3ajH je gobap n3bop mogena.

TecT cTatncTuka yauma BpegHocT fo = 5.81. Jobujamo ga je noepLumHa aecHo og fo
jepHaka 0.03. 3Haum ga je Hawa p-BpegHoOCT TecTa mara of 0.05, na 3aksbyqyjemo ga
nocToju pasnuka mely pasnnunTuM BpcTama acdanta.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> asfalt<-data.frame(ostecenost=c(42.7,39.3,48.5,32.8,50.0,38.0,49.7,40.2,51.9,46.3,53.5,51.1),
blok=c (1", "N, M4 n4n wgn wou wow wow wgw w3zw wzw wgw)
vrsta=c("1", "N N3N ngn wqn wow mgw wgn win won w3w wgny)
> bd.asfalt <- aov(ostecenost ~
> summary(bd.asfalt)

Df Sum Sq Mean Sq F value Pr(>F)
vrsta 3 205.3 68.42 5.807 0.0330 *
blok 2 199.4 99.73 8.463 0.0179 *
Residuals 6 70.7 11.78

Signif. codes: 0 ‘*x*’ 0.001 ‘**’ 0.01 ‘*> 0.05 ¢.” 0.1 ¢ > 1

vrsta + blok, asfalt)

> plot (TukeyHSD(bd.asfalt,"vrsta"))

95% family-wise confidence level

e
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Cruka: lﬂleu ijevi intervali
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[ncnep3noHa aHann3a Npeko JIMHeapHe perpecuje

Mogen jeaHOPaKTOPCKE AMCNEP3VOHE aHANN3E U JINHEAPHE perpecuje
MaTEMaTUYKN CYy EKBUBANEHTHU

DopMupamMo MOAEN BULLECTPYKE JIMHEAPHE perpecunje rae Cy nNpeankropn
VHAUKATOPY NPUNaAHOCTA CBMM KaTeropujama cpakTopa, ocum jegHoj (obudHo
pedbepeHTHO], KOHTPOJIHO] Fpynn).

Yi = Bo+ frzir + -+ Br—1%ik—1) + Ei,

rae Cy NPOMEHJbMBE T;; jefHake 1 ako enemMeHT y30pKka npunaga j-Toj rpynu, a
0 ako He npunaga, a E; rpeluka Koja nma HOpMasnHy pacnogeny ¢ Cpeaom
speaHowhy 0 u gucnepsujom o>

Tymaderse je cnegehe: Koedpuumjent By ( Intercept) npeacrasma cpefiby
BPeAHOCT NocMaTpaHe (3aBnCHE) NPOMEHILUBE Y NOAPA3YMEBAHO]
(HemocTajyhioj) kateropuju. Koeduunjentn §; rosope 3a KONMKO Ce MeHa
CpeArba BPEAHOCT ako TOM KaTeropujoM 3aMeHMMO NOApPa3yMeBaHy

VKonuko je koedpuumjeHT 3Ha4ajaH, 3Ha4M Aa Ce CPeArba BPEAHOCT 3HAYajHO
pas3nukyje y TOj 1 NOApa3yMeBaHO] KaTeropujun

TecT cTaTMCTMKa ANCNEP3NOHE aHANM3€ NOKNana ce ¢ TECT CTaTUCTUKOM TeCcTa
A2 Cy CBM KOEULMEHTUN JEAHAKMN HYAN



Buoctatncruka n ananmsa nogataka

L Crarncruka

[ncnep3noHa aHann3a Npeko JIMHeapHe perpecuje

> lm.samostalnost<—1m(poeni”broj_dece,samostalnost)
> summary (1m.samostalnost)

Call:
Im(formula = poeni ~ broj_dece, data = samostalnost)

Residuals:
Min 1Q Median 3Q Max
-29.769 -7.653 1.093 7.693 30.847

Coefficients:
Estimate Std. Error t value Pr(>|tl)
(Intercept) 62.207 2.928 21.244 < 2e-16 **x*
broj_decel 4.547 4.141 1.098 0.277203
broj_dece3 5.429 4.214 1.288 0.203274
broj_deced+ 17.263 4.297  4.017 0.000187 s*x*x
Signif. codes: 0 ‘x> 0.001 ‘**’ 0.01 ‘x> 0.05 ¢.” 0.1 ¢ * 1

Residual standard error: 11.34 on 53 degrees of freedom
Multiple R-squared: 0.2451, Adjusted R-squared: 0.2023
F-statistic: 5.735 on 3 and 53 DF, p-value: 0.001787
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HwnjarHocTuka

