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Abstract

We consider relations between symmetric association schemes and strongly regu-
lar signed graphs. Our results include constructions of new examples of such signed
graphs, relations between their structure and spectrum, and their classification into
the known classes. We also propose definitions of Johnson signed graphs and Hamming
signed graphs, compute their eigenvalues, and provide necessary and sufficient condi-
tions for their strong regularity. Some constructions of strongly regular Johnson signed
graphs with five eigenvalues are provided — according to our knowledge, these are the
first examples of strongly regular signed graphs with more than four eigenvalues.
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1 Introduction

A signed graph G is a pair (G, o), where G = (V, E) is an unsigned graph, called the un-
derlying graph, and o: E — {1, —1} is the sign function or the signature. The number of
vertices of G is denoted by n. The edge set of G is composed of subsets of positive and neg-
ative edges which induce the subgraphs denoted by G and G, respectively. Throughout
the paper we interpret a graph as a signed graph with all the edges being positive.

We say that a signed graph is complete, totally disconnected, regular or bipartite if the
same holds for its underlying graph. A signed graph is said to be homogeneous if all its
edges have the same sign or its edge set is empty. Otherwise, it is inhomogeneous. The
negation —@ of G is obtained by reversing the sign of all edges of G.

A concept of strongly regular signed graphs (for short, SRSGs) has been recently in-
troduced in [10] where the disconnected SRSGs are determined and the bipartite ones are
characterized by means of their eigenvalues. The definition of a SRSG is given in the next
section. Here we mention that a homogeneous SRSG is an unsigned strongly regular graph
or its negation, so in the framework of signed graphs our attention is primarily focused on
inhomogeneous ones. In the recent article [6], all inhomogeneous SRSGs are partitioned
into the five classes and one class is studied. This class, denoted by Cs, receives an at-
tention in this study, as well. It is noted in [6, 10] that, in contrast to the unsigned case,
a SRSG may have more than three (distinct) eigenvalues, and certain examples with four
eigenvalues are constructed. According to our knowledge, examples of SRSGs with more
than four eigenvalues cannot be found in literature. Sporadic results on SRSGs with two or
three eigenvalues can be found in [2, 5, 7, 11]. We mention in passing that every inhomo-
geneous signed graph with two eigenvalues is strongly regular, and if such a signed graph
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is complete then its adjacency matrix is the Seidel matrix of an unsigned graph induced by
negative edges. The equivalence class of this matrix is the regular two graph equivalence
class studied in [9] and also in many other references not listed here. Relations between
SRSGs and symmetric 3-class association schemes are investigated in [8].

In this paper we consider SRSGs constructed from symmetric d-class association schemes;
in particular, we put our focus on SRSGs that arise for d = 3 or d = 4. We construct some
examples and consider their structural and spectral properties. We also propose definitions
of Johnson signed graphs and Hamming signed graphs that arise from Johnson and Ham-
ming schemes, respectively. They act as ‘signed’ counterparts to the well-known Johnson
and Hamming graphs. We compute their eigenvalues, give some examples and establish a
necessary and sufficient condition for their strong regularity. We also point out the con-
structions of two Johnson signed graphs that are strongly regular and have five eigenvalues
each.

The paper is organized as follows. Section 2 contains some necessary terminology, no-
tation and conventional concepts. In Section 3 we compute the spectrum of signed graphs
that naturally arise from symmetric 3-class association schemes of Johnson, Hamming or
rectangular type. In Section 4 we define Johnson and Hamming signed graphs, compute
their spectra, determine whether they are strongly regular and give some examples.

2 Preliminaries

For notation not given here and for some basic results on spectra of signed graphs the reader
is referred to Zaslavsky’s paper [12].

If the vertices ¢ and j of a signed graph are adjacent, we write i ~ j; in particular, the
existence of a positive (negative) edge between these vertices is designated by i ~ j (i ~ j).
The net-degree of a vertex i is the difference of the numbers of positive and negative edges
incident with it. A signed graph is called net-reqular if the net-degree considered as a
function on the vertex set is a constant.

The adjacency matriz A of G is obtained from the adjacency matrix of its underlying
graph by reversing the sign of all 1s which correspond to negative edges. The eigenvalues
of G are the eigenvalues of Ag. By [12], the all-1 vector j is an eigenvector of G if and only
if G is net-regular, and then j belongs to the eigenspace of its net-degree eigenvalue.