Normal Q-Q Plot
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Fitted
Cnuka: rpaduk Cpefrunx BPEAHOCTY NO
rpynama n pesugyana

Theoretical Quantiles

Cnnka: QQ-gnjarpam pesugyana

> qqnorm(residuals(jda.samostalnost),ylab="Residuals")

> gqline(residuals(jda.samostalnost))

> plot(fitted(jda.samostalnost),
residuals(jda.samostalnost),xlab="Fitted",ylab="Residuals")

m O6a gmjarpama Ham roBOpe Aa Cy HaLUe MPETNOCTAaBKE KOPEKTHE.
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Apyru

JINHEAPHWU MOAENN

Buwecpaktopcka gucnep3noHa aHanusa, nnv pakTOpCcKuU AM3ajH YKby4dyje
BULLE OF jegHOr pakTOpa KOju MMajy ABe uav Buwe kaTteropuja. [punvkom
npaesberba gn3ajHa Tpeba obpaTuTn naxkky Ha kombrHauuje kKaTeropuja,
Tako3BaHy MHTepakumnjy melhy dakTopuma.

Koeapujauunona aHanusa je Mogen y KOMe nmMaMo KOMBUHaumnjy HyMepuykmnx
npeaukTopa u caktopa. Y OBOM MOZENy CYWITUHCKA NPAaBUMO PerpecruoHe
npase (PaBHM UNM BULLIEAMMEH3NOHA YOMLUTEHA) 33 CBAKY KaTeropujy noHaocob.
YpaBHOTEXEHU HEKOMMNETHN BA0K AM3ajH Ce KOPUCTU Kaga HUCMO Y
moryfiHocTy ga y cBakom 610Ky nMamo cBaky rpyny. Taga dopmupamo gusajH
nasehn ga y ceakom 600Ky nmamo nctu 6poj rpyna, Kao n ga cy rpyne
pPaBHOMEPHO 3aCTYMJbEHE.

YonwrteHn nHeapHn perpecuoHn MOAEsN YMECTO CPefHe BPEAHOCTN Kao
NHeapHy (pyHKLMjY NPEeANKTOPa U3pPakasajy Heky tbeHy dyHkumjy (T3B.
cyHKuujy Bese g)

g(py) = Bo + Prwr + -+ + BpTp,

VonwuTene nnHeapHe perpecnje ce KOPUCTE Kaja HaM je 3aBUCHA NPOMEHbUBA
cpakTOp (NOFMCTUYKA, MYATUHOMHA perpecuja) u Ty ¢e KOpuCTn NormT
cyrkumja g(z) = In(%-) wnm AUCKPETHA HyMEpPUHKa NPOMEHIbIBA KOja Ce He
MOXe anpokcumupatu HopmanHom (Hnp. MyacoHoBa perpecnja rpe ce kopucTn
g(z) =Inz.



Buoctatncruka n ananmsa nogataka
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TecToBM cnofobHM of pacnogene

MHore cTaTucTn4Ke npouesype Kao WTo Cy
m T-TeCcTOBM 32 jegaH n ABa y30pka
m JlnHeapHa perpecmja n kopenauumja
m [lncnepsunoHa aHanmsa

3aCHOBaHM Cy Ha MPeTnoCTaBLM 3 Heka ClyyajHa NpoMeHsbUBa, Tj. obenexje
nonysauuje nMa HOpMasiHy pacnogeny.

B AKo pacnopena Huje HOpMaJsiHa, OHAA KOPUCTUMO TecToBe cnobopaHe op,
pacnogene.



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecToBM Ha jegHOM Yy30pKYy

m Kop HOpMmanHe pacnogene TeCTUpanu CMO XMMNOTe3y O NapaMeTpy Cpefte
BpefHOCTU [

m [lowTo je HOpMmanHa pacnogena cumeTpuHHa, L je Takohe n HeHa megujaHa

m TectoBn cnobogHu of pacnogese TeCTUPAjy XMNOTE3€ O HEMO3HATO] MEANjaHN

m Megunjana pacnogene je 6poj M Takas ga Baxku

P{XgM}:P{XzM}:%
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TecT 3HakoBa

m lmamo ysopak X1, ..., X, 13 pacnogene koja uma HenosHaTy meamjaHy M n
XKENMMO A3 TECTUPAMO y BE3MN C HeHoM BpegHowfhy.

m HynTa xunotesa je Hy : M = My, a anTepHaThBa, Y 3aBUCHOCTU LUTA XKEANMO
pa ucnutamo, M < Mo, M > Mo wan M # Mpy.

m Op ceakor enemeHTa y3opka ogysmemo Mo n npebpojumMo KOAMKo uma
nosutmeHmnx (g7 ), a konuko HeratueHux pasnuka (¢ ).

B VYKONUKO MMaMO HeKy Hyny, CMaTpaMo je Mo3uTWBHOM ako je Hy : M < My, a
HeraTusHom ako je Hy : M > My

m Cnyuajna npomenmnuea Q1 je 6poj nosutueHux pasnuka (y onwtem y3opky), a
@~ 6poj HeraTMBHUX pasnuka.

m O6e ctatuctuke Q1T u Q~ umajy BUHOMHY pacnogeny € napameTpuma n u %
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TecT 3HakoBa

AKko je anTepHaTnea

m M < My, Tapa je p-BpeaHocT TecTa seposaTHohia ga je Q1 mawe op ¢,
KONMKO X MMa Y HALLEM Y30PKY, Tj.

p=P{Q" <q'},

m M > My, Tapga je p-BpegHOCT TecTa BepoBaTHORa Aa je Q~ mare of g,
KONMKO X NMa Y HaLLEM Y30pKY, Tj.

p=P{Q” <q7},

m M # My, Tapa je p-BpeAHOCT TeCTa ABOCTPYKa BPefHOCT Matbe Of OBE [Be
BepoBaTHoRhe.



Buoctatncruka n ananmsa nogataka
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TecT 3HakoBa

PaHuja coumonolika ncTpaxkmearsa nokasana cy Aa je MeamjanHa CTapocT AeBojunua
Ha npBoM cacTaHky 6una 14 rognHa. CmaTtpa ce ga gaHac noqumy Mmnahe ga usnase.
Wcnutano je 15 cnyyajHo nsabpannx geeojumua n aobujeH je ysopak

13.0 125 135 142 115
125 150 155 135 13.0
16.0 155 13.7 12.0 145

Tectupamo Hg : M = 14 npotue H; : M < 14. MNowrTo je 6 6pojeBa u3 ysopka sefinx
on 14, nobujamo ga je g7 = 6.

D-BPEAHOCT TECTa je, Ha OCHOBY BuHOMHe pacnogene ctatuctuke QT
P{QT <6} =0.3016.

MowTo je p-BpefHOCT BEsINKA 3aK/by4ak je 4a HEMAMO AOBOJbHO [0Ka3a Aa Cy
[eBOjYMLE HA MPBOM CaCTaHKy y npoceky mnafje og 14 roguHa.
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Kopuwhere yrpaheHe R dyHkumje

> prvi.sastanak<-c(13.0,12.5,16.0,12.5,15.0,15.5,13.5,15.5,13.7,
14.2,13.5,12.0,11.5,13.0,14.5)
> BSDA::SIGN.test(prvi.sastanak,md=14,alternative="1")

One-sample Sign-Test

data: prvi.sastanak
s = 6, p-value = 0.3036
alternative hypothesis: true median is less than 14
95 percent confidence interval:
-Inf 14.61084
sample estimates:
median of x
13.5

Achieved and Interpolated Confidence Intervals:

Conf.Level L.E.pt U.E.pt
Lower Achieved CI 0.9408 -Inf 14.5000
Interpolated CI 0.9500 -Inf 14.6108
Upper Achieved CI 0.9824 -Inf 15.0000
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BunkokcoHoB TecT o3Ha4YeHux paHroBa

VKONMko nMamo mHAuLMja Aa je pacnogena cumetpuyHa (a Huje HopmanHa)
MOXEMO KOPUCTUTN BrNnkOKCOHOB TeCT O3HaYeHMX paHroBa

Tectupa ce HynTta xunotesa Hy : M = My, rae je Mo npetnocras/beHa
BPEAHOCT MefujaHe pacnogene

®Popmupajy ce pasnuke D1 = X1 — My, Dy = Xo — Mo, ... , Dy = Xy — Mp

AnconyTHe BpegHocTu |D;| nopehjajy ce no BennqnHn og Hajmarse fo Hajsefie n
CBakoj ce gogenu paHr og 1 no n.