We say that a signed graph G is strongly regular (for short, Gisa SRSG) whenever it is
neither homogeneous complete nor totally disconnected and there exist r € N, a,b,c € Z,
such that the entries of AQG satisfy

it i=7,
@ _ if i,
g if i~

if i~ jandi#j.

o S Qe 3

Obviously, G is regular with vertex degree r. Observe that ag) is the difference of the

numbers of positive and negative i-j walks of length 2 in G. Accordingly, this definition
generalizes the definition of a strongly regular graph. It can be expressed in the matrix
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form as B
A2 —2(AG+AG) Q(AG—Ag)-l-CA@-FTI,

where G is the complement of G.

We already mentioned that our attention is focused on connected inhomogeneous SRSGs.
If G is inhomogeneous, the parameters a,b are uniquely determined. If, in addition, G is
non-complete then ¢ is fixed, as well, and in this case we usually write the parameters of G
in the form of the ordered quintuple (n,r,a,b, c).

We proceed with association schemes. Let d be a positive integer and X a non-empty
set. A symmetric d-class association scheme on X consists of a partition of X x X into d+1
non-empty symmetric binary relations Ry, R1, ..., R4 satisfying the following conditions:

o Ry ={(z,x) | x € X},

o if (z,y) € R;“ then the number z € X such that (z,2) € R; and (y,2) € R; is a
constant p” depending on 4, j, h, but not on a choice of z,y.

The numbers p?j are called the intersection numbers of the scheme. The ith binary
relation R;, also known as the ith associate class, can be represented by the matrix A; in
the following way: A; is the (0, 1)-matrix of order | X | whose rows and columns are indexed
by the elements of X, and (A;).y = 1 if and only if (z,y) € R;. It follows that Ay = I,
A, = AT Zi:o Ap = J (the all-1 matrix), 4;A4; = Zz:o pl;Ap. These matrices are also
known as the adjacency matrices of the association scheme.

To make the paper more self-contained, we give more details on the aforementioned ma-
trices and simultaneously introduce some notation. These details can be found in [3], and
an experienced reader might skip this part and take into account only the last sentence of
this paragraph. It follows that the real span (A) of Ay, A1,..., A4 is a (d + 1)-dimensional
commutative algebra of symmetric matrices, the so-called Bose-Mesner algebra of the as-
sociation scheme. Since these matrices are symmetric and commute pairwise, they can be
diagonalized simultaneously and the entire space RI*| can be expressed as a direct sum of
their common eigenspaces. Since the dimension of (A) is d + 1, there are exactly d + 1
(common) eigenspaces of dimension f;, 0 < j < d. Note that one of the eigenspaces has
dimension 1 (as the all-1 matrix J belongs to (A) and | X| is its eigenvalue of multiplicity 1),
so without loss of generality we may assume that fy = 1. Denote by Ey, F1,...,Ey the
orthogonal projections of RIXI onto those d + 1 eigenspaces. We have Ey = |X|~'J and
E,E; = 6;;E;. The sets {Ao, A1,...,Aq} and {Ey, Er, ..., Eq} are bases for (A) (cf. [3,
Theorem 2.6.1]), so there exist the numbers p;(j) such that A; = 3, p;(j)Ej;, and there
exist the numbers ¢;(i) such that E; = |X|~!' >, ¢;(i)A;. The numbers p;(j) are known
as the eigenvalues of the association scheme. If P and @ are the (d+ 1) x (d + 1) ma-
trices defined by (P);; = p;(i) and (Q);,; = ¢;(4), then PQ = QP = |X|I. It also holds
AE; =pi(§)E;, so p;(j) is an eigenvalue of A; with multiplicity f; = rank(E;).

The d-class Johnson scheme J(v,d) is defined on the d-subsets of a v-set, with d < 3
Two d-subsets are in relation R; if and only if they intersect in d — i elements. The
eigenvalues of the Johnson scheme are

p) = () () (1) (2.1)

r=0
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and their multiplicities are m; = (V) — (,”,), along with the convention that ( *,) =0 [4].