Ako nma jepHakux enemenaTa mebhy |D;|, oHga um ce gopesmyje cpearba
BPEAHOCT HIXOBUX PaHroBa (HNp. ako Cy NpBU U APYru jeAHaku, oHaa aobujajy
paHr no 1.5)

TecT cTaTncTnke cy

W_ = Z R, wnm Wy = Z R;

no HeratmeHum D; no nosutusHum D;

p-BPefHOCT Ce padyHa kopulherem BunkokcoHoBe pacnogene o3HauveHUx
paHrosa
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BunkokcoHoB TecT o3Ha4YeHux paHroBa

Ako je antepHaTnea
m M > My, oHpa nocmaTpamo ctaTuctuky W_
m M < Mp, oHpa nocmaTpamo ctaTuctuky Wy
m M # My, oHaa nocMaTpamo mamsy BpegHocT og W_ n W

D-BPefHOCT TeCTa 3a BPeJHOCT TeCT CTaTUCTuke w oapehyjemo dyHKLUjoM
psignrank(w, n)
m Ako je n = 18, a Tectupamo npoTue antepHatuese M > My n gobujemo
W_ = 35, Taga je p-BpeaHOCT jegHaka psignrank(35,18) = 0.013
m Ako je n = 21, a Tectupamo npotus antepHatuse M # Mo n gobujemo
Wy =85 un W_ = 146, Taga je p-BpegHocT, yanmajyhun y 063up mary
cratnctuky W, jeanaka 2 - psignrank(85,21) = 0.30.
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BunkokcoHoB TecT o3Ha4YeHux paHroBa

loguHe 1969. mehy 6enunma y CA[l npoueHat Henucmennx 6uo je 0.7%. Cymra ce
pAa je y sefinm rpagoeuma Taj npouenat sefin. Jobujen je y3opak npouenata
Henncmennx y 20 Benmknx rpagosa

0.6 0.5 0.62 1.7 0.75
1.0 0.69 0.8 0.8 0.57
0.9 15 0.95 0.53 11
12 2.0 0.65 0.79 0.61

V3 npeTnocTaeky o cumMeTpuju pacnogene, Tectupamo Ho : M = 0.7 npoTtus
Hi : M > 0.7 TeCTOM O3Ha4YeHNX paHrosa.

Hajnpe ogyamemo 0.7 og cBake BpegHoCTU y Tabenn n gobmujemo

-0.1 -0.2 -0.08 1.0 0.05
0.3 -0.01 0.1 0.1 -0.13
0.2 0.8 0.25 -0.17 0.4
0.5 1.3 -0.05 0.09 -0.09



Buoctatncruka n ananmsa nogataka

L Crarncruka

BunkokcoHoB TecT o3Ha4YeHux paHroBa

3atum copmupamo Tabeny
0.05 0.08 009 009 01 01 01 013

[D;| | 0.01 0.05
awak - + - - + -+ o+ - -
paur R; 1 2.5 25 4 55 55 8 8 8 10

04 0.5 0.8 1.0 13
+ o+ o+ o+

0.17 0.2 0.2 0.25 0.3
18 19 20

|D;| -
3HaK — + - + + +
panr R; 11 12,5 12,5 14 15 16 17

36up paHroea ¢ HeraTUBHUM 3HakoMm je W_ = 54.5. p-epegHocT TecTa je 0.03, na Ha
HMBOY 3Ha4ajHocTu 0.05 3ak/byqyjemMO ga je MegujasHnm NPOLEHAT HEMUCMEHNX Y
BEINKNM rpafoBnm gehin Hero Ha HaUMOHANHOM HUNBOY.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> procenat.pismenih<-c(0.6,1.0,0.9,1.2,0.5,0.69,1.5,2.0,0.62,0.8,0.95,
0.65,1.7,0.8,0.53,0.79,0.75,0.57,1.1,0.61)
> wilcox.test(procenat.pismenih,mu=0.7,alternative="g")

Wilcoxon signed rank test with continuity correction

data: procenat.pismenih
V = 1568, p-value = 0.02499
alternative hypothesis: true location is greater than 0.7

Warning message:
In wilcox.test.default(procenat.pismenih, mu = 0.7, alternative = "g")
cannot compute exact p-value with ties



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cxema bupatrba oaroapajyher Tecta 3a xunortesy o
napameTpy Monoxaja

[I'IOCToje JIN JOKasn fa pacnogena Huje HopmanHa?}

<z
‘(\Q

[,Z[chepsnja je n03HaTa?j [Hoc:rojn Bin cnmerpnja?]
A
T—'I'eCT 3a TecT O3HAYEHUX TecT
Z—TeCT
Je,u;aH y30pak pasrosa 3HAKOBa




Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyuyaj cnapeHux ysopaka

m TeCT 3HaKoBa 1 TECT O3HAYEHMX PAHIOBA MOXKEMO MPVIMEHNTU U Y CAy4ajy ABa
cnapeHa y3opka X1,...,Xp n Yy,..., Y,

m >Kennmo ga TectTupamo pa cy npoceuHe (MeanjanHe) BpefHOCTMN jeHAKE 3a OBE
aBe npomensbuse (Ho : Mx = My), a He NpeTnocTaB/bamMmo HOPMasHY
pacnogeny

m Popmwupamo pasnuke D1 = X1 — Y1, ... , Dy = X, — Yy, 1 pobujemo HOBY
y3opak D1,...,Dy

m Tectmpamo xunoTtesy fAa je Mp = 0 NnpoTnB Heke O anTepHaTMBa
m VYV Cnyyvajy Aa He NpeTnocTaB/baMo CUMETPUjY KOPUCTMMO TECT 3HAKOBA

m VYV cnyyajy Kaga npeTnocTaB/baMo CUMETPUjy KOPUCTUMO TECT O3HAYeHMX
paHrosa



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecT 3HaKOBa 3a cnapeHe y30pKe

lMponzeohay xuapaTaHTHYX CanyHa >Kean [OKa3 Aa je Heros canyH 6osbu of
KOHKYpeHTCKOr. Y3eT je y3opak oa 10 >xeHa Koje Cy ABe HeAesbe npasne jeay noaoBuUHY
LA jefHUM, a ApYry ApYrUM CamyHOM. 3aTVM UM je U3MePEH CTENeH BAAXKOCTU
koxe. [dobujeHn cy pesyntatu

canyH npou3ssohaya 5.0 43 7.3 2.1 9.8 6.9 10.0 1.5 8.2 7.3
KOHKYPEHTCKU CanyH 6.1 4.5 6.0 2.0 75 8.0 9.2 1.0 8.0 6.9
3HaK pa3nuke — — + + + — =+ - —+ +

Tectupamo xunotesy Ho : Mp = Mx_y =0 npotus H1 : Mp = Mx_y > 0. Tect
ctatuctnka @@ mMa BuHOMHY pacnogeny ¢ napametpuma 10 n %, a y OBOM Y30pKy
y3ena je Bpe4HOCT 3. p-BpefHOCT TecTa je

P{Q™ <3} =0.1719,
ofak/e 3ak/by4yjemMo fa HEMAMO AOKa3a Aa je canyH Tor npomssofhada Gossu og

KOHKyTeHTCKor. JlaxkHa peknama mMorna mmaTu 036usbHe nocneguue, Te je He 6u
Tpebano npaenTn.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> sapun.nas<-c(5.0,4.3,7.3,2.1,9.8,6.9,10.0,1.5,8.2,7.3)
> sapun.njihov<-c(6.1,4.5,6.0,2.0,7.5,8.0,9.2,1.0,8.0,6.9)
> BSDA::SIGN.test(sapun.nas,sapun.njihov,alternative="g")

Dependent-samples Sign-Test

data: sapun.nas and sapun.njihov
S =7, p-value = 0.1719
alternative hypothesis: true median difference is greater than O
95 percent confidence interval:
-0.296 Inf
sample estimates:
median of x-y
0.3

Achieved and Interpolated Confidence Intervals:

Conf.Level L.E.pt U.E.pt
Lower Achieved CI 0.9453 -0.200 Inf
Interpolated CI 0.9500 -0.296 Inf
Upper Achieved CI 0.9893 -1.100 Inf



Buoctatncruka n ananmsa nogataka

L Crarncruka

TecT 03Ha4YeHUX paHroBa 3a CMapeHe y30pKe

dapmaueyTcka KOMNaHnja UMa ABa METOAA 3a UCMUTMBAHbE KBANNTETA JIEKA NPOTUB
nuenumser yboga. Cymrba ce aa je metoga A “ctpoxmja”’, Tj. Aa Ce TOM METOLOM
pobujajy cTanHo HuKe Mepe KBanuTeTta neka. JobujeHn cy nogaun

Metog A (X;) 1.5 14 14 1.0 1.1 0.9 1.3 1.2 11 0.9 0.7 1.8
Metog B (Y;) 2.0 1.8 0.7 1.3 1.2 1.5 1.1 0.9 15 1.7 0.9 0.9
D;, =X, -Y; -0.5 -0.4 0.7 -0.3 -0.1 -0.6 0.2 0.3 -0.4 -0.8 -0.2 0.9

1D 01 02 02 03 03 04 04 05 06 07 08 09
awak - - o+ - 4+ = - - -+ - %
panr R; 1 25 25 4.5 4.5 6.5 6.5 8 9 10 11 12

V3 npertnocrtaeky cumetpuje, Tectupamo Ho : Ma_p = 0 npotue Hy : Ma_p < 0.
36up nosnTtueHMx paHroea je Wi = 29. p-BpegHocT je 0.23, Te 3aksby4yjeMo fa HeMa
[OBOJBHO [OKa3a Aa MeToAa A Jaje HUXKE Mepe KBAJIMTETA JIEKa.