The d-class Hamming scheme H (d, q) has the set of all words of length d over an alphabet
of ¢ symbols as its vertex set. Two words are in relation R; if and only if the Hamming
distance between them is ¢ (i.e., if and only if they differ in exactly i coordinates). The
eigenvalues of the Hamming scheme are

7 . .
. r i—r d— J J
pi) = a0 (7)) () (2.2
and their multiplicities are m; = (¢ — 1)’(?) [4].

If m and n are positive integers, then the (3-class) rectangular scheme R(m,n) has as
vertices the ordered pairs (i,7), where 1 < i <m, 1 < j < n. For two ordered pairs one
of the following may occur: They agree in the first coordinate, in which case they are first
associates (that is, they are in relation R;), they agree in the second coordinate, in which
case they are second associates, or they do not agree in any coordinate, in which case they
are third associates.

3 Constructing SRSGs from particular 3-class associa-
tion schemes

Here we start from a signed graph and arrive at related symmetric binary relations that are

similar to those defined in the previous section.

Obviously, every signed graph G defines the four symmetric binary relations on its vertex
set V:

{(z,y) eV XV |z =y},
={(w,y)€V><V|w¢y},

{(z,y) e VXV |z ~y}
Rg*{( Y) EV XV [y, x#yh

We have V x V = Ry U Ry U Ry U R3. Observe that any of the relations Ry, Ro, R3 can be
empty; for example, if just Ry is empty, then Gis homogenous with all edges being positive.

For two vertices x,y € V satisfying (z,y) € Rp, with h € {0,1,2,3}, we define the
parameters:

ph(@y) =z €V | (2,2) € R, (y,2) € R},
Pha(z,y) = {2 € V | (z,2) € Ra, (y,2) € Ra},
Pla(z,y) = {2 €V | (2,2) € R1, (,2) € Ra},
Po(z,y) = {z €V | (z,2) € R, (y.2) € Ri}|.

Note that pd5(z,y) = pJ, (x,7) = 0 holds. Now, G is strongly regular if at most one of
the relations Ry, Ra, R3 is empty and if for all z,y € V and all h € {0,1,2,3} such that
(x,y) € Ry, the parameter

Pl y) + pha(2,y) — pla(z,y) — phy (2, y)
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depends on A, but not on x or y. Clearly, the conditions given in the definition of a sym-
metric 3-class association scheme are stronger than the ones above. Therefore, from a given
symmetric 3-class association scheme, we can easily construct a SRSG in the following way:
Any of the relations Ry, Ro, Rz of the scheme can be chosen to represent positive edges,
any of the remaining two can be chosen to represent negative ones, and then the remaining
relation represents non-edges. Indeed, the signed graph constructed in this way is strongly
regular, because the sets Ry, Ro, R3 are disjunct and non-empty, and the intersection num-
bers p?j depend only on ¢,j,h. If we choose R; to represent positive edges and R; to
represent negative ones, and if A; and A; are the the corresponding matrices, then the
adjacency matrix of G is A = A; — Aj, while the parameters a, b, ¢ of G can be expressed
in terms of the intersection numbers in the following way:

a=7piy + P —2ply, b= P{l "‘sz - 21’{2’ c = ply +phy — 20, (3.1)

where we use that in a symmetric association scheme pfj = p?i holds true [3, Lemma 2.1.1].
Such constructions can also be found in [8]. Note that a SRSG constructed in this way is
net-regular with net-degree p; — pj;.

In [8] one can find explicit values of the parameters of SRSGs constructed on the basis
of a 3-class Johnson scheme J(v,3), or a 3-class Hamming scheme H (3, q), or a rectangular
scheme R(m,n). We extend these results by computing the eigenvalues of the corresponding
SRSGs and present them in Tables 1-3. We use Gi,j to denote the SRSG with the adjacency
matrix A = A; — A, and take into account only SRSGs with i < j, since G; ; is —G; and,
according to [6, Lemma 2.1], the negation of a SRSG is again a SRSG with the parameters a
and b interchanged. We remark that the parameter b in this paper and the one defined in [§]
differ in sign.

Observe that a SRSGs obtained as in Tables 1-3 have at most four eigenvalues. Thus,
we may inspect whether they have three or less eigenvalues.