Buoctatncruka n ananmsa nogataka

CraTtuctuka

Kopuwhere yrpaheHe R dyHkumje

> metod.A<-c(1.5,1.4,1.4,1.0,1.1,0.9,1.3,1.2,1.1,0.9,0.7,1.8)
> metod.B<-c(2.0,1.8,0.7,1.3,1.2,1.5,1.1,0.9,1.5,1.7,0.9,0.9)
> wilcox.test(metod.A,metod.B,paired = TRUE,alternative="1")

Wilcoxon signed rank exact test

data: metod.A and metod.B
= 28, p-value = 0.2119
alternative hypothesis: true location shift is less than O



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cxema bupatba TecTa 3a ciyyaj ClapeHux y3opaka

[I'IOCToje JIN JOKasn fa pacnogena Huje HopmanHa?]

L
\,‘6

(CnapeHn T—TeCT} [Hoc:ro ju JIM CUMETDH] a?]
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< S

TecT o3HaYeHUX TecT
paxrosa 3HAKOBAa




Buoctatncruka n ananmsa nogataka

L Crarncruka

BunkokcoHoB TecT 36upa paHrosa

V cnyyajy ga xenumo fa ynopegumo MeamnjaHe KO4 ABa HE3aBUCHA Y30pKa
kopuctmo Bunkokconos Ttect 36upa paHroea

Heka je jepaH ysopak X1,...,Xm, a gpyrun Yi,...,Y, n Heka je m < n
Tectnpamo HynTy xunotesy Ho : Mx = My
CBakoM efnleMeHTy [OfAeNnMMO paHr koju 6u nmao y objeanrbeHOM y30pKy

Cratnctuka Wy, je 36up paHrosa enemeHaTa n3 mMarber ysopka (o6uma m)
ymarbeHa 3a m(m + 1)/2

P-BPefHOCT ce padyHa kopulhiersem BunkokcoHoBe pacnogene 36upa panrosa



Buoctatncruka n ananmsa nogataka

L Crarncruka

BunkokcoHoB TecT 36upa paHrosa

Ako je antepHaTnea

m Mx > My, oHja p-BpeaHOCT padyHamo kao seposaTHoliy P{W,, > wm }, rae
j& Wy, BPeRHOCT M3 y30pKa

m Mx < My, oHaa p-BpeaHOCT padyHamo kao BeposaTHohy P{W,, < wm}

m Mx # My, oHaa p-BpeQHOCT padvyHamoO Kao ABOCTPYKY Marby BepoBaTHORy of
P{Wp, > wm} n P{Wp, < wm}

Ogproeapajyhe seposaTHolie ogpehyjemo dyHkuynjom pwilcox(w, m, n)

B Ako je m =18, a n = 21, a anTepHaTuBa Ham je Mx > My, n gobunjemo y
ysopky Wy, = 254, Taga je p-BpeaHOCT jeaHaka
1 — pwilcox(254, 18,21) = 0.032.

m Ako je m = 21, a n = 21, a anTepHaTuBa Ham je Mx # My, n gobunjemo y
y3opky Wy, = 174, Tapa je p-BpegHocT jegHaka 2 - pwilcox (174,21, 21) = 0.25.



Buoctatncruka n ananmsa nogataka

CraTtuctuka

BunkokcoHoB TecT 36upa paHrosa

Wcnutyje ce edbekaT 0Byke Ha yCneLIHOCT areHaTa ocurypata. Y3opak of 22 areHta
NpUNpaBHNKa Noaes/beH je cnyyajHo Ha pBe rpyne, X, koju 3y 3aTtum oby4yasaHu, n Y,
KOJVI Hucy gobunm gogatHn TpeHunr. Ha kpajy je cBako og muX TECTMPaH y pagy C
knnjeHTumMa n gobno oueny og 0 go 10. Mogaum cy patn y Tabenn.

X ‘ 81 79 90 43 70 91 72 80 90 31

Y |91 63 25 60 00 20 70 55 1.0 90 97 5.1

Tectnpamo xunotesy ga je Mx = My npoTmne anTepHatmee ga je Mx > My .
®opmupamo Tabeny paHrosa.