Equating expressions in every column of Table 1, we get that there are four SRSGs Gl’g
with three eigenvalues. They are obtained from J(6,3), J(7,3), J(9,3) and J(14,3).
SRSGs G 3 obviously have three eigenvalues, except when they are obtained from J(7,3) or
J(9,3). In these two cases we get SRSGs with two eigenvalues (8 with multiplicity 7 and —2
with multiplicity 28, and 19 with multiplicity 8 and —2 with multiplicity 76, respectively).
There are also three SRSGs G 3 with three eigenvalues. They are obtained from .J(6,3),
J(8,3) and J(11,3).

Table 1: Eigenvalues of G” that arises from the Johnson scheme J(v,3), for v > 6.

Eigenvalue Gi2 Gi3 Ga3 Multiplicity
Ao ~3(w=3)(v=6) _ (v=3)(®*—9v+2) _ (v—=3)(v—4)(v—14) 1
v2—1$v+54 (v—2)(v—63) 6
A1 — 5 5 -2 CEENCENS! v—1
A2 30 — 18 —2 16 — 3v %
A3 —6 -2 4 %

Considering Table 2, we conclude that the corresponding SRSGs G1,2 have four eigen-
values, except in cases in which they are obtained from H(3,2) or H(3,6) (when they have
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Table 2: Eigenvalues of G” that arises from the Hamming scheme H(3, q).

Eigenvalue Gip2 Gi3 Gag3 Multiplicity
Ao =3q-1)(q—-2) 3¢—(q—1)*=3 —(g—1)*(qg—4) 1
A1 —q*+6q -6 -2 2(¢—1)(¢—2) 3(¢—1)
Ao 3¢g—6 -2 4 — 3q 3(g—1)?
A3 —6 —2 4 (q — 1)3

Table 3: Eigenvalues of G” that arises from the rectangular scheme R(m,n).

Eigenvalue GLQ G173 G273 Multiplicity
Ao n—-m (n-1(2-m) (m-1)(2-n) 1
A1 0 -2 -2 (m—1)(n-1)
Ao —-m m— 2 2m — 2 n—1
A3 n 2n — 2 n—2 m—1

three eigenvalues) or H(3,3) (when they have two eigenvalues: 3 with multiplicity 18 and
—6 with multiplicity 9). SRSGs G13 have three eigenvalues, except when they are obtained
from H(3,2) or H(3,3) (and there they have two eigenvalues: 2 and —2 both with mul-
tiplicity 4 for H(3,2), and 7 with multiplicity 6 and —2 with multiplicity 21 for H(3,3)).
Every SRSG G273 has four eigenvalues, unless is obtained from H(3,3) when it has only
two eigenvalues, 4 with multiplicity 15 and —5 with multiplicity 12.

For Table 3, SRSGs GLQ have four eigenvalues, except for n = m when they have
three eigenvalues. SRSGs 61,3 have three eigenvalues if they are obtained from R(3,3) or
R(2n,n) with n # 2. Two eigenvalues occur only for the SRSG obtained from R(4,2) (2
and —2, both with multiplicity 4). Similarly, SRSGs Ggyg have three eigenvalues if they are
obtained from R(3,3) or R(m,2m) with m # 2. Two eigenvalues occur for R(2,4) (again,
2 and —2, both with multiplicity 4).

We have mentioned in the first section that in [6] all inhomogeneous SRSGs are divided
into five classes. We conclude this section by considering a particular class denoted in [6]
by C3. We know from the same reference that SRSGs belonging to this class have the
following properties: they have three eigenvalues, they are net-regular and their net-degree
considered as an eigenvalue has multiplicity 1. Hence, from the spectral perspective they
resemble unsigned strongly regular graphs. By definition, a SRSG belongs to Cj if its
parameters satisfy a + b # 0 and, if a signed graph is non-complete, ¢ = ‘LT'H’. Complete
SRSGs of C3 have received a great deal of attention in the mentioned reference where one
can find some theoretical results and many constructions of such SRSGs. An interesting
problem is the construction of non-complete SRSGs of the same class. Two constructions
are given [6]. These are the SRSGs G5 obtained from 3-class Johnson schemes J(9,3)
and J(14, 3), respectively. Considering Tables 1-3 and taking into account the parameters
condition which can be computed by (3.1), we easily get more examples. Those obtained
from 3-class Johnson schemes (and not mentioned in [6]) are the infinite family of SRSGs
G 3 obtained from J(v, 3) with v = 8 or v > 10, and two SRSGs G 3 obtained from J(6,3)
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and J(8,3). Similarly, 3-class Hamming schemes give G o obtained from H(3,6) and the
infinite family C;’Lg obtained from H(3,q) with ¢ ¢ {2,3}. The rectangular schemes give
the infinite family of SRSGs G 3 obtained from R(2n,n) with n # 2, and one other family
G 3 obtained from R(m,2m) with m # 2.

4 Johnson signed graphs and Hamming signed graphs

Inspired by the previous section, we propose the definitions of Johnson signed graphs and
Hamming signed graphs.

Let J(v,d), 2 < d < §, be the Johnson scheme and let Ay, As,..., Ay be its adjacency
matrices. The Johnson signed graph J(v,d)m n, for 1 < m,n < d and m # n, is the signed
graph determined by the adjacency matrix A;j(y.a),,., = Am — An.

Similarly, let H(d,q), d,q > 2, be the Hamming scheme and let A, As,..., Ay be its
adjacency matrices. The Hamming signed graph H(d,q)mn, for 1 < m,n < d and m # n,
is the signed graph determined by the adjacency matrix Ag(a,q),,.,, = Am — An.

Note that for a signed graph G defined above the adjacency matrix of G+ (G_) is A,
(A;) and, since for m # n the matrices A,, and A,, are mutually disjoint, G is never totally
disconnected. None of the adjacency matrices of the association scheme is a zero matrix,
so G is always inhomogeneous. Observe also that by interchanging m and n we get —G. In
both cases G is net-regular with net-degree pd  —pY  and its underlying graph is regular
with vertex degree p¥ . +p¥ .

For a fixed d, there are exactly (g) Johnson (Hamming) signed graphs defined as above.
Thus, if d = 2 we can define only one Johnson signed graph J(v,2); o and one Hamming
signed graph H(2,q)12: the adjacency matrix of J(v,2); o is the Seidel matrix of the
complement of the triangular graph T'(v) (i.e., the line graph of K, ), and the adjacency
matrix of H(2,q)1,2 is the Seidel matrix of the complement of the ¢ x ¢ grid graph (i.e.,
the line graph of K, ,). For d > 3, we get non-complete Johnson and Hamming signed
graphs. Those with the smallest number of vertices are obtained for (v,d) = (6,3) and
(d,q) = (3,2), and they have 20 and 8 vertices, respectively. Examples are illustrated in
Figure 1.

Remark 1. Recall from Section 2 that the vertices of an unsigned Johnson graph are
identified with the d-subsets of a v-set, and two vertices are adjacent if and only if the size
of the intersection of the corresponding subsets is d — 1. In other words, the adjacency
matrix of a Johnson graph is the matrix A; of the d-class Johnson scheme. However, there
is a generalization of a Johnson graph in which two vertices are adjacent if and only if the
intersection size is equal to i, where 7 is a fixed integer from 1 to d — 1 [1]. Now, many
definitions in the framework of signed graphs encapsulate their ‘unsigned’ variants. For
example, SRSGs include strongly regular graphs (and their negations). To do the same in
the case of Johnson signed graphs, one should include the possibility that exactly one of the
matrices A,,, A, is a zero matrix or say that a Johnson signed graph is either a generalized
Johnson graph, its negation or its adjacency matrix is A, — A,.
With slight modifications, all the previous remarks apply to Hamming signed graphs.

We proceed with some theoretical results. In the first one we compute the eigenvalues
of the defined signed graphs.
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Figure 1: The Johnson signed graph J(6,3)1 3 and the Hamming signed graph H(3,2); 3.
Negative edges are dashed.
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Proposition 1. The following statements hold true.

(1) The eigenvalues \j, 0 < j < d, of the Johnson signed graph J(v,d)m n are given by:

B (L))
e ()T

T

M

(i1) The eigenvalues A;, 0 < j < d, of the Hamming signed graph H(d, q)m.n are given by:

v=yeva- o (5 2) () - e v (12)0)

Proof. Both results follow from definitions of the corresponding signed graphs, the facts
that the matrices of an association scheme can be simultaneously diagonalized and the
formulas (2.1) and (2.2). 0

We now consider the question of strong regularity.