BPEAHOCT 0.0 1.0 2.0 25 31 43 51 55 6.0 6.3 7.0
rpyna Y Y Y Y X X Y Y Y Y Y
paHr 1 2 3 4 5 6 7 8 9 10 11.5

BPEAHOCT 7.0 7.2 7.9 8.0 8.1 9.0 9.0 9.0 9.1 9.1 9.7
rpyna X X X X X X X Y X Y Y
paHr 11.5 13 14 15 16 18 18 18 20.5 20.5 22

36up paHroea 3a X je 137, Te je w,, = 82. p-BpegHoCT TecTa je 0.07, Te Ha HUBOY
a = 0.05 Hemamo gokasa pa ce obykom noctmxy bosen pesynTtatu.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> trenirani<-c(8.1,7.9,9.0,4.3,7.0,9.1,7.2,8.0,9.0,3.1)
> kontrolni<-c(9.1,6.3,2.5,6.0,0.0,2.0,7.0,5.5,1.0,9.0,9.7,5.1)
> wilcox.test(trenirani,kontrolni,alternative="g")

Wilcoxon rank sum test with continuity correction

data: trenirani and kontrolni
W = 82, p-value = 0.07779
alternative hypothesis: true location shift is greater than 0

Warning message:
In wilcox.test.default(trenirani, kontrolni, alternative = "g")
cannot compute exact p-value with ties



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cxema bupatrba TecTa 3a c/lyyaj HE3aBUCHUX y30paka

[I'IOCToje JIn I0Ka3n Ja pacnofena Huje HopmanHa?]

L
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[Hesaancnn T—Tecﬂ [TeC'I' 36upa paHrOBa}




Buoctatncruka n ananmsa nogataka

L Crarncruka

Cnyuyaj Buwe y3opaka

m Vimamo k rpyna u >kenmmMo ga TeCcTupamo Aa Cy NpoCeYHE BPegHOCTU HEKOT
obenexja y cBMM rpynama jegHake

= VKONMKO MpeTnocTaB/bamMo HOPMasiHy pacnogeny obenexja, KOPUCTUMO
jeaHodpakTOpCKy Ancnep3noHy aHanusy (ako Cy y3opum He3aeucHn) unu 6nok
An3ajH (ako Cy 3aBuCHM)

m AKO UMaMO gokKa3e Aa pacnogena obenexja Huje HOpManHa, OHAA KOPUCTUMO

m Kpyckan-Banucos Tect ako cy y3opumn He3aBMCHN
m PpnamaHoB TECT aKO Cy y30pLM 3aBUCHN



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kpyckan-Banucoe Tect

m /iMamo k rpyna n HesaBuMCHE y30pKe y CBaKOj o4 hux obuma n; (yKynHo n)

B TecTmpamo xunoTesy Aa Cy UM meAamjaHe jegHake Ho : My = --- = My,

m Oppegumo paHroee CBUX efieMeHaTa y30pka 1M Heka je R; 36up paHroea y i-Toj
rpynn

m TecT cTaTUCTMKA je

k p2
12 R;

H=——— — —3(n+1).
n(n—i—l);n- ( )

(3

m H nwma x? pacnogeny ¢ napametpom k — 1

B pP-BPERHOCT TECTA je NOBPLUMHA X%—l pacnogesne pecHo og ho, BPegHOCTN KOjy
je H y3eno y y3opky.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kpyckan-Banucoe Tect

Vnopehyje ce HuBo 3araheHocTn Tpu Benuke peke. KonmunHa 3arabersa n3mepeHa je

Ha No net mMecTa y cBakoj peun. JobujeHn cy nogaun (y 3arpagama je paHr CBakor
enemMeHTa y30pKa)

npBea peka Apyra peka Tpeha peka

27 (13) 2.9 (14) 06 (1)
14 (4) 24 (11.5) 12 (2.5)
2.0 (8) 3.7 (15) 1.5 (5)
12 (2.5) 1.6 (6) 17 (7)
2.1 (9.5) 24 (11.5) 2.1 (9.5)

N3 Tabene gobunjamo ga cy sbupoeu pavrosa R; = 37, Ry = 58, R3 = 25. Bpegnoct
TECT CTAaTUCTUKE Y OBOM Y30PKY je

12 <372 g 252
5 5

- 27 — 558
= 1516 + 5)

m Ha ocHosy x% pacnogene pobujamo aa je p-epegHocT Tecta 0.06. 3aksmwydak
AOHOCMMO Y 3aBUCHOCTM Of HMBOA 3HaYajHocTu a. Ako je a = 0.05, onga Hema
[OBOJbHO f10Ka3a O PasfNyMTOM HUBOY 3araheHoCTn peka.