Proposition 2. A Johnson (Hamming) signed graph J(v,d)m.n (H(d,qQ)mmn) is strongly
regular if and only if pl,,., + pt, — 2pl.. is a constant not depending on h, for 1 < h < d
and h ¢ {m,n}.

Proof. Denote the signed graph under consideration by G, and let i, j be its vertices.

We record the following observations. First, i ~ j holds precisely when i and j are in
relation m. It follows that the difference of the numbers of positive and negative i-j walks
of length 2 is pyy,, + Dy, — D — P = P T P — 2Dy, By definition of a symmetric
association scheme, this is a constant, say a, not depending on the choice of 4, j. Similarly,
1 ~ j holds precisely when i and j are in relation n and the mentioned difference is now
equal to plv,. +pr. —2pl. . Again this is a constant, say b, not depending on the choice
of 7, 7.

Assume now that G is strongly regular. According to the previous observations, it
remains to consider the case i » j. Clearly, i ~ j holds precisely if i,j are in a relation
h §’:‘ {m, n} The difference of the numbers of positive and negative i-j walks of length 2 is
ph 4 ph —2ph . Since G is strongly regular, the last expression has the same value for
every h ¢ {m,n}, and we are done.

Conversely, if p? + plt —2ph is a constant not depending on h ¢ {m,n}, then the
mentioned difference is also a constant for ¢ ~ j, which together with the initial observations
implies the strong regularity of G. 0

The parameters of a strongly regular Johnson signed graph are

v
((d)7 pgzm +p91n7 pmm +p:1nn - 2pmn’ p:an +p2n - 2p77;1n7 pilnm +p2n - 2pfnn)7
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where 1 < h < d and h ¢ {m,n}. Similarly, for a strongly regular Hamming signed graph,
we have

(0%, P + D Pt + D = 2Dimirss P + D — 2Drmns Do+ Pl = 2D )

where 1 < h < d and h ¢ {m,n}. Both sets of parameters are computed on the basis of the
proof of the previous result.

The previous proposition gives a criterion for strong regularity which is elegant, but
based on an expression whose computation can be tedious in some situations. Therefore,
we continue with some sufficient conditions for non-strong regularity. Recall that both
Johnson and Hamming schemes are metric (with respect to the ordering of their binary
relations), which means that we have pl; = 0 unless |i — j| < h < i+ j, and pl; > 0
whenever i +j =h <k (i4+j =h <d); see [4, p. 327]. The next result is a consequence of
these facts.

Proposition 3. If m < n < %,
(H(d, q)m,n) is not strongly regular.

then a Johnson (Hamming) signed graph J(v,d)m n

Proof. Suppose first that d = 2t. Then m < n <t—1,s0 for z = 2n+1 and s = 2n
we have z,s < d and z,s ¢ {m,n}. We also have p? . + pz, — 2pZ, = 0. Namely, every
term on the left hand side is zero, since 2m < m +n < 2n < 2n 4+ 1 = z and the scheme
under consideration is metric. On the other hand, we have pj,,. + p5,, — 205, = pin > 0,
which means that p?, +pl —2pl  isnot a constant, and so G is not strongly regular by
Proposition 2.

Similarly, if d is odd, then d = 2t + 1 and m < n < t. Again, we take z = 2n + 1,
s = 2n, when we obviously have the same constraints for z,s as before. Here we have
2m < m+n < 2n < 2n+1 = z, thus p?,,, +p2,, —2p>,, = 0, but p., +pl —2pl = p2n >0,
and so pl, +pl. —2pt is not a constant, which concludes the proof. o

For example, the previous proposition implies that J(v,d)12 and H(d,q)12 are not
strongly regular for d > 4.

In what follows we consider strong regularity of Johnson and Hamming signed graph
that arise from the 4-class schemes.

Proposition 4. For m < n, the Johnson signed graph J(v,4)mn, v > 8, is strongly reqular
if and only only if (v,m,n) € {(12,1,2),(8,3,4)}.

Proof. We need to consider the signed graphs J(v, 4),, », where (m,n) € {(1,2), (1, 3), (1, 4),
(2,3),(2,4),(3,4)}.