Buoctatncruka n ananmsa nogataka

L Crarncruka

Kopuwhere yrpaheHe R dyHkumje

> zagadjenost<-data.frame(zagadjenje=c(2.7,2.9,0.6,1.4,2.4,1.2,2.0,3.7,1.5,
1.2,1.6,1.7,2.1,2.4,2.1) ,reka=c(1,2,3,1,2,3,1,2,3,1,2,3,1,2,3))
> kruskal.test(zagadjenje“reka,zagadjenost)

Kruskal-Wallis rank sum test

data: =zagadjenje by reka
Kruskal-Wallis chi-squared = 5.6101, df = 2, p-value = 0.06051



Buoctatncruka n ananmsa nogataka

L Crarncruka

®puamaHoB TecT

m Vimamo k rpyna n b 6nokoBsa, ykynvo kb enemenata (Mcto kao kogm 610k
fu3ajHa)
m Tectupamo xunoTtesy ga cy um megujane jegHake Ho : My = --- = My

m Opapeanmo paHroee esiemeHaTa y okBupy csBojux 6,10koBa n Heka je R; 36up
paHroea y i-Toj rpynun

m TecT cTaTuCTMKA je
b b(k + 1)
sy 2 (- SRy
k2

m S uma x? pacnogeny ¢ napametpom k — 1

B p-BPEAHOCT TECTA je MOBPLIMHA X2 | PAcnoAene AECHO Of S0, BPEAHOCTH KOJy
je S yseno y ysopky.



Buoctatncruka n ananmsa nogataka

L Crarncruka

®puamaHoB TecT

Vnopeljyje ce kKBanuTeT Tpu BpCTe KOYHUUe 3a 6uymnkne. CmaTpa ce Aa n mapka
6uunkne nMma ytuyaja Ha neppopmMaHCy KOYHMLA, Ma je Y3€TO LIECT NO3HATMjnX
Mapkmn u ¢opmuparo 6 6nokoea. CBaka KOYHMLA TECTMPAHA je HA CBAaKOM BuumKay u
mepeH je 6poj Hepersa kopuwhersa npe npeor cepeuca. JobujeHn cy nopaunm (y
3arpagama je paHr no 610oky)

BPCTa KOYHMUE

mapka buunkna A B C
S 52(2) 73 (3) 3.0 (1)
Y 6.8 (1) 8.9 (3) 75 (2)
JH 6.3 (2.5) 6.3 (2.5) 6.0 (1)
R 13.0 (1.5) 14.8 (3) 13.0 (1.5)
C 12.8 (25)  12.8 (2.5) 11.0 (1)
Ra 15.0 (2) 15.2 (3) 14.5 (1)

3 Tabene gobnjamo ga cy 36upoem pavrosa Ry = 11.5, Ry = 17, Rz = 7.5.
BpegHOCT TeCT CTaTUCUTKE y OBOM Y30pKY je

12
6-3-4

so = ((11.5 — 12)% + (17 - 12)2 + (7.5 — 12)?)) = 7.58.

m Ha ocHosy X% pacnogene pgobujamo je p-speaHocT Tecta 0.02, wTo 3Haum ga
3aK/by4yjeMO fa MOCTOjn pasnuka uamehy oBux BpcTa kodHuua. Cyaehn no
TOME WTO KOoYHMUa B nma yeek HajBuwwimn paHr, npenopy4yje ce reHa ynoTpeba.



Buoctatncruka n ananmsa nogataka

CraTtuctuka

Kopuwhere yrpaheHe R dyHkumje

> bicikle<-data.frame(rok.trajanja=c(5.2,7.3,3.0,6.8,8.9,7.5,6.3,6.3,6.0,
13.0,14.8,13.0,12.8,12.8,11.0,15.0,15.2,14.5) ,blok=c(1,1,1,2,2,2,3,3,3,
4,4,4,5,5,5,6,6,6),vrsta=c(1,2,3,1,2,3,1,2,3,1,2,3,1,2,3,1,2,3))

> friedman.test(rok.trajanja~vrstal|blok,bicikle)
Friedman rank sum test

data: rok.trajanja and vrsta and blok
Friedman chi-squared = 8.6667, df = 2, p-value = 0.01312



Buoctatncruka n ananmsa nogataka

L Crarncruka

Cxema bupatrba TecTa 3a C/yyaj BULLE Y30paKa

[I'IOCToje JIN [OKa3n [ pacrnojena Huje HopmanHa?}
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