Let first (m,n) = (1,2). By Proposition 2, J(v,4)1,2 is strongly regular if and only if
phy + phy — 2ph, is a constant not depending on h, for h € {3,4}. We have that p$, = p}; =
pfy = 0 because J(v,4) is metric, and so it remains to compute the parameters p3,, piy
and p3,. In J(v,4), the number p3, is obtained by fixing two 4-element sets A, B such that
|AN B| =1, and counting the number of the sets C such that |[ANC| = |BNC| = 2. After
a short computation, we get p3s = 9(v —7) +9 = 9(v — 6). The only difference for p?, and
p3s is that in the first case we have |[A N C] = 1 and in the second |A N B| = 0. In both
cases, we get constants (not depending on v): p3, =9, p3, = 36. Now, J(v,4); 5 is strongly
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Table 4: Parameters and eigenvalues of SRSGs obtained in Propositions 4 and 5.
J(12,4)12 J(8,4)34 H(4,4)12 H(4,3)23 H(4,2)2.4

n 495 70 256 81 16
r 200 17 66 56 7

a 52 0 2 5) 2

b 36 0 10 1 6

c 36 4 6 —6 0
Ao 1874 15 6'62 1024 5%
)\1 14154 328 (_ 10)93 124 18
)\2 (_10)275 120 —49 (_8)33 (_3)6
N (-2 (o)

A —136 (=7)7

regular if and only if p3, — 2p3; = p3,, so 9(v — 6) — 18 = 36, which means that v = 12.
Thus, J(v,4)1,2 is a SRSG if and only if v = 12.

We next consider (m,n) = (1,3). By Proposition 2, J(v,4)13 is strongly regular if and
only if p}; + p3, — 2p%, = p}y + 3, — 2pl,. In a similar way, we get 4+ 2(*3°%) +4(*3°) —
4(v —6) = 16(”58) — 32, but this equation has no integral solutions, which eliminates this
possibility.

The remaining four cases are considered in a very similar way, and only (m,n) = (3,4)
leads to the solution (v, m,n) = (8,3,4), which completes the proof. |

The next result is obtained in a very similar way.

Proposition 5. For m < n, the Hamming signed graph H(4,q)m.n is strongly regular if
and Only if (q7 m7 n) 6 {(47 ]'7 2)’ (37 27 3)’ (27 27 4)}'

In Table 4 we give the data on SRSGs obtained in the previous two propositions. The
eigenvalues are ordered decreasingly and their multiplicities are indicated. Observe that
H(4,2)2,4 is disconnected with two complete components.

Until now, the existence of SRSGs with at most four eigenvalues has been confirmed. In
fact, every inhomogeneous signed graph with two eigenvalues is a SRSG with a = —b and,
if it is non-complete, ¢ = 0 [10, Theorem 4.1]). SRSGs with three or four eigenvalues can
be found in [6, 8, 10] and in the previous section. However, according to our knowledge,
no examples with five (or more) eigenvalues were known. By analyzing Table 4, we get
two examples with five eigenvalues, each being constructed on the basis of 4-class Johnson
schemes, and according to the introduced definition, they are Johnson signed graphs.

We continue with the analysis of SRSGs belonging to the class C3 started in the previous
section. Constructions of such signed graphs reported in [6] are based on symmetric 2-class
association schemes, and they produce complete SRSGs. In [6, 8] and the previous section,
one can find constructions that are based on symmetric 3-class association schemes. We
remark that the graph H(4,4); 2 is constructed in an entirely different way. It is a Hamming
signed graph obtained by merging R3 and Ry of the 4-class Hamming scheme H (4, 4), where
such a merging does not reduce the scheme to a 3-class one (since, for example, p3, = 6



314 Notes on Johnson and Hamming signed graphs

and p3, = 12). It would be interesting to know are there more Johnson or Hamming signed
graphs of C3 that are constructed from d-class Johnson or Hamming schemes for d > 5.
Furthermore, can we construct a SRSG G of Cs, such that Gt and G~ are regular with
non-commuting adjacency matrices?

Finally, we complete the classification of the remaining SRSGs of Table 4. Definitions of
the remaining classes are given [6]. Hence, we have J(12,4)1 2, H(4,3)23 € Cs5, J(8,4)3.4 €
C1 and H(4,2)2,4 € C4, while its components belong to C.
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